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Abstract

Energy and momentum in Newtonian mechanics have the familiar relations, (E = mv?/2) and (P = mv),
derived from the non-relativistic limit of special relativity. In this study, we find the corresponding
relations to formulate the so-called “post-Carrollian mechanics” by applying the ultra-relativistic limit
to tachyon theory, resulting in (E = mc3/v) and (P = ¥Ymc3/2v2). Using these, we determine the
energy-momentum relation and investigate the thermodynamics of an ideal gas composed of post-Carroll
particles. Moreover, by applying the ultra-relativistic limit to Einstein’s equations coupled to tachyon
dust, we find the post-Carrollian gravitational potential. Finally, utilizing the geodesic equation, we
determine the post-Carrollian gravitational field, which unlike the Newtonian case is found to be radially
outward.
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1 Introduction

The study of Carroll! algebra [1-3] (see also [4,5]) and its potential applications is motivated by several
factors. One notable motivation is the discovery that the Carrollian conformal algebra is isomorphic to
the Bondi-Metzner-Sachs (BMS) algebra in one dimension higher [6-8]. This prompted a surge of interest
for this intriguing structure from other perspectives with different motivations. For instance, see some
recent works [9-35] and references therein, particularly those related to Carroll gravity [36-46].

Based on the literature, there are two distinct types of Carroll particles: electric and magnetic (also
known as time-like and space-like respectively). For a review, see e.g. [14-17] and references therein.
Electric Carroll particles have zero velocity, making them localized and fixed in space, which is not the
subject of discussion in this work. On the other hand, magnetic Carroll particles are those with non-zero
velocity, with v > ¢, and hence they are tachyonic [14]. The energy and momentum of these particles are
given by E = 0 and P = mc¥ [14]%. As we shall demonstrate in the following section, the energy and
momentum expansion of tachyons in powers of ¢ can be expressed as

3
mc
E = 0 + — + 0, (1.1)
v
. 1 med
P = mev + S5 Vv + O(c°). (1.2)
2 v
N———— S——r
leading terms = subleading terms =
magnetic Carroll post-magnetic Carroll

These expansions illustrate that the leading terms correspond to the energy and momentum of magnetic
Carroll particles, emerging from the £ — 0 limit (Carroll limit). However, our focus in this work is on
the subleading terms, including corrections to the magnetic Carroll theory, which we refer to as “post-
magnetic Carroll” contributions, where ¢ # 0. For clarity and simplicity, we will henceforth omit the term
“magnetic” and refer to these subleading contributions simply as “post-Carroll”’—a term first introduced
in [46], where corrections to the magnetic Carroll theory are considered.

Therefore, in this work, we demonstrate that applying the ultra-relativistic limit? ( 2> 1) to tachyon
theory leads to the formulation of a framework referred to as “post-Carrollian theory”. Similarly, we
recall that Newtonian theory emerges from the non-relativistic limit (% < 1) applied to special relativity.
To compare the above expansions with those in special relativity refer to (A.7), (A.8). Figure 1 illustrates
the area we are developing and its relationship to other established theories of motion. Green theories
are linked to observable phenomena, while red theories remain yet hypothetical (see also Table 2).

Accordingly, we derive formulas for energy, momentum, energy-momentum relation, Newton’s second
law of motion, gravitational potential, and gravitational field within the post-Carrollian framework.
When we derive the post-Carrollian energy-momentum relation, two applications arise. First, we use
it to derive the (generalized) Carroll-Schrédinger equation, which has also been obtained through an
alternative approach in [32]. Second, we explore the properties of a classical ideal gas composed of
post-Carroll particles—objects that obey post-Carroll’s laws of motion. Our focus is on the canonical
ensemble, where we compute the thermodynamic quantities associated with this system.

I The name “Carroll” is inspired by the author of “Alice’s Adventures in Wonderland”, Lewis Carroll.

2 The momentum is indeed given by P = £ mc¥ [14], however, we adopt the positive sign for simplicity.

3 By the ultra-relativistic limit in tachyon theory, we mean the regime where © > 1. This should not be confused
with the ultra-relativistic limit in special relativity, where £ — 1.
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Figure 1: Theories of motion based on their velocities in comparison to the speed of light (see Table 2).
At v = 0, the relations (A.7), (A.8) indicate that the particle possesses energy but zero momentum,
characterizing a particle at rest. Conversely, at v = oo, the relations (1.1), (1.2) reveal that the particle
carries momentum while having zero energy, corresponding to a magnetic Carroll particle.

As is well-known, the weak and static Einstein’s field equations, when coupled to relativistic dust, can
be reduced to the Poisson’s equation for Newtonian gravity. Similarly, we derive the Poisson’s equation
for post-Carrollian gravity by studying the weak and static Einstein’s field equations coupled to a tachyon
dust. It finds that the gravitational force between post-Carroll particles is attractive, much like the force
between ordinary particles. Finally, by applying the geodesic equation, we determine that the post-
Carrollian gravitational field is radially outward, in contrast to the radially inward direction found in
Newtonian gravity. This leads us to attribute a “positive mass charge” to Newtonian particles and assign
a “negative mass charge” to post-Carrollian particles.

The paper is organized as follows: In Section 2, we formulate post-Carrollian mechanics. In Section
3, we investigate the properties of a post-Carrollian ideal gas. In Section 4, we explore post-Carrollian
gravity by deriving both the post-Carrollian gravitational potential and the post-Carrollian gravitational
field. Finally, Section 5 presents the conclusions and discusses future directions. The appendices include
additional information for the reader’s convenience and to facilitate comparison with the main text.
Appendix A provides a brief review of the known theories illustrated in Figure 1: (i) special relativity, (ii)
Newtonian theory, and (iii) tachyon theory. Appendix B reproduces the generalized Carroll-Schrédinger
equation. Finally, Appendix C details the derivation of both the Newtonian gravitational potential and
the corresponding gravitational field.

Conventions: We use the mostly plus signature for the Minkowski metric 7, = diag(—1,+1,...,+1).

Greek indices p, v, ... run over spacetime dimensions: 0,...,d — 1, while Latin indices ¢, j, k¥ run
over spatial dimensions: 1,...,d. Throughout the paper, we utilize shorthand notations: d; := 9/0k,
Oy = 0/0x, and 0; := 0/0z". In addition, we define the d’Alembertian operator as 0 := — C% 0? + 0'0;.

Throughout this work, the velocity vector v (with magnitude v = |v|) represents the velocity of the test
particle as measured in the observer’s inertial frame. We emphasize that this is distinct from the relative
velocity u between two inertial frames—a concept not discussed in our analysis.

2 Post-Carrollian mechanics

To make this section easier to follow, we have provided a detailed review of tachyons in Appendix A.3.
Utilizing this appendix, we derive expressions for energy, momentum, energy-momentum relation, and
Newton’s second law of motion within the post-Carrollian framework.



2.1 Energy

By expanding the tachyon Lorentz factor (A.16) in powers of ¢, one obtains vy, = £+ + O(c?). As a
result, the tachyon energy (A.14) can be expressed as (1.1), where we consider only positive values. As
discussed earlier, by assigning the vanishing leading term to the zero energy of magnetic Carroll particles,
the subleading term yields

E,, =% (2.1)

P
© v

We refer to this as the “post-Carrollian energy”. We observe that while the Newtonian energy (A.10),
E, = mwv?/2, is proportional to v2, the post-Carrollian energy (2.1) is inversely proportional to the

velocity magnitude v.

An important conclusion is found here. Whereas the velocity of a tachyon is confined within the
range ¢ < v < 00, the velocity of a post-Carroll particle is unbounded, ranging from 0 < v <
(recall that v = 0 corresponds to electric Carroll particles). Hence, the post-Carrollian energy (2.1) can
take on arbitrary values 0 < E,, < oo, allowing post-Carroll particles to have arbitrary velocity with
arbitrary energy. In particular, when the velocity is infinite (£ — 0), the post-Carroll particle reduces to
a magnetic Carroll particle with zero energy. The energy curve in terms of velocity, for both tachyons
and post-Carroll particles, is displayed in Figure 2. This can be compared with Figure 5, illustrating the
curve for relativistic particles and Newtonian particles (objects that obey Newton’s laws of motion).
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Figure 2: This figure illustrates that the velocity of a tachyon is bounded within the range ¢ < v < oo, whereas
the velocity of a post-Carroll particle is unbounded, ranging from 0 < v < oco. At high velocities (v > ¢), the
post-Carroll particle curve coincides with the tachyon curve.

2.2 Momentum

To derive the momentum formula in the post-Carrollian framework, we express the tachyon’s total momen-
tum (A.15) as a series expansion in powers of ¢/v (considering only positive values, since v, = & £+0(c%)).
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This yields the total momentum of tachyon (A.15) as (see equivalently (1.2))

2
P =mc (1 + 592 T O((C/v)4)) v, (2.2)

where v = |v| = /v;v; denotes the magnitude of the velocity vector v, and ¥ = v /v is the velocity unit
vector. As discussed earlier, the leading term in the expansion (1.2) or (2.2) yields the magnetic Carroll
particle momentum and the subleading term corresponds to what we identify as the “post-Carrollian
momentum”

1 med |
PPC = 5 '1)2 V. (23)

As we observe, the post-Carrollian momentum (2.3), which aligns with the direction of velocity, demon-
strates an inverse relationship with the square of the velocity magnitude. This is in contrast to the
Newtonian momentum (A.10), P, = m v, which is directly proportional to the velocity magnitude.

An alternative perspective on the post-Carrollian momentum is as follows. By analogy with the
Newtonian energy defined in (A.9) as E,, = E — Eg, we introduce the post-Carrollian momentum through
the relation

P..=P—-Py. (2.4)

This is the total momentum of a tachyon P subtracted by the so-called “rest momentum” of the tachyon
Py = mc V. Here, we use the term “rest momentum” in analogy with “rest energy” in the Newtonian case.
The concept of rest momentum is further explained in Appendix A.3. As we observe, the rest momentum
Py is nothing but the momentum of a magnetic Carroll particle, which has zero energy. Therefore, by
omitting terms of order O ((c/v)*) in (2.2) and substituting the remaining terms into (2.4), we obtain
the post-Carrollian momentum (2.3), offering an alternative approach analogous to the Newtonian case.
We note that when v — oo (¢ — 0), the post-Carrollian momentum (2.3) vanishes, P, = 0, and the
total momentum in (2.4) reduces to the rest momentum—the momentum of a magnetic Carroll particle.

2.3 Energy-momentum relation

Combining the above expressions for energy (2.1) and momentum (2.3) and eliminating the velocity, we
acquire the “post-Carrollian energy-momentum relation”

(Bpo)’
|PPC| = 2med (2'5)
Here, |P,.| = v/Pi. P.ci (i = 1,2,...,d) denotes the magnitude of the post-Carrollian momentum vector.

Alternatively, this outcome could also be acquired directly from the tachyon energy-momentum relation
(A.17), by considering the condition E < mc? (which corresponds to P, < Py), and applying (2.4), i.e.
Ppoc| = [P| —mc.

In the following subsections, we present an application of the post-Carrollian energy-momentum rela-
tion (2.5). An additional application will be explored in Section 3.



2.3.1 Carroll-Schrodinger equation

The Carroll-Schrodinger equation, which describes an equation in two spacetime dimensions, was initially
discovered using a technique detailed in [32]. Here, our goal is to reproduce this equation by applying
the quantum mechanical prescription to the post-Carrollian energy-momentum relation. This derivation
is similar to the traditional method of obtaining the Schrédinger equation (A.12) from the Newtonian
energy-momentum relation (A.11). To this end, let us consider the relation (2.5) in one dimension

(Epo)”

2me3

Prc (2.6)
In order to formulate a quantum wave equation in the post-Carrollian framework, we apply the following
quantum mechanical prescription

P.o = ih0, , Epq = —ihoy, (2.7)

to the equation (2.6). This leads us to

2mc?

h2
<ihc@z + — af) Y =0, (2.8)

which, by interpreting 1 as a field, corresponds precisely to the obtained equation in [32], called the
Carroll-Schrédinger equation. This naming is motivated by the observation that under the substitution
x <> ct, the equation (2.8) transforms into the two-dimensional Schrédinger equation (A.12). In higher
spacetime dimensions, the equation corresponding to (2.8) was derived in [32] and called the “generalized
Carroll-Schrodinger equation”. The derivation of this generalized equation through the quantum mechan-
ical prescription requires additional details, which are provided in Appendix B. Below, we examine the
symmetry algebra associated with the Carroll-Schrodinger equation (2.8). We note that the symmetry
algebra corresponding to the generalized Carroll-Schrédinger equation (B.5) has yet to be determined.

2.3.2 Carroll-Schrodinger algebra

In 1+ 1 spacetime dimensions, the Carroll algebra [1], involving time translation H (Hamiltonian), space
translation P, and Carroll boost B, is given by [P, B| = H. Here, the Hamiltonian is a central charge
and commutes with all generators. In particular, the relation [ H, B| = 0 has a physical interpretation:
Carroll boosts leave the energy of any state invariant. This algebra can admit a central charge M, leading
to the centrally extended Carroll algebra

(P,B]=H,  [H,B]=M, (2.9)
which is satisfied by the representations
H =20, B=xz0; —imt, P=20,, M=—im. (2.10)

This structure was called the “Carroll-Bargmann algebra” in [32], drawing an analogy to the Bargmann
algebra, which is a central extension of the Galilei algebra. More recently, the reference [46] has been
referred to (2.9) as the “post-Carrollian algebra”, where the Hamiltonian H is no longer a central charge.
Physically, this implies that a boost applied to a post-Carrollian state alters its energy. This can be
understood as incorporating corrections to the magnetic Carroll theory [46].



Accordingly, while the leading terms in (1.1), (1.2) (magnetic Carroll theory) correspond to the Carroll
algebra, the subleading terms (post-Carrollian theory) are linked to the post-Carrollian algebra (2.9). To
see this connection, one should demonstrate that the equation (2.8), derived from the post-Carrollian
energy-momentum relation (2.6), remains invariant under the transformation

o= (A, H + A\, P + \,B+ X\, M)¢ (2.11)

where H, P, B, and M are the generators of the post-Carrollian algebra (2.9), and A,, A,, A5, A,
denote the associated transformation parameters. This demonstration can be easily verified by rewriting
the equation (2.8) (assuming ¢ = 1 = h) in terms of generators, which yields (iP + 5= H?)1 = 0, where
the representations in (2.10) are utilized. It is then straightforward to see that this equation remains
invariant under the transformations of H and P. The invariance under the transformations B and M,
ie. ¢ = (A, B+ A, M), leads to the condition: H, (i + )4 = 0. This condition is satisfied by
setting M = —im, as specified in (2.10). As a result, while the Carroll algebra does not describe the
symmetry of the equation (2.8), we have demonstrated that the post-Carrollian algebra (2.9) does indeed
constitute its symmetry algebra.

It is worth noting that the post-Carrollian algebra (Carroll-Bargmann algebra) (2.9) can be conformally
extended by including the generators of dilatation D and the spatial special conformal transformation K.
The resulting algebra, characterized by the following nonzero commutation relations

[P,B]=H, [H,B]=M,

[P,D]=2P, [D,K]=2K, (21
[H,D]=H, [P,K]=D, '
[D,B] =B, [H,K]=B,

is referred to as the “Carroll-Schrédinger algebra” [32] (see also [33]), which has a dynamical critical
exponent of z = 1/2. This becomes isomorphic to the Schrodinger algebra (a conformal extension of the
Bargmann algebra with z = 2) upon interchanging the generators P and H, aligning with the motivation
behind its naming. It has been demonstrated [32] that the Carroll-Schrédinger algebra (2.12) is the
symmetry algebra of the Carroll-Schréodinger equation (2.8), analogous to how the Schrédinger algebra
governs the symmetry of the Schrodinger equation.

Up to this point, we have focused on symmetries in 1 4+ 1 dimensions. In higher dimensions, where
rotation generators emerge, the post-Carrollian algebra (2.9) can be extended [46]. However, M; can no
longer be central, as it carries a spatial vector index and thus does not commute with rotations. As a
result, this extended algebra fails to serve as the symmetry algebra for equation (B.5), where the mass
parameter m lacks a vector index. Consequently, the extension of the Carroll-Schriodinger algebra (2.12)
to higher spacetime dimensions, or equivalently, the symmetries of the generalized Carroll-Schrédinger
equation (B.5), remain unknown (see [32,33]), a problem we are currently investigating.

We note that extending the Carroll algebra by including a central charge—specifically, the generator M
in our case (2.9)—gives rise to moving massive Carroll particles, which we refer to as post-Carroll particles.
This suggests that central extensions play a crucial role in enabling mobility within Carrollian frameworks.
A further illustration appears in 1+2 spacetime dimensions: the doubly extended Carroll algebra involves
two central parameters, A; (with i = 1,2), entering the commutators of momenta [ P;, P;] = €; A1 and
boosts [ B;, B;] = €;;A2. As shown in [47], these extensions also result in moving Carroll particles, called
exotic Carroll particles (see also [48] for an application to the Hall effect).



2.4 Newton’s second law

Newton’s second law of motion, which is a fundamental postulate and a law of nature, states that the
time derivative of the momentum is equal to the force

_dp

F=—.
dt

(2.13)

Utilizing this definition, and employing the post-Carrollian momentum vector P, derived in (2.3), we
find (assuming the direction of the velocity vector remains constant over time; i.e. dv/dt = 0)

dP, d /1 med c\3
Fre =3¢ :dt<2 1,2"> =-m (5) (2.14)

where a = %v = aV is the acceleration vector, with a = dv/dt being the magnitude of the acceleration

vector. We refer to (2.14) as “post-Carrollian Newton’s second law of motion”.

This formula, which includes a negative sign, suggests the possibility of an outward gravitational field
produced by post-Carrollian matter, as will be demonstrated later using the geodesic equation. The
presence of velocity in the denominator of the momentum relation (2.3) is responsible for the emergence
of the negative sign in the above expression. We note that this result depends on the magnitude of the
particle’s velocity v, distinguishing it from the Newtonian case, where F, = ma (A.13).

Another approach to derive (2.14) is as follows. By expanding the tachyon version of Newton’s second
law (A.20) in terms of powers of ¢/v, we get

1 3

F=m (5) (a— (¥-a)v ) +5m (f) (a— 3(v-a)o) + O ((c/v)?) . (2.15)
v v

Assuming that the acceleration vector and velocity vector are aligned a = a ¥, we have (Vv -a)Vv = a.

This eliminates the leading term (c/v)! in (2.15) while simultaneously simplifying the subleading term

(c/v)3. Consequently, by dropping the higher order terms O ((c/v)®), the relation (2.15) reduces to

F = —ma(c/v)*. This provides another method for obtaining (2.14).

To close this section, let us consider the general case where the velocity direction varies with time
d¥/dt # 0. In this case, we find

F = %m (g)g <a— 3(\7~a)\7> = %m <§)3 (aL - 2aﬂ), (2.16)

where a = a,, +a, is separated into the part parallel to the velocity and the part perpendicular to it. As
observed, the parallel part is the term derived earlier in (2.14).

3 Post-Carrollian ideal gas

This section presents a significant application of the post-Carrollian energy-momentum relation (2.5),
examining the properties of an ideal gas composed of post-Carroll particles.



In the canonical ensemble, we consider a system consisting of N identical post-Carroll particles, where
there are no internal degrees of motion to be taken into account. The system is confined to a volume
V and is in thermal equilibrium at a temperature T. Since there are no internal interactions involved,
the energy of the system is entirely kinetic. Therefore, utilizing the post-Carrollian energy-momentum
relation (2.5), the energy of a single post-Carroll particle can be expressed as follows:

Hi(q,p) = V2mc3P| = V2mc® /pip;. (3.1)
Hence, the one-particle partition function would be

1

=73 d3q d3p e~ PHY (3.2)

Z1

where h is Planck constant and 8 = 1/(kT), with k being Boltzmann’s constant. By substituting (3.1)
into (3.2) and integrating over the entire phase space, we obtain the one-particle partition function as

Vo, 60V (KT\°
71 = h?’/o (4wp=dp) exp (—50\/2mcp) = 3T ((:2) . (3.3)

Since the system is non-interacting, and hence the total energy is the sum of individual energies, one has

1

= i (Z)N . (3.4)

ZN

As a result, using Stirling’s formula In(N!) = NIn N — N, we find the Helmholtz free energy

A=-KTInZy=NKT (InX-1) (3.5)
where 3 419
Nh
- pvme” (3.6)
607V K616

Using this, the complete thermodynamics of the post-Carrollian ideal gas can be derived in a straight-
forward manner. For instance, the chemical potential u, entropy .S, pressure P, internal energy U, the
specific heat at constant volume C|,, and the one at constant pressure C, become

p=KT InX, U=6NKT,
S=NK(InX-7), C,=6NK, (3.7)
P=NKT/V, C,=T7NK.
In addition, we find
1
PV =2U, (3.8)

and the adiabatic index (the ratio of two specific heats) becomes

7
7=0C./C, = 6" (3.9)

We recall that for a classical (Newtonian) ideal gas, we have the relation PV = %U and the adiabatic
index v = % Besides, we have PV = % U and v = % for an extreme relativistic gas [49].
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To close this section, let us establish a connection between our result for the adiabatic index of a post-
Carrollian ideal gas (3.9), and the one for an ideal gas of Lifshitz particles, presented in Reference [12].
Specifically, they found the adiabatic index to be

fy:cp/cvzug, (3.10)
where d represents the spatial dimensions and z is the dynamical critical exponent, with z > 1. For
d = 3, this result aligns with that of a Newtonian ideal gas (with z = 2) and an extreme relativistic
gas (with z = 1), as their values were previously mentioned. Importantly, we find that for d = 3, the
relation (3.10) also agrees with our result in (3.9) when z = 1/2. This is the critical exponent linked
to the Carroll-Schrédinger algebra, as explored in [32]. Consequently, this indicates that the findings
in [12] may also hold beyond the restriction z > 1, particularly for z = 1/2, as demonstrated here. For

comparison, the results of different gas types are listed in Table 1.

Gas type Equation of state Adiabatic index Critical exponent
Classical ideal gas P—UV = % v = % z=2
Extreme relativistic gas P—UV = % v = % z=1
Post-Carrollian ideal gas P—UV =3 v = % z=1

Table 1: Comparison of different types of ideal gas.

4 Post-Carrollian gravity

In this section, we aim to derive a post-Carrollian gravitational potential from Einstein’s field equations in
Section 4.1 and a post-Carrollian gravitational field from the geodesic equation in Section 4.2. To achieve
this, we take the ultra-relativistic limit, analogous to the non-relativistic limit leading to the Newtonian
framework. For the sake of comparison, the derivation of the Newtonian gravitational potential is included
in Appendix C.1, and the Newtonian gravitational field is detailed in Appendix C.2.

4.1 Gravitational potential

It is shown that the Einstein’s field equations admit solutions for the energy-momentum tensor of tachyon
dust (see e.g. [50-54]). Accordingly, we utilize the Einstein’s equations through the following steps: (i)
applying a weak field approximation, (ii) assuming a time-independent gravitational metric, and (iii)
imposing the ultra-relativistic limit on the tachyon dust. This process allows us to derive Poisson’s
equation for post-Carroll gravity and subsequently determine the corresponding gravitational potential.

11



According to the general relativity, the curvature of spacetime is related to the distribution of matter

through the Einstein’s equations
1 871G,
RW — — Rg" = —X TW 4.1
5 19 - (4.1)
where RM is the Ricci tensor, R the scalar curvature, g"¥ the inverse of the metric tensor, ¢ the speed
of light, G, the Newtonian constant of gravitation, and T*” the energy-momentum tensor. Contracting

both sides of (4.1) with the metric g, in four dimensions, yields R = —SﬂCEfN T'. Substituting this into
(4.1), we can rewrite the Einstein’s equations (4.1) in an equivalent form
8rG 1
uy N wy - Ny
RV = = (T 5T ) (4.2)

(i) Weak field approximation: Let us assume that the gravitational field is weak. This allows us
to decompose the metric tensor into the Minkowski form plus a small perturbation: g,, ~ 7, + hy. By
substituting this expansion into the Einstein’s equations (4.2) and neglecting all terms of order h? and
higher, we can derive the linearized Einstein’s equations? for Py

1 871G, 1

5 (000 haw + 0,0y = 00,0 = °0ubyn) = = (T = 5 T ) (4.3)
where h = n°”h,,. To ensure consistency with the contracted Bianchi identity, we note that the energy-
momentum tensor on the right-hand side has to be computed to zeroth order in h, meaning it represents
the unperturbed energy-momentum tensor of Minkowski spacetime and satisfies the standard conservation
law 0T, = 0.

The first three terms on the left-hand side of (4.3) can be written as: 9,0%(hay — 3 Tlaw h). It is then
convenient to consider the so-called “harmonic gauge”, or “de Donder gauge”

ew@w—%%ﬂgzo. (4.4)

In this gauge, the first three terms in (4.3) vanish, and the linearized Einstein’s equations (4.3) reduce to

167G, 1
— 8a8ah“l/ = CTN (T/_“/ — 5 T”?uy) . (45)

(ii) Time-independent metric: We look now for solutions of the linearized equations (4.5) by
assuming that the spacetime geometry is time-independent, i.e. doh,, = 0. As a result, the linearized
equations (4.5) simplify to the “weak and static field equations”

16mG 1
VZhuV = - 674]\] (T;W - 5 T77;w> ’ (46)

where V2 := 0/0; is the usual Laplace operator of three-dimensional Euclidean space. From this point
on, we can proceed by employing an appropriate energy-momentum tensor in (4.6) for the problem at
hand, whether it be Newtonian or post-Carrollian. The Newtonian case is comprehensively reviewed in
Appendix C.1. We follow a similar approach for the post-Carrollian case, as detailed below.

4Recalling that the Fronsdal equation [55] represents the linearized higher spin equations, the left-hand side of
(4.3) is the Fronsdal equation with the helicity s = 2.

12



(iii) Ultra-relativistic limit: Let us consider the weak and static field equations (4.6) and apply
the energy-momentum tensor of a tachyon dust, as given by [50-52]°

T = pUFUY . (4.7)

Here, p > 0 represents the tachyon proper mass density and U* is the spacelike four-velocity vector of
the tachyon dust, given by (see e.g. [54])

U* = (en,.',). (48)

with ]
SR — 49
T Vv —1 (4.9)
where v?2 = v(t)? = v(t)v;(t) can, in principle, be time-dependent. In fact, the spacelike four-velocity
vector U* at any point of world line z#(7) is defined as U* = dx*/dr, where z* = (ct,x') is the four-
position and 7 is the proper time, defined through dt/dr = 7,- More precisely, the components of (4.8)

0 _ da® _ dt _ i _ do' _ da’ dt _ i i — g
are U" = - =c - =cv, and U' = - = - - = v'y,, where v = dz'/dt.

We note that, as observed, relativistic particles and tachyons share the same algebraic form of the dust
energy-momentum tensor, as seen in (4.7) and (C.1). The key difference lies in the applied four-velocity
vector: relativistic particles, characterized by a timelike 4-velocity vector (C.2), satisfy g, U*U” = — 2,
whereas tachyons, with a spacelike 4-velocity vector (4.8), satisfy g, UFU" = .

The components of the energy-momentum tensor (4.7), and its trace T = g, T" ~ (N + hyw)TH
up to zeroth order in h, are given by:

c\ 2
Too = p?~? = pc? (;) 7 (4.10)
. . 2
Tio = pev'y” = peu'! (E> : (4.11)
v
. .o 2
Tyj = pv'v? 7% = po'e! (%) : (4.12)
T =y T" = oo T + 0y TV = pf (- ? + U2) =pct. (4.13)

The approximate symbols (=) in (4.10)—(4.12) indicate that the ultra-relativistic limit (v > ¢) has been
applied, preserving post-Carrollian contributions, given that fyf =c2/v? + O(ch).

Using these, we can examine different components of the weak and static field equations. For instance,
by employing (4.10) and (4.13), the 00-component of the weak and static field equations (4.6), up to the
order of p Gy, /c?, simplifies to
8mp Gy

2

VZhoo = — (4.14)

5 The energy-momentum tensor of a tachyon perfect fluid is given by TH" = (p + C%) UFUY — p g'¥ [56], where p is
the tachyon proper mass density and p is the pressure. Notably, this expression differs from the energy-momentum
tensor of a conventional relativistic perfect fluid, T = (p + c%) U*UY 4+ pgh”, by a sign change in front of the
pressure in the second term.
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By substituting

2
hoo = — ?f 7 (4.15)
into the equation (4.14), we find Poisson’s equation for post-Carrollian gravity
Vi =4rmp G, , (4.16)

which, interestingly, is similar to the Newtonian case (C.10). The solution to this equation yields the
“post-Carrollian gravitational potential”

¢=— : (4.17)

where M > 0 is the mass of post-Carrollian body. Therefore, post-Carrollian bodies share the same
gravitational potential as Newtonian bodies. Importantly, it finds that the universal gravitational con-
stant G, in the post-Carrollian framework has the same value as in the Newtonian framework. This is
because the gravitational potentials, (4.17) and (C.10), in both frameworks have been derived from the
same fundamental equation—Einstein’s field equations (4.1)—which inherently include the gravitational
constant G .

As a result, the gravitational energy potential U and the gravitational force F within the post-
Carrollian framework become the same as in the Newtonian case (C.11)

U:m¢:—ﬁ¥§¥ F=-VU=-—

mMGNf

. (4.18)

Therefore, our analysis demonstrates that the gravitational force between two post-Carrollian bodies of
masses m and M is attractive.

This attractive feature can also be understood from another approach. Raychaudhuri [57] suggested
that there is an attractive gravitational force between tachyons themselves. Moreover, as demonstrated in
this work, tachyon theory and post-Carrollian theory are connected through a limit. Hence, it is natural
to assume® that tachyons and post-Carroll particles share the same gravitational properties, indicating
an attractive gravitational force between post-Carroll particles as well. This reasoning aligns with our
findings, which are further supported by the formula presented in (4.18).

By utilizing (4.11) and (4.13), the i0-component of the weak and static field equations (4.6) does not
include terms of the order p G, /c?. Consequently, we have V2h;y = 0 which demonstrates that

hio =0, (4.19)

or gio = nio + hio = 0.

In addition, using (4.12) and (4.13), the ij-component of the weak and static field equations (4.6), up
to the order of p Gy, /c?, can be expressed as

8mp G V; U
R - B (4.20)

c2

6 This assumption also applies to relativistic particles and Newtonian particles, as they are connected through a
limiting process and share the same attractive gravitational force.
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Assuming that velocities are independent of position, this equation leads to

2¢ V;Vj
hij =5 (2 - 5”-) . (4.21)

Consequently, using (4.15), (4.19) and (4.21), we get

goo = — 1+ hoo,

gio =0, (4.22)
V; U5

Gij = (1 - hoo) 51']‘ + 2 ;}QJ hoo -

Here, we observe a difference in the form of the metric component g;; compared to the Newtonian case
(C.13), while the other components of the metric remain the same in both frameworks.

As a result, in the post-Carrollian framework, the full line-element that solves the linearized Einstein’s
equations and describes the geometry generated by a weak and static field is given by

2 2 v o
ds® = gy datda’ = — (1 + Cf) 2dt + (% + C—f (6 - 2 ”USJ )> da'dal | (4.23)

where ¢ is a solution of the Poisson’s equation (4.16), given by (4.17).

4.2 Gravitational field

The Newtonian gravitational field can be derived from the geodesic equation under some assumptions.
For the reader’s convenience and to maintain a consistent approach throughout this section, we have
provided a review of this derivation in Appendix C.2. In this section, we similarly aim to derive the
post-Carrollian gravitational field using the geodesic equation. As our analysis demonstrates, this field is
oriented radially outward.

The trajectory of test particles within the gravitational field of a curved spacetime is determined by
the geodesic equation which applies equally to both timelike particles (relativistic particles) and spacelike
particles (tachyons). The geodesic equation is given by

A2zt dz¥ dx”
H — =0 4.24
dr? YPdr dr ’ ( )

or (when separating the summing indices into 0 and )

Azt " dx’ dxd dt dx dt dt
i = 4 9eTH 2 2ru 2277
dr? T dr dr tacto dr dr e oo dr dr

0, (4.25)

where x# = (ct,x%), T represents the proper time, and I'},, are Christoffel symbols

1
T =735 g <3ugpx + Opgur — 6)\gyp> : (4.26)
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To apply the geodesic equation to tachyons, we use dt/dr = v,, where v, is defined in (4.9). By applying
the chain rule, we can express

dxH dx#
dr  dt (4.27)
d?zH o A2z ’Y:l dz#

_ ) 4.2
oz g e VA (4.28)

where
dy, dv, dv’ v
=t~ t(y.a), 4.29
it T dvdar e (4.29)
has been used, with v-a denoting the inner product of the velocity vector v* = dx’/dt and the acceleration
vector a® = dv'/dt of the test particle. Consequently, using (4.27) and (4.28), the geodesic equation (4.25)

can be rewritten as

2 O dx*
’ — 5 (v-a) -+

2
T T2 dt

I vt +2c7,

g o' + 4% Ty = 0. (4.30)

We note that if the magnitude of the velocity v is time-independent, 7, would become a constant factor
(see (4.9)), allowing ’yf to be factored out and dropped from each term in (4.30). However, we retain this
factor in every term of the equation, as we generally assume that velocity magnitude is time-dependent.

Similar to the Newtonian case, here, we define the post-Carrollian limit of the geodesic equation
(4.24)/(4.30) by imposing three assumptions:

(i) Weak gravitational field: The gravitational field is treated as a small perturbation to the flat spacetime
metric, gy & N + huw. Consequently, the components derived in (4.15), (4.19), and (4.21) should be
applied.

(1) Static gravitational field: The gravitational field does not vary with time, implying 0pg,, = 0.
(#i7) Ultra-relativistic limit: The test particle’s velocity is much larger than the speed of light, v > c.

The first assumption simplifies the Christoffel symbols to I, = %n‘” (Ovhpx 4+ Ophyx — Orhy)). Next,
using the components hio = 0 and hy; = hoo (275> — ;5 ), as derived in (4.19) and (4.21), and incorpo-
rating the second assumption, dy by, = 0, along with the assumption that velocities are independent of
position, the components of the Christoffel symbols can be expressed as follows:

F?jzrgg‘zrgozo)

. 1
ng‘:FBo:*i@'hoov

1 2v,;v 2vv 2v;v;
T = 3 K g ko jk) ; + (UQk - 5ik>aj - (1)2] - 5z‘j> 3k] hoo - (4.31)

Using these components, the geodesic equation (4.30) for = 0 leads to the following condition

4

7 i
- c—; (v-a)= ’yf v* Oihoo - (4.32)
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On the other hand, using (4.31), we obtain
o . 1
FZ- vi! = Uk v’ 81 hog — 5 112 ak ho() s (4.33)

and thus, for u = k, the geodesic equation (4.30) yields

2ok Y ' 2 ~2
7? T C—; (v-a) ok + 7? v* 0 B;hg — ?t v? Ohoo — ?t 2 Ohoo = 0. (4.34)
By applying the condition (4.32), the third term in the above equation can be expressed in terms of the
second term, allowing (4.34) to simplify to (considering hgg = — i—g’)
d?z* v k v?
’y? 72 —QC—E(V-a)v +’y?<1+c2)8k¢—0. (4.35)

At this stage, we apply the ultra-relativistic limit (v > ¢). In this regime, ’ytz ~ c%/v? and 7:1 ~ ct /vt

implying that the first and second terms in (4.35) become of the same order and remain significant.
Consequently, the term involving v -a does not vanish in the ultra-relativistic limit and plays a significant
role. This behavior contrasts with the Newtonian case (C.24), where the v - a term ignores in the non-
relativistic limit. As a result, in the ultra-relativistic limit only the first term in the parentheses becomes
negligible, and thus, the equation (4.35) takes the form

v2 | dt2 v2 ) d?

c? [dgxk_2 (Uk'Ui> dgxi} — 9. (4.36)

This equation generally depends on the directions of velocity and acceleration, indicating a situation with
velocity-dependent forces. However, for simple radial motion, we can consider the case where velocity
and acceleration are aligned, corresponding to setting i = k in (4.36). In this case, the equation (4.36)

reduces to s ook
¢t d°z
— —— = 0. 4.37
2 a2 k@ (4.37)
If we now define the post-Carrollian gravitational field g]}f o as’
2 2k
g dx
ch = 1}72 W y (438)

the equation (4.37) leads to the following gravitational field equation in the post-Carrollian framework®

8o = Vo (4.39)

2,k

" One may define the post-Carrollian gravitational field as ¢*  := <2~ such that g.. = %V(j). However, this
g rC dt PC c

definition results in a velocity-dependent gravitational force, which is not consistent with our findings in (4.18).
8n the case where velocity and acceleration of the test particle are perpendicular (as in circular motion), the term

v-ain (4.35) vanishes. As a result, in the ultra-relativistic limit, the equation (4.35) simplifies to Z—z % = — Oyo.
Using the definition (4.38), this further reduces to g, = — V¢, resembling the Newtonian form. This is expected,

as the perpendicular part in (2.16), unlike the parallel part, appears with a positive sign.
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This result differs by a sign from the Newtonian case (C.26), where g, = — V¢. Specifically, if we consider
the post-Carrollian gravitational potential given in equation (4.17), ¢ = — MG, /r, and substitute it into
(4.39), the “post-Carrollian gravitational field” becomes

N (4.40)

Surprisingly, in contrast to the Newtonian case (C.26), this demonstrates that the post-Carrollian grav-
itational field g, generated by post-Carrollian matter of mass M is directed radially outward. This is
further illustrated by comparing it to the Newtonian case in Figure 3.

\ /A/ m, My 0\1\ /
—_— M, <« C —>

/{\ SN

Figure 3: This figure illustrates that the Newtonian gravitational field g, generated by Newtonian matter M,
is radially inward, while the post-Carrollian gravitational field g, produced by post-Carrollian matter M, is
radially outward. A Newtonian particle of mass m, (with m, < M) in the gravitational field g, experiences
an attractive force F, , aligned with the gravitational field g, . Similarly, a post-Carrollian particle of mass m,,
(with m,, < M,) in the gravitational field g, experiences an attractive force F,, but anti-aligned with the
gravitational field g,,.

Mass charge: The attractive gravitational force between two Newtonian particles is given by (C.11),
while for two post-Carroll particles, it is provided in (4.18). Since both expressions share the same
mathematical form, we distinguish them by labeling the force and matter type: “N” for the Newtonian
framework and “PC” for the post-Carrollian framework. Accordingly, the labeled versions of relations in
(C.11), (4.18) and (C.26), (4.40) are as below:

M M,
p, = oMy g R, = O Meeec 5 (4.41)

r r

Gy M, . Gy M,
gy = — NTZNr, gpcz—l—% r. (4.42)
By relating these relations, we find:
F F

gy =+ —, 8o = — — 2. (4.43)

N Mpc

Consequently, in comparison to electrostatics, it can be concluded that a “positive mass charge” can be
attributed to the Newtonian particle m,,, while a “negative mass charge” can be assigned to the post-
Carrollian particle m,,. Moreover, these relations demonstrate that g, and F, are aligned, whereas g,
and F,, are anti-aligned, as illustrated in Figure 3.
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Based on these observations, we can conclude that particles of different types—a Newtonian particle
and a post-Carrollian particle—may experience a repulsive gravitational force, which can be expressed
as: F = + G, m, m,. #/r?. This conclusion is further supported by Raychaudhuri’s study [57], which
reveals the existence of a repulsive gravitational force between tachyons and ordinary matter. Given that
post-Carrollian theory is derived from tachyon theory, we can draw a parallel and infer that a similar
repulsive interaction exists between post-Carrollian particles and ordinary matter (Newtonian particles).
Therefore, the gravitational force behavior of different types of matter can be summarized in Figure
4. Notably, the behavior of mass charge types in this domain—where like charges attract and opposite
charges repel—is opposite to the behavior of charge types in electrostatics, where like charges repel and
opposite charges attract.

Newtonian particle Newtonian particle
e -1
® attraction ®
Post-Carroll particle Post-Carroll particle
R e e -
® attraction ®
Newtonian particle Post-Carroll particle
@« =
repulsion

Figure 4: The gravitational force behavior of different types of particles.

5 Conclusions and outlook

In this work, we aimed to develop a classical framework for post-Carrollian mechanics. To achieve this,
we derived expressions for energy, momentum, energy-momentum relation, and Newton’s second law of
motion within the post-Carrollian framework. These expressions were obtained from the tachyon theory?,
in a similar manner to how classical Newtonian mechanics can be obtained from special relativity. These
findings are summarized in the last row of Table 2, along with the well-established formulas from other
frameworks for comparison.

Utilizing the post-Carrollian energy-momentum relation (2.5), we applied the principles of quan-
tum mechanics and reproduced both the Carroll-Schrédinger equation (2.8) and the generalized Car-
roll-Schrédinger equation (B.5), obtained in [32]. Furthermore, we demonstrated that the post-Carrollian
algebra (2.9), rather than the Carroll algebra, governs the symmetry we are considering in this work.
However, its demonstration in higher dimensions is yet unknown, as the symmetries of the generalized
Carroll-Schrédinger equation are not determined yet. In addition, we studied the properties of an ideal
gas composed of post-Carroll particles. We determined a range of thermodynamic quantities, including
entropy, internal energy, specific heats, and so on (3.7) within this framework.

9 The connection between tachyons and Carroll symmetry has also been studied in [58].
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Energy Momentum | Energy-momentum | Newton’s second law Quantum equation

Newtonian theor
’ E:%mv2 P=mv EZ% F=ma (ihat—l—%VQ)d):O
(v<o)
Special relativit;
" | E=ym | P=ymv |E? = P22 + m%! F=7"ma (D—m5202)¢=0

(v<e)

P =qmv |E? =P -—m’'| F=-7"ma (D+m;‘32)¢:0
mc3 E2 c\3 . B2 Ao
P=%5v Pl =5-3 F=-m(%)a (ztherchz 8t)w:0

Table 2: This table presents our findings within the post-Carrollian theory. To facilitate comparison, it also
includes well-established formulas from the Newtonian theory, special relativity, and tachyon theory (see Figure 1).

By analyzing the weak and static Einstein’s field equations, we modeled the energy-momentum tensor
using tachyon dust. Taking the ultra-relativistic limit, we derived Poisson’s equation for post-Carrollian
gravity (4.16), along with its corresponding gravitational potential (4.17) as the solution. Interestingly,
these results closely resemble their counterparts in the Newtonian framework. Therefore, our findings
revealed that, similar to Newtonian particles, there exists an attractive gravitational force between post-
Carrollian particles as well (4.18) (see also Figure 4).

A remarkable result emerged during the derivation of the post-Carrollian gravitational field. By
analyzing the geodesic equation and applying the ultra-relativistic limit, we derived a relation for the
post-Carrollian gravitational field (4.39). Surprisingly, this revealed that, unlike in the Newtonian case,
the post-Carrollian gravitational field is radially outward (4.40) (Figure 3). This suggested that post-
Carrollian particle carries a negative mass charge, while Newtonian particle possesses a positive mass
charge (4.43). Furthermore, we explored the implications of this result, discussing the existence of a
repulsive interaction between Newtonian and post-Carrollian particles (Figure 4).

In this work, we have identified several physical quantities within the post-Carrollian framework that
differ significantly from their Newtonian counterparts. These findings highlight the intriguing nature of
post-Carrollian physics and motivate further exploration of its laws and principles. For instance, future
research could explore post-Carrollian work, torque, angular momentum, and other related quantities to
enhance our understanding of post-Carrollian dynamics.

The transition from special relativity to tachyon theory, achieved through the substitution m — im
and the consideration of v > ¢, raises an intriguing question: Could a similar correspondence exist
between Newtonian mechanics and post-Carrollian mechanics? If such a transition is possible, it suggests
that a non-local field redefinition might play a crucial role. An example of this phenomenon is presented
in [59], where the application of a non-local field redefinition alters the physical framework—specifically,
a massive theory transitions into a massless theory through this transformation.
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It is interesting to explore whether post-Carrollian particles could potentially be considered as candi-
dates of dark matter and/or may also explain dark energy. The connection between Carroll symmetry
and dark energy is discussed in [14]. For instance, galaxies consist of both ordinary matter (Newtonian
particles) and dark matter (post-Carrollian particles). In this scenario, the repulsive interaction between
these two types of matter could explain why the dark matter halo extends significantly beyond the visible
galaxy. In addition, if we assume that post-Carrollian matter exists in the universe, its repulsive interac-
tion with Newtonian matter could account for the accelerated expansion of the universe associated with
dark energy. However, further investigation is needed to fully develop and refine these ideas.
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A Theories of motion: a brief review

For the reader’s convenience and to facilitate comparison with the main text, this appendix briefly
presents the theory of special relativity in A.1, Newtonian theory in A.2, and tachyon theory in A.3. This
allows for a straightforward comparison between relativistic particles and tachyons, as well as between
non-relativistic (Newtonian) particles and ultra-relativistic (post-Carroll) particles, as obtained in Section
2.

A.1 Special relativity

In the context of special relativity, the total energy E and the momentum vector P of a relativistic
particle, with rest mass m, are given by

E = ymc?, P=ymv, (A.1)
where v represents the Lorentz factor
- —— (A2)
VO |
and v = |v| = /v;u; is the magnitude of the velocity vector v. The relativistic energy-momentum

relation, which connects the total energy to the invariant mass and momentum (A.1), is given by
E? = P2¢2 + m2ct. (A.3)
We note that E > |Pc| and the range of the total energy and the momentum are given by

me* < E < oo, 0<|P| <. (A.4)
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This demonstrates that the total energy has a lower bound, referred to as the *

Eo = mc?, at which the particle’s momentum is zero (P = 0).

‘rest energy”, denoted by

By applying the quantum mechanical prescription (P; — —ih9; and E — ih0;) to the energy-
momentum relation (A.3), one can arrive at the Klein-Gordon equation for the scalar field ¢

(m_m;f)(p_o. (A.5)

Newton’s second law of motion within the framework of special relativity can be derived by substituting
the relativistic momentum relation (A.1) into F = dP/dt. It reads

d
F= a('ymv) =m~3(v-a)v/* +mya
=y ma,+yma,, (A.6)
where a = ‘fi—‘t’ is the particle’s acceleration. In the second line, the acceleration is separated a =a, +a,

into the part parallel to the velocity and the part perpendicular to it.

A.2 Newtonian theory

Newtonian mechanics can be derived as the non-relativistic limit (v < ¢) of special relativity. The energy
and momentum expansion of relativistic particles (A.1) can be expressed as

1
E = mc? + 3 mv? 4+ O(c?), (A.7)
P = 0 + mv +  0O(c?). (A.8)
—— —_——
leading terms = subleading terms =
particle at rest Newtonian particle

In these expansions, the leading terms represent the energy and momentum of Newtonian particle at rest,
while the subleading terms describe moving Newtonian particle. Accordingly, ignoring the higher order
terms O(c~2), one can define the so-called “Newtonian energy” E,, for a free particle

E, =E—Eo, (A.9)

which is the total energy subtracted by the particle’s rest energy (Eq = mc?). Therefore, using the

definition (A.9), one can derive the Newtonian energy E, and the Newtonian momentum P, for a

N
non-relativistic (Newtonian) particle with mass m and velocity v as fallows:

L 9

E =5 mv’, P, =mv. (A.10)

N
By eliminating the velocity in the latter expressions, the Newtonian energy-momentum relation becomes

2
_5

=g (A.11)

N
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This result can also be derived directly from the relativistic energy-momentum relation (A.3) by consid-
ering the condition |P| < me (which corresponds to E, < Eg) and utilizing (A.9).

By applying the quantum mechanical prescription (P; — —ih9; and E — ihd;) to the Newtonian
energy-momentum relation (A.11), one can arrive at the Schrédinger equation (V? := 970;)

2
(mat - hv2>¢ =0. (A.12)
2m

Newton’s second law of motion can be derived using the Newtonian momentum (A.10). It becomes

_dP,  dv

F, =~ &Y
A T

ma. (A.13)
Alternatively, this result can also be derived from the relativistic Newton’s second law of motion (A.6)
by taking the non-relativistic limit.

It is important to recognize that the limit v < ¢ serves as a technique to transition into a different
physical regime. In one regime (special relativity), the velocity of a relativistic particle is limited by
an upper bound and confined within the range of 0 < v < ¢. However, in another regime (Newtonian
theory), the velocity of a Newtonian particle has no such upper bound and spans the range of 0 < v < oo.
The energy curve in terms of velocity, for both relativistic particles and Newtonian particles, is illustrated
in Figure 5.

Relativistic particle |

& = mEc2 1 Newtonian particle
1 } .
I o éa — 1
| 1-p2
— =142
| |
0 1 2

Figure 5: This figure shows that the velocity of a relativistic particle is bounded within the range 0 < v < ¢,
while the velocity of a Newtonian particle is unbounded, ranging from 0 < v < oco. At low velocities (v < ¢), the
Newtonian particle curve coincides with the relativistic particle curve.

A.3 Tachyon theory

Tachyon physics has been studied from various perspectives and motivations (see e.g. [57, 60-64]).
Tachyons are hypothetical relativistic particles that are a representation of the Poincaré algebra. From
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our conventional physics perspective, tachyons can be viewed as particles with imaginary mass that
exhibit relativistic behavior by traveling at velocities greater than the speed of light (v > ¢).

To derive the tachyonic formulations, one can substitute m — im and assume that v > ¢ in the con-
ventional relativistic equations (A.1)-(A.3). Consequently, the Lorentz factor (A.2) acquires an imaginary
factor (— i), which cancels out with the imaginary factor from the mass. Therefore, the mass parameter
in tachyon relations remains a real-valued quantity, despite appearing imaginary from our perspective.
According to this substitution and assumption, the energy E and the momentum vector P of a tachyon
will remain real quantities, and are given by [60]

E =1, me?, (A.14)
P =7, mv, (A.15)

where m is a real proper mass [65] and 7, is the tachyon Lorentz factor defined by

1

Here, v = |v| = /v;u; denotes the magnitude of the velocity vector v, ranging from ¢ < v < c0.

(A.16)

The tachyon energy-momentum relation, which establishes a connection between the energy (A.14),
momentum (A.15), and invariant mass, is given by [60]

P22 = E? + m2ch (A.17)

As observed here, compared to the relativistic case (A.3), the roles of energy and momentum are inter-
changed between relativistic particles and tachyons. Thus, while the term “energy” in (A.3) represents
the total energy, in this case, “momentum” corresponds to the total momentum.

According to (A.17), one has |Pc| > E and the range of energy E and total momentum P are given by
0<E<o0, me < |P| < o0. (A.18)

In analogy with special relativity (A.4), this demonstrates that the total momentum of a tachyon has
a lower bound, which we call “rest momentum” and denote its magnitude by |Po| = mc. By the rest
momentum, we mean that when the energy of a tachyon is zero (E = 0), its momentum has a magnitude
of |[Pg| = me. We introduce this terminology in analogy to the concept of “rest energy” in special
relativity. Therefore, unlike relativistic particles, tachyons have no rest energy; rather, they have rest
momentum, at which their velocity is infinite (or the energy is zero). When v — oo, it follows that E = 0
and |Pg| = me, demonstrating that tachyons at infinite velocity carry momentum but no energy [60].
These cases represent the leading terms in the expansion of the tachyon’s energy (1.1) and momentum
(1.2), which correspond to the energy and momentum of the magnetic Carroll particle. In other words,
the magnetic Carroll particle has zero energy, £ = 0, and a rest momentum given by P = mc¥V.

To formulate a quantum field equation within the tachyon framework, we can apply the quantum
mechanical prescription (P; — ih0; and E — —1ih0;) to the energy-momentum relation (A.17). By
defining the d’Alembertian operator as O := — 0%83 + 0'0;, this procedure yields the Klein-Gordon
equation of the relativistic tachyon scalar field

2.2
(m+mh; >¢=o. (A.19)



By substituting the formula for tachyon momentum (A.15) into the definition of Newton’s second law
(2.13), we can conveniently derive the form of Newton’s second law of motion for tachyons, which is

3 2
F= a('yt mv) =—-m~y’(v-a)v/c’+v ma
:—m’yf’au—l—’ytmal, (A.20)
where a = ‘fl—‘t’ is the tachyon’s acceleration. In the second line, the tachyon’s acceleration is separated

a =a, +a, into the part parallel to the velocity and the part perpendicular to it.

B Generalized Carroll-Schrodinger equation

In this appendix, we reproduce the generalized Carroll-Schrédinger equation [32], which applies to higher
spacetime dimensions. In this case, the energy-momentum relation (2.5) can be expressed as (i = 1,...,d)

[ (Bpe)?
Pio Boci = ﬁ . (B.1)

Then, by keeping the energy prescription as in (2.7), it becomes clear that the momentum prescription
should adopt an unconventional form. In fact, within the post-Carrollian framework, we introduce the
quantum mechanical prescription as follows

P, —ih V", E,, — —ihoy, (B.2)
where ‘
;i x d—1
v :xQ<x-a+2). (B.3)

Taking this into consideration, one can derive the following expression

ﬁ_\/%<x-a+6igl>zvx. (B.4)

As a result, by applying the prescription (B.2) into (B.1) and utilizing (B.4), we can reproduce the
generalized Carroll-Schrédinger equation [32], which is

h2
<2'th$ + a,?) =0,
2m

c2

. 1 d—1

We note that in 1 + 1 dimensions, where d = 1, the operator V, simplifies to the usual derivative 0.,

(B.5)

thereby reducing the equation (B.5) to the Carroll-Schrédinger equation (2.8).

In the post-Carrollian framework, we notice that the momentum prescription indicated by (B.2) rep-
resents a deviation from the standard momentum prescription (P; — ih0;). One possible explanation
for this deviation can be explained as follows. When transitioning from the relativistic framework to
the Newtonian framework, the momentum P experiences no shift, while the energy undergoes a shift
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E, = E—mc? (A.9), which is a scalar shift. However, when transitioning from the tachyon framework
to the post-Carrollian framework, energy experiences no shift, but momentum undergoes a shift given by
P.. = P —mcv/v (2.4), which can be regarded as a vector shift. This distinction in the nature of the
shifts could account for the modified form of the momentum prescription as given by (B.2).

Finally, as demonstrated in (2.6), we note that the post-Carrollian momentum is always positive,
leading to the selection of the prescription outlined in (2.7) or (B.2). However, in the Newtonian case,
we recall that the energy is always positive (A.11), necessitating a reversal of the sign in the prescription,
ie. Ey, = ih0; and Py, — —ih0,.

C Newtonian gravity

In this section, we will review the derivation of the Newtonian gravitational potential from Einstein’s
field equations in Section C.1 and the gravitational field from the geodesic equation in Section C.2. Our
goal is to use a similar approach in Section 4 to derive the post-Carrollian counterpart.

C.1 Gravitational potential

As discussed in Section 4.1, we can proceed from the weak and static field equations (4.6) by using an
appropriate energy-momentum tensor. As well established in the literature, the weak and static field
equations (4.6) can be coupled to the relativistic dust

™ = pUrU" (C.1)
where p > 0 represents the rest mass density and U* is the timelike four-velocity vector, given by
Ut = (cv,v'), (C2)

with
1

T V1—=v2/2’
where v? = v(t)? = v*(t)v;(t) can, in principle, be time-dependent. We note that the four-velocity vector
U* is the tangent vector at any point of world line z#(7) defined as U* = da#/dr, where x# = (ct,z") is

the four-position vector and 7 is the proper time, defined by dt/dr = ~. More precisely, the components
of (C.2) are UY = % = C% =cyand U’ = ‘ff; = dftz % = vy, where v* = dz’/dt.

(C.3)

By substituting (C.2) into (C.1), the components of the energy-momentum tensor, and its trace
T = gy T" = (Nuv + hyu)T* up to zeroth order in h, become

Too=pcy? =~ pc?, (C4)
Tio = pev'y® = pev’, (C.5)
Tij = pv'/ * =~ po'o? (C.6)
T = T" =noo T + ni; TV = py* (= & + S0"v7) = —pc®. (C.7)
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The approximate symbols (=) in (C.4)-(C.6) indicate that the non-relativistic limit (v < ¢) or the
Newtonian limit has been taken.

By employing (C.4) and (C.7), the 00-component of the weak and static field equations (4.6), up to
the order of p G, /c?, reduces to

8tpG
V2hoo = — ’0’2 N (C.8)
Substituting
2
hoo = — cff ; (C.9)

into the equation (C.8), we recover Poisson’s equation for Newtonian gravity, along with the Newtonian
gravitational potential as its solution:

MGy (C.10)

v2¢:47TPGN’ ¢=- r

The gravitational energy potential U and the gravitational force F then become

U:m¢:—%, F:—VU:—%QGNf, (C.11)
T

demonstrating an attractive gravitational force between two Newtonian particles with masses m and M.

By applying (C.5) and (C.7), the i0-component of the weak and static field equations (4.6) contains
no terms of the order p G, / c?. Therefore V2h;y = 0, demonstrating that ko = 0 or gio = 10 + hig = 0.

In addition, using (C.6) and (C.7), the ij-component of the weak and static field equations (4.6), up
to the order of p Gy, /c?, simplifies to

8mp G
V2hi; = — LN 5, (C.12)
c
which implies that h;; = — i—‘f 0i;. Accordingly, recalling hop = — i—‘f, we get
goo = — 1+ hoo,
gio =0, (C.13)

gij = (1 + hoo) dij -

As aresults, the full line-element that solves the linearized Einstein’s equations and describes the geometry
generated by a weak and static field is given by

2 2 ;
ds? = gudatdz” = — (1 + c(f> Adt® + <1 - c(f) dz'dz; (C.14)

where ¢ is a solution of the Poisson’s equation (C.10).

C.2 Gravitational field

Our approach to deriving the Newtonian gravitational field from the geodesic equation differs slightly
from traditional approaches in the literature, as we take the non-relativistic limit at the final stage. As
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illustrated below, it is structured to be comparable to the derivation of the post-Carrollian gravitational
field discussed in Section 4.2. The geodesic equation is given by

A2 zH dz¥ dxf
H el 1
dr? YPdr dr 0, (C.15)
or (when separating the summing indices into 0 and 1)
A2 zH dxt da? dt dz’ dt dt
It —— = 4 2¢IF — e = 1
dr2 T dr dr t2cko dr dr 0 dr dr 0, (C.16)

where z# = (ct,x%), T is the proper time, and I'j, are Christoffel symbols

1
F'Lpr = 9 g,u)\ <8l/gp)\ + apgu)\ - a/\gup) . (C.17)

By employing dt/dr = -y, where v defined in (C.3), and applying the chain rule, we can write

dzt dzt
—_— =y — C.18
dr ' dt (C.18)
2zt 2d29:“ o dx*
_ Y ya) B 1
oz = gE T VA (C.19)
where , 5
d dvy dv*
l_il:l(v.a)’ (C.20)

dt  dvt dt = 2

is utilized, with v - a representing the inner product of the velocity vector v* = dz’/dt and acceleration
vector a’ = dv'/dt. Accordingly, using (C.18) and (C.19), the geodesic equation (C.16) can be rewritten
as ) )

2ty dax o L,

W—F?(V-a)W%—F%vlvj—i—QCngvl—i—c 'ty =0. (C.21)
The Newtonian limit of the geodesic equation (C.15)/(C.21) is acquired by three assumptions: (i) the
gravitational field is weak, so it can be treated as a small perturbation to the flat spacetime metric
Guv = M + by, (ii) the gravitational field is static, meaning it does not vary with time 9y g, = 0, (i47)
the particles are moving slowly, with velocities much less than the speed of light v < ¢.

The first assumption simplifies the Christoffel symbols to I'), = %n“)‘(&,hp,\ + Ophyx — Ozhyp). Then,
applying the requirements h;g = 0 and h;; = d;;hoo derived in the previous subsection, along with the
second assumption Jg by, = 0, the components of the Christoffel symbols become:

F?jzrgjzrgozoa
. 1
ng:%o:—i@‘hoo,

1
k

(6214 8]' + (Sjk 0; — 5ij 8k) hoo - (0.22)
Using these components, the geodesic equation (C.21) for u = 0 leads to the condition
2

%2 (v -a) = vid;hop . (C.23)
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For p = k, the geodesic equation (C.21) gives

d2$k 72 2

ko v
where the condition (C.23) and hgy = — 20—35 have been applied. At this stage, we take the non-relativistic
limit (v < ¢), which eliminates the second terms on both sides of (C.24), ultimately leading to

d%z* d’x

T = e o =V (€29

By defining the Newtonian gravitational field as g]’\f := d?2% /dt? and substituting the Newtonian gravita-
tional potential (C.10), ¢ = — MG, /r, into (C.25), we obtain the Newtonian gravitational field

d*x MG

£, (C.26)

r2
indicating that the Newtonian gravitational field is radially inward, see Figure 3.

An important result here is that the term containing v-a in (C.24) ignores in the non-relativistic limit.
Consequently, the gravitational field (C.26) remains independent of the direction of the test particle’s
velocity and acceleration, a property that plays a crucial role in the post-Carrollian gravitational field.
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