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Abstract

The Tri-Quarter framework unleashes a radial dual triangular lattice graph with unified complex-Cartesian-
polar coordinates, structured orientation phase pair assignments for directional labeling, and topological
zones to build exact bijective mappings without approximations. By establishing combinatorial duality for
radial separation, Escher reflective duality for zone swapping, and bijective self-duality for reversible trans-
formations, the discretized framework leverages the lattice graph’s order-6 rotational symmetry to natively
support angular sectors, modular decompositions, equivariant encodings, and trihexagonal six-coloring for
conflict-free parallel algorithms. At this discretized framework’s core is the Tri-Quarter Inversive Hexagonal
Dihedral Symmetry Group T24—the order-24 semidirect product D6 ⋊Z2—which exploits rotational, reflec-
tive, and inversive symmetries to unlock these bijective transformations with exact precision. We provide
formal proofs of these dualities, along with numerous step-by-step examples, and demonstrate practical ef-
ficiency through benchmarked simulations to achieve ∼2x speedups with inversion-based path mirroring via
bijections and up to ∼6x reductions in symmetry-reduced clustering via rotational orbits. This work ad-
vances scalable computations on symmetric structures, with applications in computational geometry, graph
traversals, tiling, robotics path planning, multi-agent coordination, lattice-based cryptography, image pro-
cessing, and signal processing. This work aims to solidify a mathematical and computational foundation for
both classical and non-classical computing paradigms—targeting future integrations in complex emergent
systems that harness intricate “superposition-like” symmetries to advance symmetry-aware algorithms and
data structures across diverse computing architectures.

1 Introduction
The pursuit of a first-principles approach to advanced computing paradigms—targeting both classical

and non-classical models—necessitates robust mathematical and computational foundations that prioritize
exactness and symmetry exploitation, particularly in models that harness intricate, superposition-like be-
haviors through discrete structures. Traditional methods in graph theory and computational geometry often
rely on approximations or lack native support for radial dualities, which limits efficiency in symmetry-aware
applications such as the optimization of networks [1], distributed systems [2], parallel algorithms [3], path
planning (e.g., navigation and robotics) [4], multi-agent coordination [5], lattice-based cryptography [6],
image processing [7], and signal processing [8]—where balanced, invertible operations are key.

Existing frameworks provide valuable tools but often lack built-in support to efficiently process:

• Radial data and radial queries.

• Directional classifications via structured orientation phase pairs (or equivalent angular labeling).

• Exact bijective swaps via inversion for symmetric transformations.

For instance, quadtrees are designed for spatial partitioning via recursive nested boxes but are not optimized
for radial patterns, which often incur costly conversions [9]. Voronoi diagrams excel at proximity-based
partitioning to form territorial maps around points but do not natively support bijective swaps or angular
classifications [10]. Discrete conformal mappings preserve angles and have seen advances in conformally sym-
metric lattices [11], but they typically overlook origin-centered inversion for duality and directional labeling,
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and thus miss key opportunities for scalable, reversible transformations in lattice-based computations [12].
These gaps underscore the need for a unified approach that fundamentally embeds radial symmetries and
exact bijections by design.

In this paper, we resolve these gaps by extending the Tri-Quarter framework [13] from the continuous
domain to the discrete domain with radial dual triangular lattice graphs. Essentially, we hack the complex
spatial structure and coordinate system to natively support these radial symmetries and inversions by default.
In doing so, we establish combinatorial duality for separation, Escher reflective duality for swapping, and bi-
jective self-duality for reversibility—all while persisting exact mappings without approximations. This novel
discretization unlocks scalable, symmetry-preserving computations that directly address the identified gaps,
backed with formal proofs, numerical results, and practical efficiency demonstrations. Key contributions
include:

• A unified complex-Cartesian-polar coordinate system with structured orientation phase pair assign-
ments and angular sectors for rapid directional labeling, and zones for exact bijections.

• Proofs of dualities that preserve symmetries and encodings.

• Dual metrics and equivariant encodings, such as trihexagonal six-coloring, for efficient algorithms.

• Simulation experiments that demonstrate:

◦ ∼2x speedups in inversion-based path mirroring (e.g., so mobile robots operating in symmetric
hub-and-spoke warehouses can mirror optimal paths from central hubs without full recompu-
tation; or to accelerate lattice graph neural networks by inverting embeddings to supercharge
AI-driven pattern recognition and data structure optimization).

◦ Up to ∼6x reductions in symmetry-reduced clustering via Z6 orbit replication (e.g., for efficient
motif analysis in symmetric networks).

Rooted in our discretized Tri-Quarter framework is the Tri-Quarter Inversive Hexagonal Dihedral Sym-
metry Group T24, a unified order-24 algebraic structure that extends the lattice graph’s dihedral symmetries
with circle inversion to forge equivariant operations and reversible mappings across angular sectors and
zones. We structure this paper as follows—in Section 2, we review the continuous Tri-Quarter framework
to set the stage for discretization; in Section 3, we discretize the Tri-Quarter framework to radial dual tri-
angular lattice graphs; in Section 4, we prove dualities, introduce T24, and explore their implications; in
Section 5, we introduce encodings for computational tasks; in Section 6, our inversion-based path mirroring
and symmetry-reduced clustering simulation experiment benchmarks demonstrate a ∼2x speedup and up to
∼6x reductions, respectively, for the Tri-Quarter approach over the standard recompute approach; and in
Section 7, we conclude with a brief recap and projected future directions of exploration.

2 Tri-Quarter Framework Fundamentals
In this section, we review the fundamentals of our continuous Tri-Quarter framework as introduced

in [13]—by focusing on the complex plane and its topological properties, we create a foundation that is
both mathematically rigorous and computationally practical to ultimately set the stage for the framework’s
upcoming discretization into the radial dual triangular lattice graphs of Section 3 and the applications
beyond. Here, we summarize and extend the key elements of the framework by highlighting its utility for
problems that require unified coordinates, structured orientation phase pair directional classification, and
symmetric transformations.

2.1 Unified Coordinate System on X
To build the Tri-Quarter framework, we start with the complex plane C equipped with the standard

Euclidean topology, which provides a natural setting for coordinates and distances. For a complex number
x⃗ = xR + xIi ∈ C, we represent it as a vector x⃗ = x⃗R + x⃗I ∈ C, where x⃗R = (xR, 0)C ∈ R × {0} and
x⃗I = (0, xI)C ∈ {0}×I in Cartesian form. This decomposition emphasizes the interchangeability of 2D points,
complex numbers, and vectors, which enables the directional classifications and symmetries that are central
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to the framework. A subtle—yet crucial—key property of this decomposition is to treat components as axis-
aligned orthogonal vectors instead of just scalars—this provides the foundation for phase pair assignments,
as detailed in [13].

To avoid singularities (and reinforce the well-defined structured orientation phase assignments in the
subsequent Subsection 2.2), we define the space X = C \ {(0, 0)C} to exclude the origin because phase
pairs are undefined at the origin. Each point x⃗ ∈ X is characterized by its non-zero Euclidean norm
||x⃗|| =

√
x2
R + x2

I ∈ R+ and phase ⟨x⃗⟩ ∈ [0, 2π). So for x⃗ this gives synchronized polar coordinates (||x⃗||, ⟨x⃗⟩)P
and Cartesian coordinates (xR, xI)C = (||x⃗|| cos⟨x⃗⟩, ||x⃗|| sin⟨x⃗⟩)C to yield a unified coordinate system:

x⃗ = x⃗R + x⃗I = (xR, xI)C = (||x⃗|| cos⟨x⃗⟩, ||x⃗|| sin⟨x⃗⟩)C = (||x⃗||, ⟨x⃗⟩)P . (1)

For example, if x⃗ = (1, 0)C , then we have norm ||x⃗|| = 1 and phase ⟨x⃗⟩ = 0, so it aligns with the positive real
axis in both representations. This unification supports consistent directional assignments and the bijective
mappings that are central to the framework.

This exclusion of the origin has minimal (or negligible) negative impact on origin-centered algorithms in
the continuous setting because phase-based operations naturally avoid singularities by design. In fact, far
from a limitation, this exclusion triggers a profound cascade of symmetries and computational possibilities—
empowering exact bijective mappings via circle inversion that seamlessly swap inner and outer zones while
preserving directional labels, and unlocking modular decompositions with order-6 rotational invariance that
align perfectly with lattice graph structures, as articulated in the dualities and encodings ahead. For contin-
uous algorithms that conceptually start at the origin, one can instead initiate from points arbitrarily close to
it, traverse outward along radial paths, and aggregate results to approximate origin-based behavior—much
like inferring the center of a symmetric pattern from its surrounding elements. (Note: As we will see in the
discrete extension of Section 3, the base triangular lattice L inherently excludes the origin as well to align
seamlessly with X.)

2.2 Phase Pair Assignments on X
To exploit, formalize, and leverage the structured orientation directional classification and symmetry of

X, we assign phase pairs to each point x⃗ ∈ X based on the signs of its real and imaginary components.
These quadrant phase pair assignments categorize points according to their position in the four quadrants of
X as defined in Table 1. The phase pair ϕ(x⃗) = (⟨x⃗R⟩, ⟨x⃗I⟩)ϕ encodes the directional orientation of x⃗ relative
to the real and imaginary axes.

Table 1. Quadrant Phase Pair Assignments

Quadrant Condition Phase Pair

I ⟨x⃗⟩ ∈ (0, π/2) (0, π/2)ϕ
II ⟨x⃗⟩ ∈ (π/2, π) (π, π/2)ϕ
III ⟨x⃗⟩ ∈ (π, 3π/2) (π, 3π/2)ϕ
IV ⟨x⃗⟩ ∈ (3π/2, 2π) (0, 3π/2)ϕ

For points that exist precisely on a coordinate axis (when exactly one component is zero), we define axis
boundary phase pair assignments to ensure consistency as defined in Table 2. These assignments handle the
boundary cases where x⃗ aligns with the positive or negative real or imaginary axis, which implies unique
phase pair assignment to these axis bound points. Henceforth, together with the quadrant assignments,
these guarantee unique phase pairs across all four quadrants and four axis boundaries.

For example, the point x⃗ = (1, 1)C—with phase ⟨x⃗⟩ = π/4—resides in Quadrant I, so it gets assigned
the phase pair ϕ(x⃗) = (0, π/2)ϕ as per Table 1, which safeguards unique directional classification without
ambiguity. Moreover, for a non-axis radial ray emanating from (but not including) the origin and traversing

across Quadrant I at phase π/6, consider points like k · (3/2,
√
3/2)C for k > 0—the assigned phase pair

(0, π/2)ϕ remains constant along the radial ray—a property that holds for all radial rays and extends to the
discrete case in the upcoming Section 3.

The results of Tables 1–2 are then consolidated and formalized into the phase assignment rules of Table 3
to uphold consistency across all points in X. This secures a combinatorial classification of directions in X
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Table 2. Axis Boundary Phase Pair Assignments

Axis Condition Phase Pair

East ⟨x⃗⟩ = 0 (0, 0)ϕ
North ⟨x⃗⟩ = π/2 (π/2, π/2)ϕ
West ⟨x⃗⟩ = π (π, 0)ϕ
South ⟨x⃗⟩ = 3π/2 (π/2, 3π/2)ϕ

that partitions points into directional categories based on their quadrant or axis alignment—essential for
computational analysis because it features an efficient structured orientation with consistent labeling of
directions, which will be critical when discretizing to a lattice graph where exact angular assignments align
with geometric symmetries.

Table 3. Phase Assignment Rules

Component Condition Phase

x⃗R xR > 0 0
xR = 0 π/2
xR < 0 π

x⃗I xI > 0 π/2
xI = 0 0
xI < 0 3π/2

These rules in Table 3—based entirely on component signs—ensure the assignment of unique phase
pairs for all cases and avoid ambiguity at axis boundaries where standard argument functions might yield
overlapping or undefined outputs, as detailed in the original Tri-Quarter framework [13]. More specifically,
the assignment ⟨x⃗R⟩ = π

2 when xR = 0, and the assignment ⟨x⃗I⟩ = 0 when xI = 0, facilitate uniqueness
for axis boundary cases. In other words, for example, our choice to assign ⟨x⃗R⟩ = π

2 when xR = 0 equips
us with the means to bypass conflicts with real-axis phases (0 or π) and rapidly distinguish the vertical
axis from the horizontal axis (without requiring an additional layer of nested conditional logic). Phase
pair assignment is computationally efficient because it requires only O(1) time per point via sign checks
on components, which supports scalability in large-scale applications like spatial data structures—e.g., in
big time real-world systems that require full throttle signal processing and data classification with massive
throughput, efficiency is key and the computational cost of executing each conditional check truly matters.
These assignments imply constant-time directional binning, which is crucial for the upcoming mod 6 angular
sector partitioning of the discrete lattice graphs in Section 3.

2.3 Topological Zones on X
To catalyze radial separation and support bijective mappings, we partition X into three distinct topo-

logical zones based on the Euclidean norm ||x⃗|| for any radius r > 0 and x⃗ ∈ X as per the Tri-Quarter
framework. These zones are:

(1) The inner zone X−,r, which contains all points closer to the origin than the radius r.

(2) The boundary zone Tr (a circle of radius r), which contains all points exactly at the radius r.

(3) The outer zone X+,r, which contains all points farther from the origin than the radius r.

The partition is defined by a norm trichotomy to ensure that, for any x⃗ ∈ X, exactly one of the following
zone conditions holds:

||x⃗|| < r ⇐⇒ x⃗ ∈ X−,r

||x⃗|| = r ⇐⇒ x⃗ ∈ Tr

||x⃗|| > r ⇐⇒ x⃗ ∈ X+,r,

(2)
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where the zones are mutually disjoint and cover X entirely:

X+,r = {x⃗ ∈ X : ||x⃗|| > r}
Tr = {x⃗ ∈ X : ||x⃗|| = r}

X−,r = {x⃗ ∈ X : ||x⃗|| < r},
(3)

such that X−,r ∩Tr = Tr ∩X+,r = X−,r ∩X+,r = ∅ and X−,r ∪Tr ∪X+,r = X. The circular boundary zone
Tr acts as a separator between the inner zone X−,r (an open disk punctured at the origin) and the outer
zone X+,r (the exterior of the circle). This trichotomy partitions the four quadrants of X into three radial
zones—a “Tri-Quarter”—to solidify a topological foundation for duality mappings [14].

Let Rθ be the rotation operator by angle θ. For x⃗ ∈ X we have ||Rθ(x⃗)|| = ||x⃗|| (norm invariance under
rotation), so zone assignment (inner/boundary/outer) remains unchanged. Thus, we have phase shifts by
θ. So for θ = π/2 we have Rπ/2 for quadrant rotations that preserve sign categories and consistently cycle
quadrant-based phase pairs (e.g., (0, π/2)ϕ → (π, π/2)ϕ → (π, 3π/2)ϕ → (0, 3π/2)ϕ → (0, π/2)ϕ → ..., rinse
and repeat) because the rules only depend on the component signs, which consistently rotate.

R

I

Tr

X−,r

X+,r

Quadrant I: (0, π/2)ϕQuadrant II: (π, π/2)ϕ

Quadrant III: (π, 3π/2)ϕ Quadrant IV: (0, 3π/2)ϕ

East: (0, 0)ϕ

North: (π/2, π/2)ϕ

West: (π, 0)ϕ

South: (π/2, 3π/2)ϕ

Figure 1. Continuous zones, quadrants, and axes in the (origin-punctured) complex plane
X, with phase pairs labeled as per Tables 1–2. The dashed circle represents the boundary
zone Tr that separates the inner zone X−,r and outer zone X+,r.

This norm-based partitioning leverages X’s rotational invariance around the origin (0, 0)C , where prop-
erties remain unchanged under rotations. The phase pairs from Subsection 2.2 complement this by providing
discrete angular labels to ensure that bijective transformations (e.g., the circle inversion in Subsection 2.4)
preserve directional information. This structure suits radial applications (e.g., polar Voronoi [15]) to re-
duce conversion errors. This radial partitioning contrasts with planar graph dualities—where vertices map
to faces in embeddings (as in Whitney’s combinatorial duality [16])—by emphasizing origin-centered norm
separation rather than face-vertex correspondences.
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2.4 Escher Reflective Duality on X
The Tri-Quarter framework characterizes a reflective duality to establish exact bijective mappings between

X−,r and X+,r, which is effectuated by the separator Tr. For any r > 0, we utilize the well-known circle
inversion map ιr : X → X [17, 18] as

ιr(x⃗) =
r2x⃗

||x⃗||2
, (4)

where x⃗ ∈ X and ||x⃗|| is the Euclidean norm that encodes its radial distance from the origin. The map ιr
transforms a point x⃗ by scaling it inversely relative to the radius r while preserving its phase (because ιr is
a conformal transformation) but swapping radial distances [19, 20].

Tr exhibits Escher Tri-Quarter Reflective Duality1 between X−,r and X+,r if there exists a map ιr that
satisfies the following conditions [13]:

(1) ιr(x⃗) = x⃗ for all x⃗ ∈ Tr, which implies that Tr is fixed under inversion.

(2) ιr(X−,r) = X+,r and ιr(X+,r) = X−,r, which implies that X−,r and X+,r are swapped.

(3) ϕ(ιr(x⃗)) = ϕ(x⃗) for all x⃗ ∈ X, which implies that the phase pairs are preserved to maintain directional
consistency.

(4) ιr is an involution (i.e., ι−1
r = ιr), which implies that the map is its own inverse for reversible

transformations.

The circle inversion map ιr satisfies these conditions to exemplify reflective duality across Tr between
X−,r and X+,r. Specifically:

(1) For x⃗ ∈ Tr, ||x⃗|| = r, so ιr(x⃗) =
r2x⃗
r2 = x⃗, which fixes Tr as required in condition 1.

(2) For x⃗ ∈ X−,r where ||x⃗|| < r, compute ||ιr(x⃗)|| =
∣∣∣∣∣∣ r2x⃗

||x⃗||2

∣∣∣∣∣∣ = r2

||x⃗|| > r, which maps to X+,r;

symmetrically similar for the reverse, which satisfies condition 2.

(3) The phase preservation follows from the real scalar r2

||x⃗||2 > 0, which scales the magnitude but

preserves the direction: ⟨ιr(x⃗)⟩ = ⟨x⃗⟩, and thus the component signs remain unchanged to ensure
ϕ(ιr(x⃗)) = ϕ(x⃗) as in condition 3.

(4) The involution is derived algebraically: ιr(ιr(x⃗)) = ιr

(
r2x⃗
||x⃗||2

)
=

r2· r2x⃗
||x⃗||2∣∣∣∣∣∣ r2x⃗

||x⃗||2

∣∣∣∣∣∣2 = r4x⃗/||x⃗||2
r4/||x⃗||2 = x⃗, which

confirms ι−1
r = ιr for condition 4.

For example, inverting the point x⃗ = (0.5, 0)C (with ||x⃗|| = 0.5 < r = 1) yields the corresponding
“twin” point ι1(x⃗) = (2, 0)C—with (||ι1(x⃗)|| = 2 > r = 1), which both have the same phase pair (0, 0)ϕ.

Additionally, for a radial ray at phase π/3, points like k · (0.5,
√
3/2)C for k > 0 all have the same phase pair

(0, π/2)ϕ; the reversible inversion maps back-and-forth between a k-valued norm and 1/k-valued norm. These
examples illustrate how inversion maintains directional consistency to set the stage for discrete extensions
in Section 3.

Indeed, this Escher-inspired reflective duality is a key component of Tri-Quarter because it provides an
exact bijection betweenX−,r andX+,r to leverage the radial symmetry of Tr. The preservation of phase pairs
implies that the structured orientation’s directional information remains consistent under inversion, which
is critical for real-world applications that require stable orientations, such as graph traversals or pattern
recognition. Compared to other geometric transformations (e.g., translations or rotations), circle inversion
uniquely swaps radial distances while preserving angular structure, which makes it ideal for symmetric
computational models [18, 20, 22].

These continuous elements, powered with symmetry and bijection, extend naturally to discrete radial
dual triangular lattice graphs in Section 3 to unlock valuable computational applications.

1Named after M.C. Escher’s art that features reflective symmetries and infinite tilings that visually inspire the mathematical
inversion and zone-swapping duality here [21].
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3 The Radial Dual Triangular Lattice Graph
The continuous Tri-Quarter framework [13], as we recapitulated in Section 2, provides a unified coordinate

system, structured orientation phase pair assignments, and topological zones that natively support duality
and reflection through exact bijective mappings. To ultimately extend and apply Tri-Quarter to real-world
computational contexts—such as networks [1], distributed systems [2], parallel algorithms [3], tiling [23],
robotic path planning [4], multi-agent coordination [5], lattice-based cryptography [6], image processing
[7], signal processing [8], and others—we must first discretize the framework to encode complex states and
transitions for computational implementations.

In this pursuit, we discretize the Tri-Quarter framework onto a base triangular lattice L and then con-
struct the radial dual triangular lattice graph Λr. This section begins with related work, followed by the
definition, motivation, and structure of L, which includes an Eisenstein integer basis that generates the en-
coded triangular points of L in X = C \ {(0, 0)C} and a hexagonally symmetric angular sector partition—to
focus solely on geometric properties without graph connectivity. We then advance to the definition, motiva-
tion, and structure of Λr with vertices (and edges) that adhere to a Tri-Quarter bijective zone partition to
enable exact mappings.

3.1 Related Work
Our Tri-Quarter framework draws upon foundational techniques in graph theory and computational

geometry, such as quadtrees for hierarchical spatial partitioning and Voronoi diagrams for proximity-based
tessellations, while innovating with radial duality to better exploit symmetries in discrete structures. In this
subsection, we briefly survey these and other key related discretization methods—along with their extensions
like discrete conformal mappings and self-dual plane graphs—and articulate how Tri-Quarter overcomes
their shortcomings in handling radial, symmetry-aware computations, such as costly polar conversions or
the absence of built-in bijective zone swaps.

• Spatial Structure Partitioning: Traditional tools like quadtrees [9] recursively divide space into
nested boxes that are aligned with Cartesian axes to enable efficient point queries in O(log n) time.
However, they often misalign with radial patterns (e.g., data emanating from a central origin), and

thus require costly conversions for polar queries and potentially degrading to O(
√

|V |) in unbalanced
radial cases [24]. In contrast, Tri-Quarter’s radial zones and phase pairs provide native support
for origin-centered efficiency, with O(1) directional binning (via sign-based phase assignments or
modular angular sector indexing) and balanced parallel traversals at approximately O(|V |/6 + C)
per angular sector—where C is synchronization overhead cost—to yield practical ∼2-4x speedups in
symmetry-aware algorithms like breadth-first search (BFS), as benchmarked on similar lattices [25].
Similarly, Voronoi diagrams [10] excel at proximity-based territorial partitioning around multiple
points, but they lack built-in radial duality from a single origin. Extensions like polar Voronoi [15]
use angular sweeps for diagrams, whereas Tri-Quarter utilizes circle inversion for exact zone swaps to
reduce redundancy in radial shortest-path queries [26–28]. This complements the multi-site Voronoi
approach in applications like robotics path planning [29], where single-hub symmetry accelerates
navigation.

• Discrete Conformal and Lattice Mappings: Existing discrete conformal mappings on triangular
lattices—such as those using circle patterns [11, 30]—preserve angles for simulations by “stretching”
the grid like a rubber sheet. Extensions include conformally equivalent lattices [31] and discrete
complex analysis [32, 33], often via circle packings [34]. Tri-Quarter adapts these by integrating circle
inversion to achieve radial duality with bijective phase constancy over carefully crafted isomorphic
subgraphs that are ideal for combinatorial paths—unlike purely conformal approaches, which may
overlook origin-centered zone swaps. Our choice of triangular lattice graph optimizes this: its degree-
6 vertices enable denser radial rays and order-6 symmetry to outperform square grids (mismatched
angles) or hexagonal grids (sparser connections) [35], as detailed in Table 4.

• Graph Dualities and Self-Dualities: Self-dual plane graphs [36] are isomorphic to their pla-
nar duals via vertex-face swaps in embeddings, which differ from our Tri-Quarter’s embedding-
independent radial duality due to its norm trichotomy. Whitney’s combinatorial duality [16] maps
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cycles to cuts for planarity, but it lacks our mod 6 periodicity for angular partitioning because it is de-
signed for general planar graphs without exploiting rotational symmetries. In contrast, Tri-Quarter
leverages the triangular lattice’s inherent order-6 symmetry (from 60-degree angles) to enable eq-
uitable angular sector decompositions via mod 6 arithmetic, where the dualities (combinatorial for
separation and reflective for swaps) are directly tied to—and preserved by—these symmetries for
balanced parallel traversals. Tri-Quarter’s O(r) boundary separator enables efficient max-flow via
Ford-Fulkerson [37] on symmetric cuts to reduce synchronization to O(6) for attacking parallelizable
problems and supporting optimization [38] or multi-agent coordination [39]. Quantitatively, sym-
metries permit O(1) per-vertex assignments (e.g., phase pairs via component signs or angular sector
binning via floor-modular arithmetic) and parallel traversals at O(|V |/6 + C) to facilitate applica-
tions in tiling [20] and beyond. As demonstrated in our symmetry-reduced clustering benchmarks
(Section 6.2), this yields up to ∼6x speedups in motif analysis by computing on orbit representatives
and replicating via rotations.

This discretization extends the continuous Tri-Quarter [13]—without approximations—to bridge gaps in
radial symmetry for scalable computations. To address these gaps, the Tri-Quarter framework introduces a
novel radial duality that embeds origin-centered symmetries and exact bijections by design, as formalized
below.

Definition 3.1 (Radial Duality). A radial duality on a discrete structure (e.g., a lattice graph on the
punctured complex plane X = C \ {(0, 0)C}) is a pair of operations—a norm-based trichotomy partition into the
inner zone (elements with Euclidean norms < r), the boundary zone (elements with norms = r), and the outer
zone (elements with norms > r) for some radius r > 0 that ensures symmetric boundaries, and a phase-preserving
circle inversion map ιr (recall Subsection 2.4 and see upcoming Definition 4.11)—that induce an exact bijection
between the inner zone and outer zone while satisfying:

(1) a fixed boundary zone,

(2) the inner direction and outer direction with respect to the boundary zone, and

(3) the phase pair assignments of Tables 1–2.

Remark 3.2. This duality exploits origin-centered radial symmetries (e.g., order-6 rotational invariance of Z6

under D6) to enable reversible, embedding-independent transformations without approximations.

This radial duality provides the geometric foundation for discretizing the continuous Tri-Quarter frame-
work onto symmetric lattice structures, beginning with the base triangular lattice in the next subsection.

3.2 The Base Triangular Lattice L
To discretize the continuous domain of the Tri-Quarter framework onto a lattice graph, we first define

the base triangular lattice L and introduce lattice-specific notions of rays and angular sectors that align with
the radial symmetry and phase constancy that are central to the framework. These formalizations expedite
a seamless transition from continuous rays in X to discrete rays on L, which then facilitate exact bijections
and symmetry exploitation in computational applications—paving the way for the full radial dual graph
construction of Λr in the next subsection.

Definition 3.3 (Base Triangular Lattice). The base triangular lattice L on the origin-punctured

complex plane X = C \ {(0, 0)C} is the set of points generated by basis vectors ω⃗0 = 1 and ω⃗1 = eiπ/3, which
consist of x⃗ = mω⃗0 + nω⃗1 for m,n ∈ Z with both not zero.

Definition 3.4 (Lattice Ray). A lattice ray in the base triangular lattice L is the set of lattice points that
lie on a half-line in the plane (i.e., the intersection of a half-line with L), defined as {p⃗0 + kp⃗1 | k ∈ N0}, where
N0 = {0, 1, 2, . . . }, p⃗0 ∈ L is the starting point, and p⃗1 ∈ L is a primitive direction vector (i.e., p⃗1 = mω⃗0 + nω⃗1

for m,n ∈ Z with gcd(m,n) = 1). Equivalently, for a fixed direction from p⃗0, it consists of all points in L that
are collinear with p⃗0 in that direction, ordered by increasing distance from p⃗0.

Definition 3.5 (Lattice Radial Ray). A lattice radial ray in the base triangular lattice L is a lattice ray
defined as the set {kp⃗ | k ∈ N}, where N = {1, 2, 3, . . . } (excluding the origin), and p⃗ ∈ L is a primitive lattice
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vector (i.e., p⃗ = mω⃗0 + nω⃗1 for m,n ∈ Z with gcd(m,n) = 1). Equivalently, for a fixed phase θ such that there
exists p⃗ ∈ L with ⟨p⃗⟩ = θ (which yields an infinite number of such rays that densely fill the possible directions),
the ray consists of all points in L with that phase, ordered by increasing norm from the origin.

Definition 3.6 (Primary Ray). A primary ray in the base triangular lattice L is one of the six lattice
radial rays at phases tπ/3 for t ∈ Z6—which emanate from (but do not include) the origin and are aligned with
the symmetry axes of D6—and which bound the angular sectors St.

Remark 3.7. L exhibits the dihedral group D6 as its point symmetry group, which consists of six rotations
Rtπ/3 by multiples of π/3 around the origin (for t ∈ Z6) and six reflections across axes aligned with the primary
ray directions (e.g., the real axis and rays at π/3, 2π/3, etc.). This order-12 D6 group underpins L’s equilateral
geometry, empowering modular decompositions and efficient computations via symmetry exploitation. While the
continuous framework in Section 2 leverages Rπ/2 quadrant rotations to preserve sign categories and cycle phase
pairs, here we additionally exploit Rπ/3 rotations for lattice symmetry to align with the denser angular structure
of L’s triangular grid.

Our choice of L is driven by its natural alignment with the π/3-based angular structure, which serves the
order-6 rotational symmetry to facilitate exact, efficient encodings without the approximation errors that are
common in other grids, such as square or hexagonal lattices [35, 38, 40–42]. Unlike square lattices, which lack
order-6 symmetry and impose orthogonal constraints, or hexagonal lattices (referring here to the honeycomb
lattice with degree 3, as the dual of the triangular lattice [43]), which have sparser point arrangements, L’s
equilateral geometry and symmetry align with the Tri-Quarter framework’s directional and radial structures
to ultimately enable precise computations and scalable algorithms.

To quantitatively compare lattice choices, we summarize key properties in Table 4. These comparisons
exemplify why L provides a key fundamental balance: its point arrangement supports richer radial structures
while maintaining exact symmetries, unlike hexagonal (with sparser lattice radial rays) or square (with
mismatched angles) lattices [35]. For example, in (a non-truncated) L, each point has six neighbors at π/3
intervals, thereby supporting denser lattice radial rays (e.g., six primary lattice radial rays per full rotation)
when compared to a hexagonal lattice’s three neighbors at 2π/3 (halving the lattice radial ray options and
sparsifying lattice radial rays) or a square lattice’s four neighbors at π/2 (due to misalignment with π/3
angles).

Table 4. Comparison of Lattice Types for the Tri-Quarter Framework

Lattice
Type

Symmetry
Order

Neighbor
Count

π/3 Phase
Alignment

Inversion Bijectivity Preserving
Framework Symmetries?

Triangular 12 (full D6) 6 Exact Yes

Square 8 (full D4) 4 ≈ π/2 No

Hexagonal 12 (full D6) 3 Exact Yes, but with fewer rays and connections

Note. Lattice comparisons highlight triangular optimality for bijectivity under inversion,unlike square (mismatched
angles) or hexagonal (sparser rays) grids [35].

L forms a regular triangulation of X and has a dual hexagonal (honeycomb) structure [43]. Theoretically,
L is infinite and it ensures exact preservation of the continuous Tri-Quarter framework’s properties: the
angular point distributions are discrete multiples of π/3, which align perfectly with the phase assignment rules
of Tables 1–2 for precise directional categorization (e.g., see upcoming Corollary 3.10). Norms are computed
exactly because squared distances are integers (e.g., ||x⃗||2 = m2 + mn + n2 for x⃗ = mω⃗0 + nω⃗1), which
enables unambiguous comparisons without floating-point hassles. A key feature of L is its order-6 rotational
symmetry [35], where the six primary rays (Definition 3.6) align precisely with the six unique π/3 angular
increments at phases tπ/3 for t ∈ Z6 and are each assigned one of the six unique phase pairs from Table 5
(e.g., the ray at phase 0 is assigned (0, 0)ϕ). This symmetry enhances computational efficiency—allowing
constant-time operations under rotations and reflections—and geometrically characterizes the framework’s
directional classifications. For instance, it enables the formation of regular hexagonal boundaries, which
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transforms abstract radial zones into computable separators that reflect L’s equilateral excellence—ideal for
applications like partitioning or routing [44].

The phase pair assignments of Subsection 2.2 apply directly to L, where the phase pair assigned to a
given lattice radial ray remains constant due to sign preservation, as in the continuous case. This constancy,
paired with the rotational symmetry, sets up our formal partitioning into angular sectors.

Definition 3.8 (Angular Sectors). For t ∈ Z6 an angular sector St in the origin-punctured complex
plane X is the set of points whose phase ⟨x⃗⟩ satisfies tπ/3 ≤ ⟨x⃗⟩ < (t + 1)π/3 (mod 2π), where each angular
sector spans π/3 radians and is bounded by primary rays on L ∈ X at phases tπ/3 that emanate from (but
do not include) the origin. Equivalently, for a fixed t ∈ Z6, St consists of all points in X with phases in that
interval, which includes the minimum-phase boundary ray via floor-based indexing t = ⌊6⟨x⃗⟩/(2π)⌋ mod 6 to
form a non-overlapping partition of X (and thus L ⊂ X).

These angular sectors formalize L’s rotational symmetry as follows.

Lemma 3.9 (Angular Sector Partitioning). Each angular sector St (for t ∈ Z6) aligns with the base
triangular lattice L’s order-6 symmetry with the phase pair constancy along the lattice radial rays (including the
boundaries) and modular indexing t = ⌊6⟨x⃗⟩/(2π)⌋ mod 6. Equivalently, the angular sectors partition X (and
thus L ⊂ X) into six π/3-radian wedges that are bounded by the primary rays at phases tπ/3, which secures
consistent directional labeling and rotational invariance under D6.

Proof. To verify the properties of the angular sectors St for t ∈ Z6, we proceed in steps to confirm the
partition, lattice alignment, phase constancy, and rotational invariance.

• Step 1: Verify the Non-Overlapping Exhaustive Partition of X and L ⊂ X
The angular sectors St consist of points with phase θ mod 2π ∈ [tπ/3, (t+ 1)π/3) and are bounded
by primary rays at phases tπ/3. The floor-based indexing t = ⌊6⟨x⃗⟩/(2π)⌋ mod 6 includes the lower
boundary in St (e.g., at exactly tπ/3, it yields t) while excluding the upper boundary (assigned to
St+1 mod 6). This forms a non-overlapping, exhaustive partition of the origin-punctured plane X into
six π/3-radian wedges, and thus of the base triangular lattice L ⊂ X.

• Step 2: Confirm Alignment with the Order-6 Rotational Symmetry of D6

By Definition 3.3, L has basis vectors ω⃗0 = 1 and ω⃗1 = eiπ/3 that are separated by π/3, which
matches the angular sector spacing. This aligns L with the order-6 rotational symmetry of D6

because rotations Rkπ/3 (for k ∈ Z6) cycle the angular sectors St 7→ St+k mod 6.

• Step 3: Establish Phase Pair Constancy Along Lattice Radial Rays (Including Angular
Sector Boundary Primary Rays)
For x⃗ = mω⃗0 + nω⃗1 ∈ L, the phase ⟨x⃗⟩ = arg(m + neiπ/3) is fixed along a lattice radial ray, which
consists of positive integer multiples of a primitive vector. The phase pair ϕ(x⃗) = (⟨x⃗R⟩, ⟨x⃗I⟩)ϕ from
Tables 1–2 depends solely on the signs of the real and imaginary components, which remain constant
due to the fixed direction. This holds for boundary primary rays as well, with unique assignments
per those tables.

• Step 4: Verify Modular Indexing and Rotational Invariance with Phase Pair Preserva-
tion
The index t = ⌊6⟨x⃗⟩/(2π)⌋ mod 6 assigns x⃗ to St, including boundaries. Rotations Rπ/3 (when ele-
ments of D6) map St to St+1 mod 6 preserve the lattice structure and phase pairs via sign consistency
under rotation (Subsection 2.2). The full D6 (including reflections across primary rays) similarly
preserves the lattice points and phase pair assignments (directional labels). For example, x⃗ = ω⃗0+ω⃗1

has ⟨x⃗⟩ = π/6 to yield t = 0 (in S0) and phase pair (0, π/2)ϕ, which remain constant along its ray.

• Step 5: Conclude the Overall Partition Properties
Equivalently, this partitions X (and L) into six disjoint, exhaustive π/3-radian wedges that are
bounded by primary rays (as in the remark following Definition 3.5), where each inherits consistent
phase pair labeling and D6-invariance.
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Thus, the angular sectors St partition L with order-6 symmetry, phase pairs remain constant along lattice
radial rays, and modular indexing is consistent. □

Corollary 3.10 (Unique Phase Pairs for Primary Rays). The six primary rays—which bound the
angular sectors St for t ∈ Z6—each receive a unique phase pair as listed in Table 5. The phase pair assignment
rules of Tables 1–2 ensure their uniqueness, while Lemma 3.9 guarantees constancy along each primary ray. Thus,
these six distinct phase pairs align with the order-6 rotational symmetry of L.

Remark 3.11. The six angular sector boundaries refer to primary rays in L (and the subsequently defined
graph rays in Λr). These primary rays consist of all points in L that are collinear with the origin at phases tπ/3
(for t ∈ Z6), ordered by increasing norm—a property that reinforces their role in bounding the angular sectors St.

Table 5. Unique Phase Pairs for Angular Sector Boundary Primary Rays

Angle (radians) Angular Sector Phase Pair Description

0 S0 (0, 0)ϕ East Axis
π/3 S1 (0, π/2)ϕ Quadrant I Boundary
2π/3 S2 (π, π/2)ϕ Quadrant II Boundary
π S3 (π, 0)ϕ West Axis

4π/3 S4 (π, 3π/2)ϕ Quadrant III Boundary
5π/3 S5 (0, 3π/2)ϕ Quadrant IV Boundary

This mod 6 partitioning is intuitive, similiar to clock arithmetic where the hours wrap around every
12, but here instead of 12 circular positions, we have six circular positions for rotational symmetry. This
characterizes an efficient angular sector traversal (or cycling)—like turning a clock hand by Rπ/3 increments.

To further exemplify the structure of L, let’s consider some small examples with r = 1:

• The point x⃗0 = ω⃗0 = 1 ∈ L has coordinate (x⃗0,R, x⃗0,I)C = (1, 0)C , norm ||x⃗0|| = 1, phase ⟨x⃗0⟩ = 0,
assigned phase pair ϕ(x⃗0) = (0, 0)ϕ (from Table 2), and exists in the boundary zone XT,1, angular
sector S0, and the positive real axis.

• The point x⃗1 = ω⃗0 + ω⃗1 = 1 + eiπ/3 ∈ L, has exact coordinate (x1,R, x1,I)C = (3/2,
√
3/2)C ≈

(1.5, 0.866)C , norm ||x⃗1|| =
√
3 > 1, phase ⟨x⃗1⟩ = π/6, assigned phase pair ϕ(x⃗1) = (0, π/2)ϕ (from

Table 1), and exists in the outer zone X+,1, angular sector S0, and Quadrant I.

• The point x⃗2 = −ω⃗0 = −1 ∈ L has coordinate (x2,R, x2,I)C = (−1, 0)C , norm ||x⃗2|| = 1, phase
⟨x⃗2⟩ = π, assigned phase pair ϕ(x⃗2) = (π, 0)ϕ, and exists in the boundary zone XT,1, angular sector
S3, and the negative real axis.

• The point x⃗3 = ω⃗1 = eiπ/3 ∈ L has coordinate (x3,R, x3,I)C = (0.5,
√
3/2)C , norm ||x⃗3|| = 1, phase

⟨x⃗3⟩ = π/3, assigned phase pair (0, π/2)ϕ, and exists in the boundary zone XT,1, angular sector S1,
and Quadrant I.

• Given the previous point x⃗3 = ω⃗1 = eiπ/3 ∈ L ∩ XT,1, we further extend to the point x⃗4 = 2x⃗3 =
2ω⃗1 ∈ L in the outer zone X+,1 to observe that the phase ⟨x⃗4⟩ = π/3, assigned phase pair (0, π/2)ϕ,
angular sector S1, and Quadrant I are all preserved.

These examples show how the framework efficiently categorizes points across zones and angular sectors, with
exact alignments due to L’s symmetry, which includes off-axis directions.

With L and its angular sectors established, along with its symmetry and ray properties, we now advance
to construct the radial dual triangular lattice graph Λr equipped with dualities that are fundamental to the
framework.

3.3 Constructing Λr
Building on the base triangular lattice L and its symmetries, we now construct the radial dual triangular

lattice graph Λr to enable exact bijective zone partitioning and duality mappings. To achieve this, we
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T1

ω⃗0

ω⃗1

S0S2

S3 S5

S1

S4

R

I

Quadrant I: (0, π/2)ϕQuadrant II: (π, π/2)ϕ

Quadrant III: (π, 3π/2)ϕ Quadrant IV: (0, 3π/2)ϕ

East: (0, 0)ϕ

North: (π/2, π/2)ϕ

West: (π, 0)ϕ

South: (π/2, 3π/2)ϕ

Figure 2. The structure of the base triangular lattice L with basis vectors ω⃗0 and ω⃗1, col-
ored angular sectors St, and dashed boundary primary rays that illustrate order-6 rotational
symmetry and mod 6 partitioning superimposed on the quadrants and axes with phase pair
assignments. L is truncated symmetrically within the truncation radius R = 4 for balanced
visualization. Note: The boundary zone T1 aligns with the angular sector boundaries.

first define admissible inversion radii for symmetric boundaries, then specify the vertex sets for the inner,
boundary, and outer zones, and finally induce edges that reinforce topological structure across zones.

Definition 3.12 (Admissible Inversion Radius). An inversion radius r > 0 is admissible if r2 = N
is a positive integer representable as N = m2 + mn + n2 for m,n ∈ Z with both not zero. For such r, the
boundary set is VT,r = L∩ Tr = {v⃗ ∈ L : ∥v⃗∥ = r}—which contains exactly 6k points (or vertices, as formalized
in the upcoming Definition 3.15) for some k ∈ N—which forms a symmetric boundary set under the order-6
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rotational symmetry of the triangular lattice L (due to the action of the Eisenstein unit group), as per the theory
of quadratic forms [45].

Remark 3.13. See Table 6 for small example values of r that satisfy the admissible conditions of Definition
3.12. For some N (e.g., when N = 12) the boundary vertices may not lie exactly on primary rays (though they
still form a symmetric set with a uniform distribution across the angular sectors due to rotational symmetry, which
preserves bijectivity for duality).

Table 6. Examples of Admissible Inversion Radii

r N = r2 k |VT,r| = 6k Single Cycle? Orbits under D6

1 1 1 6 Yes 1 orbit of 6√
3 3 1 6 Yes 1 orbit of 6
2 4 1 6 Yes 1 orbit of 6√
7 7 2 12 No 2 orbits of 6
3 9 1 6 Yes 1 orbit of 6√

12 = 2
√
3 12 1 6 Yes 1 orbit of 6√

13 13 2 12 No 2 orbits of 6
4 16 1 6 Yes 1 orbit of 6√

19 19 2 12 No 2 orbits of 6

Definition 3.14 (Outer Zone Vertex Set). For radius r > 0, the outer zone vertex set is V+,r = {v⃗i ∈
L : ||v⃗i|| > r}, which consists of lattice points that are farther from the origin than r.

Definition 3.15 (Boundary Zone Vertex Set). For radius r > 0, the boundary zone vertex set is
VT,r = {v⃗i ∈ L : ||v⃗i|| = r}, which consists of lattice points that are exactly at distance r from the origin.

Definition 3.16 (Inner Zone Vertex Set). For radius r > 0, the inner zone vertex set is V−,r =
ιr(V+,r), which consists of the image of the outer zone vertex set V+,r under the circle inversion map ιr (and
thus are closer to the origin than r).

Definition 3.17 (Total Vertex Set). For radius r > 0, the total vertex set is Vr = V−,r ∪ VT,r ∪ V+,r,
which consists of all vertices across the inner, boundary, and outer zones.

The vertex sets V−,r, VT,r, and V+,r form a partition of the total vertex set Vr, which is mediated by the
norm trichotomy for any v⃗i ∈ Vr:

||v⃗i|| < r ⇐⇒ v⃗i ∈ V−,r

||v⃗i|| = r ⇐⇒ v⃗i ∈ VT,r

||v⃗i|| > r ⇐⇒ v⃗i ∈ V+,r.

(5)

Thus, we’ve established a discretized zone trichotomy of mutually disjoint vertex sets, which aligns with
the continuous zone trichotomy (Equation 2). Indeed, we will soon see that Vr is key for the upcoming
construction of Λr.

To illustrate the simplicity of zone assignment, let’s consider the following pseudocode, which leverages
integer squared norms for exact O(1) comparisons per vertex without computing square roots or risking
floating-point errors:

ALGORITHM PSEUDOCODE 1. Zone Assignment� �
function AssignZone(vertex_v , r_sq):

norm_sq = || vertex_v ||^2 # compute squared norm

if norm_sq < r_sq:

return "inner"

else if norm_sq == r_sq:

return "boundary"

else:
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return "outer"� �
Remark 3.18. For admissible r (where r2 = N ∈ N representable as N = m2 +mn+ n2 for m,n ∈ Z with
not both zero, as per Definition 3.12), the circle inversion ιr maps the outer vertices in V+,r to coordinates in

Q(
√
3) in V−,r without overlaps, which guarantees discreteness and distinctness. This follows from the Eisenstein

integer norms, which ensure that the inverted positions ιr(v⃗i) = r2v⃗i/||v⃗i||2 yield unique, non-colliding points.
Specifically, the distinct denominators ||v⃗i||2 and the phase-preserving vector scaling work together under the
lattice’s symmetry to achieve this [35]. While V−,r does not form a standard lattice, the induced graph structure
remains isomorphic to V+,r (as formalized in the subgraph context of Theorem 4.14) to secure exact bijective
duality.

We choose an admissible r such that the symmetric boundary set VT,r consists of |VT,r| = 6k vertices
that are uniformly and symmetrically distributed across the angular sectors (Definition 3.8 and Lemma 3.9).
For example, the minimal case (when r = 1 and k = 1) yields a unit hexagon with vertices positioned on the
primary rays at phases 0, π/3, 2π/3, π, 4π/3, and 5π/3. This configuration assures that each primary ray
intersects exactly one boundary vertex in VT,r, as visualized in Figure 4.

While we prioritize the minimal admissible inversion radius r = 1 (with k = 1) for simplicity, the
framework extends to larger admissible inversion radii, where the boundary zone vertex set VT,r comprises
multiples of six vertices (|VT,r| = 6k for k ∈ N). The action of the Eisenstein unit group ensures that
these vertices are uniformly and symmetrically distributed across the angular sectors St (t ∈ Z6), with exact
alignment to the primary rays bounding the angular sectors for minimal k = 1. We note that exceptions
occur for certain N = r2 with larger k. For instance, r =

√
7 (with N = 7, k = 2) yields a denser set

with |VT,
√
7| = 12, where two lattice radial rays intersect the boundary per angular sector (see examples in

Table 6).
Interestingly, even as the number of boundary-intersecting lattice radial rays per angular sector increase,

the underlying periodicity of the mod 6 angular sectors and phase constancy persist. These key properties
uphold the combinatorial and Escher reflective dualities in Section 4, which include bijective mappings via
ιr. Formal verification of these extensions, which encompass isomorphic and bijective properties under ιr,
appear in the upcoming Theorems 4.2 and 4.14.

Throughout the remainder of this paper, we assume that r > 0 is admissible. Now it’s time to construct
the mighty Λr:

Definition 3.19 (Radial Dual Triangular Lattice Graph). The radial dual triangular lattice graph
Λr = (Vr, Er) is the graph with vertex set V (Λr) = Vr = V−,r ∪ VT,r ∪ V+,r, where the edge set E(Λr) = Er

is defined as follows: the subgraph induced on V+,r ∪ VT,r has edges between vertices at Euclidean distance 1
(the standard nearest-neighbor connections in the triangular lattice), the subgraph induced on V−,r has edges
{ιr(v⃗i), ιr(v⃗j)} for each such edge {v⃗i, v⃗j} in the subgraph induced on V+,r, and for each edge {v⃗i, v⃗j}, where
v⃗j ∈ VT,r and v⃗i ∈ V+,r, the twin edge {v⃗j , ιr(v⃗i)} is added. This implies that no direct edges exist between
V−,r and V+,r, so reflective twins must symmetrically connect across VT,r.

Remark 3.20. The topological structure of V+,r is preserved in V−,r, even though the inner edge length of
{ιr(v⃗i), ιr(v⃗j)} for any ιr(v⃗i), ιr(v⃗j) ∈ V−,r is variable (and rational).

To illustrate the edge structure of Λr = (Vr, Er), consider the vertices v⃗1 = −4ω⃗0 = (−4, 0)C , v⃗2 =
−3ω⃗0 = (−3, 0)C , and v⃗3 = −2ω⃗0 = (−2, 0)C along the west axis (the primary ray at phase π with phase
pair (π, 0)ϕ, per Table 5) in V+,1 (for admissible r = 1, though this generalizes to other admissible r > 0
as per Definition 3.12). Their images under the circle inversion map are ι1(v⃗1) = − 1

4 ω⃗0 = (− 1
4 , 0)C ,

ι1(v⃗2) = − 1
3 ω⃗0 = (− 1

3 , 0)C , and ι1(v⃗3) = − 1
2 ω⃗0 = (− 1

2 , 0)C , which form edges in V−,1, as shown in Figure 3.
The outer edge {v⃗1, v⃗2} ∈ E+,1 (where E+,1 = E1∩(V+,1×V+,1), per Definition 3.21) has length ∥v⃗2−v⃗1∥ = 1
(standard lattice spacing). Under inversion, this maps to the inner edge {ι1(v⃗1), ι1(v⃗2)} ∈ E−,1 (where
E−,1 = E1 ∩ (V−,1 × V−,1)) of length ∥ι1(v⃗2) − ι1(v⃗1)∥ = 1

12 , as the images are closer to the origin (e.g.,

∥ι1(v⃗1)∥ = 1
4 < ∥v⃗1∥ = 4). Similarly, the length-1 outer edge {v⃗2, v⃗3} ∈ E+,1 maps to the length- 16 inner edge

{ι1(v⃗3), ι1(v⃗2)} ∈ E−,1. Despite variable geometric lengths, adjacency is preserved topologically because the
conformal property ensures that local neighborhoods map faithfully [30]. For combinatorial algorithms (e.g.,
unweighted shortest paths under the discrete dual metric of Definition 4.23), a 3-hop path in V+,1 maps to a
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3-hop path in V−,1. Note: For weighted graphs, the continuous dual metric of Definition 4.26 can normalize
the lengths if needed.

Definition 3.21 (Zone Subgraphs). The outer zone subgraph Λ+,r = (V+,r, E+,r) is the induced
subgraph of Λr on V+,r, where E+,r = Er∩(V+,r×V+,r). The boundary zone subgraph ΛT,r = (VT,r, ET,r) is the
induced subgraph of Λr on VT,r, where ET,r = Er∩ (VT,r×VT,r). The inner zone subgraph Λ−,r = (V−,r, E−,r)
is the induced subgraph of Λr on V−,r, where E−,r = Er ∩ (V−,r × V−,r).

ΛT,r acts as a separator between Λ−,r and Λ+,r. Squared norms of vertices in Λ+,r are integers, while
those in Λ−,r are rational (for rational r2), which permits exact comparisons without floating-point hassles.
In both Λ−,r and Λ+,r, the squared edge lengths in E+,r and E−,r (subsets of Er) are rational—uniformly 1
in Λ+,r and variable in Λ−,r—due to inversion scaling factors, as Λ−,r is defined as the image of Λ+,r under
the circle inversion map ιr. This renders Λ−,r countably infinite and discrete, with vertices accumulating
near the origin while remaining distinct. Note that vertices in Λ−,r exist at inverted positions: although
all vertices in Λr share the same phase alignments as points in the base lattice L, those in Λ−,r have
different norms and thus do not land on L. This yields the “radial dual” structure of Λr. As established in
Section 4, Λ−,r has an isomorphic combinatorial structure to Λ+,r. Consequently, Λr maintains the triangular
connectivity patterns and degree-6 vertices of L, but with transformed geometry in Λ−,r, including variable
edge lengths along radial directions. This construction avoids enumeration issues near the origin—such as
infinite accumulation in the infinite lattice or precision challenges in finite truncations with radius R—while
enforcing exact duality over a naive partition by norm < r. It discards any pre-existing points not in the
image and solidifies balanced zones with |V−,r| = |V+,r| and |E−,r| = |E+,r|. Specifically, Λ−,r is induced by
inverting edges from Λ+,r: an edge (v⃗i, v⃗j) ∈ E+,r maps to (ιr(v⃗i), ιr(v⃗j)) ∈ E−,r. This preserves adjacency
because circular inversion is conformal [30, 46, 47].

This construction discretizes the continuous circle inversion map ιr from Subsection 2.4 to ensure that
Λ−,r mirrors the Λ+,r topologically.

While Λr provides a complete theoretical foundation with countably infinite zones, practical implemen-
tations require finite approximations that retain the exact bijections and symmetries. To this end, we define
a truncated version below, which induces balanced finite subgraphs suitable for simulations and scalable
algorithms.

Definition 3.22 (Truncated Radial Dual Triangular Lattice Graph). For admissible r > 0
and truncation radius R with R ≫ r, the truncated radial dual triangular lattice graph ΛR

r = (V R
r , ER

r ) is the
finite induced subgraph of Λr on the truncated vertex set V R

r = V R
−,r ∪ VT,r ∪ V R

+,r, where V R
+,r = {v⃗i ∈ V+,r :

∥v⃗i∥ ≤ R}, V R
−,r = ιr(V

R
+,r), and V R

T,r = VT,r (fully included since r ≪ R), and ER
r = Er ∩ (V R

r × V R
r ). The

truncated zone subgraphs are defined analogously as the induced subgraphs on these sets: the truncated outer
zone subgraph ΛR

+,r = (V R
+,r, E

R
+,r) where ER

+,r = ER
r ∩ (V R

+,r × V R
+,r), the truncated boundary zone subgraph

ΛR
T,r = (V R

T,r, E
R
T,r) where E

R
T,r = ER

r ∩(V R
T,r×V R

T,r), and the truncated inner zone subgraph ΛR
−,r = (V R

−,r, E
R
−,r)

where ER
−,r = ER

r ∩ (V R
−,r × V R

−,r). This construction preserves the exact bijections and phase pair constancy
within the truncation bounds, where rays are truncated to finite segments of their infinite counterparts.

This truncation ensures that |V R
−,r| = |V R

+,r| exactly (via the bijection), which enables efficient, symmetry-

preserving computations on finite structures of ΛR
r that approximates the infinite Λr with vanishing errors

as R → ∞ (detailed in Subsection 3.4).
With the graph Λr and its zones defined, we now introduce discretized rays and paths to characterize

radial structures.

Definition 3.23 (Graph Ray). A graph ray in the radial dual triangular lattice graph Λr is an infinite
sequence of distinct vertices γ = {v⃗i}∞i=1 ⊆ V (Λr) that emanates from (but does not include) the origin along a
lattice radial ray in the base triangular lattice L, such that consecutive vertices v⃗i and v⃗i+1 are adjacent in E(Λr)
for all i ∈ N and the phase ⟨v⃗i⟩ = ⟨v⃗i+1⟩ = θ (fixed) for all i ∈ N, ordered by strictly increasing Euclidean norms
∥v⃗i∥ < ∥v⃗i+1∥. Equivalently, γ = {kp⃗ | k ∈ N, p⃗ ∈ L primitive, ⟨p⃗⟩ = θ fixed}, where the sequence respects the
zone-adjacent structure of Λr (i.e., inner-to-boundary and boundary-to-outer connections via twin edges when
crossing VT,r).
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Figure 3. Zone and angular sector partitioning on a Tri-Quarter radial dual triangular
lattice graph Λ4

1 (with admissible inversion radius r = 1 and truncation radius R = 4). The
boundary zone subgraph Λ4

T,1 consists of six green vertices with uniform size that form a
hexagon to encode an order-6 cyclic group, which align to precisely intersect the six angular
sector boundary primary rays. The outer zone subgraph Λ4

+,1 has red vertices with uniform

size. The inner zone subgraph Λ4
−,1 has blue vertices that decrease in (perceived) size as

they approach the punctured origin (for illustration only). We see an example of Escher-
inspired reflected twin paths: the red connected path in Λ4

+,1 maps to the blue connected

path in Λ4
−,1 under circle inversion. For a dynamic version with randomly connected paths,

see Appendix A (with a screenshot in Figure 4).
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Definition 3.24 (Finite Graph Ray). A finite graph ray in the truncated radial dual triangular lattice
graph ΛR

r is a finite initial segment of a graph ray, i.e., a finite sequence of distinct vertices γ = {v⃗i}ni=1 ⊆ V (ΛR
r )

(for n ∈ N) that emanates from (but does not include) the origin along a lattice radial ray in L, such that
consecutive vertices v⃗i and v⃗i+1 are adjacent in E(ΛR

r ) for all i = 1, . . . , n− 1, the phase ⟨v⃗i⟩ = θ (fixed) for all
i = 1, . . . , n, and ordered by strictly increasing Euclidean norms ∥v⃗i∥ < ∥v⃗i+1∥ up to the truncation radius R.

Definition 3.25 (Primary Graph Ray). A primary graph ray in Λr is a graph ray along one of the six
primary lattice radial rays at phases tπ/3 for t ∈ Z6 (per Definition 3.6), which bound the angular sectors St.
Equivalently, a primary finite graph ray in ΛR

r is a finite graph ray along the corresponding truncation of one of
these primary lattice radial rays.

Remark 3.26. The phase constancy requirement in Definition 3.23 ensures that graph rays are radial (origin-
aligned), which corresponds to lattice radial rays of Definition 3.5 with the additional properties of adjacency
and primitivity. The general lattice rays of Definition 3.4 do not have direct graph analogs, which supports
Tri-Quarter’s emphasis on origin-centered rotational symmetries such as order-6 under D6.

Remark 3.27. Graph rays are infinite in the six primary phases of the six angular sector boundary primary rays
of Λr. For other phases, we may consider approximating paths with a bounded phase variation.

Remark 3.28. Exact infinite graph rays exist only along the six primary graph rays bounding the angular sectors
of Λr because their primitive direction vectors have unit Euclidean length in Λ+,r (which assures adjacency between
consecutive multiples) and topological adjacency (1-hop under the discrete dual metric) is preserved in Λ−,r via
the induced graph isomorphism (in the upcoming Corollary 4.18). For non-primary directions, the shortest paths
in the graph metric approximate radial rays with bounded phase deviation.

To illustrate graph rays, let’s consider a primary graph ray along the constant phase π/3 in the angular
sector S1 (revisiting the example from Subsection 3.2). For admissible r = 1, the vertices are v⃗k = kω⃗1 for
integer k ≥ 2 in Λ+,1 with Euclidean norms ∥v⃗k∥ = k > 1. The corresponding inverted graph ray in Λ−,1

is ι1(v⃗k) = ω⃗1/k with Euclidean norms ∥ι1(v⃗k)∥ = 1/k < 1, where the phase π/3 and assigned phase pair
(0, π/2)ϕ (as per Table 5) both remain constant under the map ι1. To verify this inversion, let’s consider
the following pseudocode, which computes inverted positions of the image by using rational arithmetic for
exactness:

ALGORITHM PSEUDOCODE 2. Inverting a Graph Ray� �
function InvertGraphRay(graph_ray_vertices , r_sq):

inverted_graph_ray = []

for v in graph_ray_vertices:

norm_sq = ||\vec{v}||^2 # compute squared norm

inverted_v = (r_sq / norm_sq) * v

inverted_graph_ray.append(inverted_v)

return inverted_graph_ray� �
Definition 3.29 (Graph Path). A graph path in the radial dual triangular lattice graph Λr = (Vr, Er) is a
sequence of distinct vertices v⃗0, v⃗1, . . . , v⃗k−1 ∈ Vr (finite, of length k ∈ N) or an infinite sequence v⃗0, v⃗1, · · · ∈ Vr

such that {v⃗i, v⃗i+1} ∈ Er for each i ≥ 0. Equivalently, it is an ordered chain of adjacent vertices in Λr with no
repeats (a special case being the graph rays of Definition 3.23).

Remark 3.30. For the sake of conciseness, we adopt the standard notational convention of directly identifying
vertices as elements of their lattice graph or lattice subgraph: that is, for v⃗i ∈ V (Λr), we may equivalently write
v⃗i ∈ Λr (and similarly for the zone subgraphs Λ±,r and ΛT,r). This aligns with the construction in Subsection 3.3,
where the equal cardinalities |V (Λ−,r)| = |V (Λ+,r)| (and thus |V (Λr)| = |Λr|) follow from the bijective mapping
ιr.

For an interactive exploration of these structures and dualities, check out our simulation Python script in
Appendix A, namely simulation 01 visualize random connections.py, which generates a dynamic visu-
alization of randomly selected paths in Λ4

+,1 being mirrored in Λ4
−,1 via circle inversion of ι1—see screenshot
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in Figure 4). This simulation demonstrates the animated Escher-inspired reflections [21] in real-time. This
source code is freely available online at [48].

Figure 4. A screenshot of our simulation 01 visualize random connections.py

Python script in Appendix A that visualizes randomly selected adjacent edge connections to
build twin paths (with lengths ranging from 3 to 5) in the Tri-Quarter radial dual triangular
lattice graph Λ4

1 (with admissible inversion radius r = 1 and truncation radius R = 4). We
observe the animated Escher-inspired reflections [21] between the randomly connected red
outer zone vertices in Λ4

+,1 and the corresponding blue inner zone vertices in Λ4
−,1 due to

the circle inversion map ι1. The process repeatedly selects a new pair of twin paths every 5
seconds. The source code is freely available at [48].

With Λr now fully constructed—complete with its zone subgraphs, graph rays, and paths—we’ve forged
a discrete structure via first principles by extending the continuous Tri-Quarter framework while preserving
exact symmetries and bijections. This sets the stage for practical implementations, where truncation and
vertex distributions uphold scalable computations intended for efficiency gains in symmetry-aware applica-
tions.

3.4 Applications and Practical Considerations
This zone partitioning facilitates applications like graph partitioning, where the hexagonal boundary

subgraph ΛT,r serves as a minimal separator for divide-and-conquer strategies. For example, in network flow
problems, ΛT,r can act as a cut to optimize flow between Λ−,r and Λ+,r by leveraging the symmetry of Λr

for efficient computation [44].
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The radial dual construction of Λr achieves balanced, countably infinite partitions via inversion symmetry
to enable efficient computations with constant-time mappings and reduced redundancy through symmetries
[38, 40]. This means Λ−,r mirrors Λ+,r exactly under inversion and avoids explicit enumeration near the
origin while preserving completeness. Depending on the problem and the implementation of its solution,
symmetries can potentialy allow computing on one angular sector and then replicating the results across
other angular sectors, similar to divide-and-conquer in parallel algorithms or load balancing [49].

For practical computations on a given ΛR
r with admissible r > 0, we choose a truncation radius R

such that R ≫ r to truncate Λr to ΛR
r with finite size that is sufficiently large to encode and capture the

required computational dynamics. In theory, the graph rays of Λr are infinite and extend indefinitely, while
in practice, the finite truncation of ΛR

r approximates the full structure of Λr—much like viewing a symmetric
pattern through a “looking scope” with a finite lens. The finite graph rays of ΛR

r are initial segments of
their infinite counterparts (per Definition 3.24), which start from the innermost vertex in ΛR

+,r (i.e., the
vertex with the smallest Euclidean norm strictly greater than r) and extend to the outermost vertex with
Euclidean norm at most R, thereby preserving exact phase and bijections within bounds (as the image ΛR

−,r

is symmetrically truncated with respect to ΛR
T,r). For example, if we truncate Λr at R = 10 with r = 1,

then we obtain Λ10
1 with |Λ10

−,1| = |Λ10
+,1| = 360 inner/outer vertices plus |Λ10

T,1| = 6 boundary vertices for

|Λ10
1 | = |Λ10

−,1| + |Λ10
T,1| + |Λ10

+,1| = 726 total vertices due to inversion symmetry, which enables balanced
simulations. The integer squared norms ensure exact zone assignments and avoid floating-point precision
errors. In floating-point code, arithmetic comparisons are robust within machine precision ϵ ≈ 2−52 [50], but
the risk for boundary misclassifications exists in O(1/R) for the large-R limit. However, since we use integer
squared norms, we avoid floating-point altogether and thus totally eliminate this risk—as recommended for
precision-critical applications—to ensure that float implementations only incur issues if norms (not squared)
are used incorrectly. Truncation gaps arise from excluding points beyond the outer radius R and their
inverted counterparts below r2/R near the origin in the inner zone. The area of this unresolved region near
the origin in the inner zone is O(1/R2), and Λr’s symmetries facilitate the extrapolation of boundary effects,
as quantified in Table 7 (computed via our compute truncation errors.py Python script in Appendix B.3)
and available online [48]. For example, if R = 10, then the unresolved area is approximately 0.01% of the
total viewed area.

Our compute truncation errors.py script computes truncation error percentages to quantify the infor-
mation loss (and consequent reduction in encoding capability) near the punctured origin when truncating Λr

at radius R to obtain ΛR
r . Larger R expands the truncation radius and thus the viewed area of the truncated

radial dual triangular lattice graph ΛR
r , but leaves a small “blind spot” in ΛR

−,r near the origin. The script

fixes r = 1 and, for various R = 4, 10, 20, 50, computes the unresolved area π/R2, the total viewed area
≈ πR2, and the error percentage. As R increases, the error shrinks quadratically—e.g., 0.39% at R = 4,
near 0% at R = 50. This aids in determining “how large R needs to be” to achieve sufficient encoding fidelity
and approximation accuracy for our models without excess computation. In Table 7, we observe how rapidly
the error percentage vanishes. In other words, as R grows large and the viewed area expands, the blind
spot near the origin shrinks like a tiny disk of radius r2/R, whose area scales as π(r2/R)2 = O(1/R2)—a
vanishingly small fraction of the total viewed area O(R2). This verifies that the truncated finite ΛR

r approx-
imates the infinite Λr with a sufficiently high degree of accuracy while allowing symmetries to “fill in” the
edge details without requiring full recomputation. Our simulation 01 visualize random connections.py

script in Appendix A truncates Λr to construct Λ4
1 and animates random adjacent connections to illustrate

balanced simulations and inversion symmetry in practice. For larger R, memory usage scales as O(R2) per
zone, with time complexities for traversals like BFS at O(|V | + |E|) for sequential computing, which (de-
pending on the implementation) may be reduced to O(|V |/6+C) via symmetry-aware parallel algorithms or
distributed load-balanced computing due to ΛR

r ’s built-in angular sector parallelism and symmetries (with
synchronization overhead cost C).

Table 8 summarizes vertex distributions across radial zones and angular sectors for the truncated ΛR
r

with admissible r = 1 (giving |ΛR
T,1| = 6 vertices) and r =

√
7 (giving |ΛR

T,
√
7
| = 12 vertices) for various

truncation radii R. (Note: For denser boundaries like r =
√
7, the boundary intersections may be off the

primary graph rays but we still count the number of graph rays per angular sector.) The averages are
computed by dividing the total vertex count |ΛR

r | by the six angular sectors St (t ∈ Z6) to reflect the
order-6 rotational symmetry. Slight variations in per-sector counts (not shown) arise from finite truncation
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Table 7. ΛR
r Finite Truncation Error Percentages for Various R (with r = 1)

R Unresolved Area (πr4/R2) Total Viewed Area (≈ πR2) Error (%)

4 0.1963 50.27 0.3906%
10 0.0314 314.16 0.0100%
20 0.0079 1256.64 0.0006%
50 0.0013 7853.98 0.0000%

Note. “Looking scope” error percentages obtained via our compute truncation errors.py script in Appendix B.3
for fixed admissible inversion radius r = 1 and various truncation radii R. Note: |ΛR

T,r| serves as min-cut size in
symmetric flows.

effects, but the averages remain consistent with equitable partitioning, which still supports scalable and
balanced computations in the framework. These counts illustrate the balanced partitioning that underpins
the dualities in Section 4. They were calculated using our radial dual triangular lattice graph.py

Python script in Appendix B.2 and available online [48].

Table 8. Vertex Counts for Tri-Quarter Radial Dual Triangular Lattice Graphs for
Admissible Inversion Radii r = 1 and r =

√
7 with Various Truncation Radii R

r R |ΛR
+,r| |ΛR

T,r| |ΛR
−,r| |ΛR

r |
Average # Vertices

Per St

Average # Vertices
Per St Boundary

ΛR
+,r ΛR

T,r ΛR
−,r Total ΛR

+,r ΛR
T,r ΛR

−,r Total

1 4 54 6 54 114 9 1 9 19 3 1 3 7
1 10 360 6 360 726 60 1 60 121 9 1 9 19
1 20 1452 6 1452 2910 242 1 242 485 19 1 19 39
1 50 9054 6 9054 18114 1509 1 1509 3019 49 1 49 99

√
7 4 30 12 30 72 5 2 5 12 2 0 2 4√
7 10 336 12 336 684 56 2 56 114 8 0 8 16√
7 20 1428 12 1428 2868 238 2 238 478 18 0 18 36√
7 50 9030 12 9030 18072 1505 2 1505 3012 48 0 48 96

Note. Vertex counts obtained via our radial dual triangular lattice graph.py script in Appendix B.2. Note:
|ΛR

T,r| serves as min-cut size in symmetric flows.

To validate truncation accuracy, one can iteratively increase R and evaluate the correspondingly truncated
ΛR
r until the sequence of resulting error percentages converge to within a given error tolerance (e.g., the path

lengths stabilize within a given tolerance). In doing so, one calculates errors by comparing differences between
larger-R baselines—this aligns with finite-size scaling practices in lattice models [51]. For example, in terms
of network flow optimization, one increases R until the cut capacities stabilize to sufficiently approximate
the infinite-lattice behavior. Hence, one can obtain reliable approximations to the infinite case, where exact
bijections hold without gaps.

4 Dualities and Bijective Self-Duality
Building on the practical considerations and balanced vertex distributions of ΛR

r as outlined in the previ-
ous section—which underscore ΛR

r ’s scalability for real-world computations—we now delve into the dualities
that form the theoretical core of the discrete Tri-Quarter framework. These dualities exploit Λr’s symme-
tries, including those of the Tri-Quarter Inversive Hexagonal Dihedral Symmetry Group T24, to enable exact
bijective mappings, unlock reversible transformations, and enhance efficiency in symmetric computational
paradigms. By leveraging these symmetries and bijective mappings, the dualities drive advanced graph
operations and analyses.

20



4.1 Combinatorial Duality on Λr
Here we prove the extension of the Tri-Quarter Topological Duality Theorem of [13] in the discrete setting

of the Tri-Quarter radial dual triangular lattice graph Λr.
It is known that the field of combinatorics that the study of discrete objects—such as graphs and lattice

graphs—focuses on their enumeration, arrangement, and interrelations. In this context, combinatorial duality
denotes a correspondence between dual structures, wherein the elements and relations in one are faithfully
mirrored in the other. For example, in planar graph duality the vertices of the primal graph map to
the faces of its dual, thereby preserving adjacency through a topological “flip” [22]. By contrast, our
combinatorial duality omits vertex-face mappings to instead target radial separation and modular periodicity
modulo 6. Specifically, within Λr, the boundary ΛT,r serves as a combinatorial dual to both Λ−,r and Λ+,r

simultaneously: it functions as a symmetric vertex separator while carrying directional labels (phase pairs and
angular sectors) that remain invariant along origin-emanting graph rays. This structure facilitates symmetric
operations, such as circle inversion, that bijectively swap Λ−,r and Λ+,r while preserving essential properties
like path lengths under the discrete dual metric. Unlike classical planar dualities in the literature—which rely
on embeddings to equate vertices with faces and edges with crossings [22]—our radial formulation prioritizes
norm-based partitioning via symmetric boundary sets and mod-6 angular invariance, which upholds efficient,
exact bijective zone swaps that persist discrete path labels without embedding dependencies.

This duality is “combinatorial” because it relies on discrete counts and arrangements of vertices, orien-
tations, and paths, rather than continuous measures (e.g., such as continuous metrics on X). Notably, the
symmetric form of ΛT,r ties into mod 6 arithmetic by utilizing Λr’s order-6 rotational symmetry (the cyclic
group Z6, subgroup of the dihedral group D6): vertices of Λr can be indexed mod 6—while their phases and
paths are periodic every Rπ/3—to facilitate modular computations. The subgroups Z2,Z3 ⊂ Z6 catalyze
finer decompositions, as we explore in the upcoming corollaries.

Definition 4.1 (Combinatorial Duality of Λr). Let Λr be the Tri-Quarter radial dual triangular lattice
graph on X = C\{(0, 0)C}. For any admissible r > 0 such that the symmetric boundary subgraph ΛT,r is induced
on VT,r (e.g., with order-6 rotational symmetry manifesting as Z6 periodicity in the minimal case), define Λ−,r,
ΛT,r, Λ+,r as above, with Λ−,r ∪ΛT,r ∪Λ+,r = Λr and Λ−,r ∩ΛT,r = ΛT,r ∩Λ+,r = Λ−,r ∩Λ+,r = ∅. ΛT,r is
combinatorially dual to Λ−,r and Λ+,r if:

(1) ΛT,r is a symmetric vertex separator between Λ−,r and Λ+,r,

(2) ΛT,r has a structured orientation defined by a map ϕ : ΛT,r → {0, π
2 , π} × {0, π

2 ,
3π
2 }, which assigns

phase pairs based on quadrant and axis rules per Tables 1–2, and

(3) the structured orientation ϕ is constant along each graph ray that intersects ΛT,r, which enables the
norm ||v⃗i|| to consistently separate inner directional paths (from Λ−,r to ΛT,r) from outer directional
paths (from Λ+,r to ΛT,r) across Λr with respect to ΛT,r.

Unlike Whitney’s combinatorial duality [16], which defines duals where boundary sets correspond to
cuts for planarity testing, our radial duality separates via norm trichotomy and mod 6 boundary sets to
establish origin-centered bijections (as formalized in Theorem 4.2). In our Tri-Quarter framework, the
choice of admissible r to form a symmetric set—such as a regular hexagon aligned with the order-6 rotational
symmetry in the minimal case—is key. Geometrically, this resulting ΛT,r embodies the inherent periodicity,
which transforms it into a structured separator that aligns with the triangular tiling’s equilateral geometry.
Computationally, it enables efficient, constant-time checks for zone membership and path traversals, because
symmetries reduce the need for exhaustive searches. Algebraically, it invites group actions—rotations and
reflections—that preserve the structure, which bridges to representation theory where ΛT,r is comprised of
fixed vertices under automorphisms. Combinatorially, the cycle facilitates decompositions into matchings
and colorings, as we further explore in Section 5—revealing enumerative insights like balanced partitions
of inner and outer vertices. The mod 6 connection further clarifies this: the hexagonal vertex arrangement
of ΛT,r can be indexed mod 6, with angular sectors π/3 · k for k mod 6, to ensure periodic invariance for
algorithmic implementations like modular hashing or cyclic traversals.

Theorem 4.2 (Combinatorial Duality of Λr). Let L be the base triangular lattice onX = C\{(0, 0)C}
with the generalized complex-Cartesian-polar coordinate system of Equation (1), where x⃗ = x⃗R + x⃗I for x⃗ ∈ L,
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with x⃗R = (xR, 0)C ∈ R × {0}, x⃗I = (0, xI)C ∈ {0} × I, and phase pairs ϕ(x⃗) = (⟨x⃗R⟩, ⟨x⃗I⟩)ϕ assigned as
in Tables 1–2. Let Λr be the radial dual graph constructed from L as above. For any admissible r > 0 such
that ΛT,r is induced on a symmetric set VT,r (e.g., with Z6 periodicity), define Λ−,r, ΛT,r, Λ+,r as above (with
Λ−,r ∩ΛT,r = ΛT,r ∩Λ+,r = Λ−,r ∩Λ+,r = ∅ and Λr = Λ−,r ∪ΛT,r ∪Λ+,r). Then ΛT,r is combinatorially dual
to Λ−,r and Λ+,r, where the structured orientation ensures consistent separation between the inner directional
paths (approaching ΛT,r from Λ−,r) and the outer directional paths (approaching ΛT,r from Λ+,r) across Λr

with respect to ΛT,r.

Proof. Let Λr be the Tri-Quarter radial dual triangular lattice graph on X = C \ {(0, 0)C}, and for any
admissible r > 0 such that ΛT,r forms a symmetric set, we define Λ−,r, ΛT,r, Λ+,r as above. We proceed in
steps to verify each condition of Definition 4.1:

• Step 1: Verify Partition and Boundaries on Λr

For selected admissible r, ΛT,r forms a finite symmetric set that separates Λr into two distinct
(countably infinite) disjoint subgraphs: Λ+,r and Λ−,r. In the discrete topology of Λr, every vertex
in ΛT,r is adjacent to vertices in both Λ−,r and Λ+,r simultaneously, as norms increase/decrease
along radial edges. This satisfies condition (1) of combinatorial duality. For larger admissible r,
|ΛT,r| scales as 6k for integer k ≥ 1, which maintains Z6 periodicity and separation, while the
rotational symmetry ensures uniform graph ray distribution across the angular sectors.

• Step 2: Verify Structured Orientation on ΛT,r

We define ϕ : ΛT,r → {0, π
2 , π} × {0, π

2 ,
3π
2 } by ϕ(v⃗i) = (⟨v⃗i,R⟩, ⟨v⃗i,I⟩)ϕ, using the same rules of

Tables 1–2 as in the continuous case of Subsection 2.2. Since the vertices are discrete and angularly
spaced by multiples of π/3 (Lemma 3.9), ϕ uniquely assigns phase pairs to the vertices, which
provides a periodic mod 6 orientation on ΛT,r for angular consistency. This satisfies condition (2) of
combinatorial duality.

• Step 3: Verify Inner and Outer Directional Separation across ΛT,r

For v⃗i ∈ ΛT,r, consider sequences of adjacent vertices that approximate rays emanating from (but not
including) the origin (punctured as per Subsection 2.1) through v⃗i, starting from nearest neighbors
and following nearest-neighbor edges in radial directions. Inner directional paths from Λ−,r have
norms approaching r from below along graph paths, while outer directional paths from Λ+,r approach
from above. Graph rays provide shortest-path approximations to continuous rays in the graph metric
(hop distance—formalized as the discrete dual metric in Subsection 4.4) for primitive direction
vectors, where phase constancy holds along these paths as angular sectors are invariant mod 6
(Lemma 3.9). The norm trichotomy (Equation 5) distinguishes between inner and outer directions
exactly because norms are discrete and comparable without ambiguity, where mod 6 periodicity
yields uniform ray coverage. For example, a graph ray at phase π/6 maintains a constant phase pair
across zones. For the six primary phases, the graph rays are exact. For the non-primary phases, the
shortest paths in the graph metric serve as approximations, where phase pairs remain constant along
individual rays but may vary across different rays within the same angular sector due to spanning
multiple directional classes (e.g., quadrants or axes). This satisfies condition (3) of combinatorial
duality.

Thus, ΛT,r is combinatorially dual to Λ−,r and Λ+,r. □

Now since a graph ray is a discrete encoding of a continuous ray emanating from the origin, it consists
of a path of adjacent vertices that maintains constant phase and intersects ΛT,r. Invariance means these
paths “look the same” before and after duality operations (e.g., swapping inner/outer zones). The number
of such graph rays and their directional labels (phase pairs and angular sectors) stay consistent. This is like
preserving edge labels in a graph isomorphism. This is useful for algorithms such as BFS [26], depth-first
search (DFS) [27], or shortest-path computations [28] in graph traversals or network routing. Symmetry
ensures balanced workloads. For example, graph rays can be binned into balanced mod 6 groups and then
processed in parallel without recalculating directions, which leverages exact bijective mappings and phase
pair assignments for efficient invertible operations. Moreover, for instance, in network routing on triangular
lattices, graph rays enable symmetric traversals that optimize load balancing while preserving directional
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consistency [52]. Similarly, in robotics path planning, graph rays facilitate balanced exploration in lattice-
based environments, which promotes multi-agent coordination without redundant computations [4, 29, 53].
These symmetry-driven efficiencies extend to advanced encodings, such as the trihexagonal six-coloring
discussed in Section 5, which further drive the optimization of parallel algorithms and data structures.

Corollary 4.3 (Adaptive Boundary Scaling with Radial Duality and Isomorphic Bijec-
tion). For admissible r > 0 with |ΛT,r| = 6k and integer k > 1, the combinatorial duality extends in a similar
way. The graph ray count per angular sector increases proportionally, which preserves the mod 6 partitioning and
phase constancy. The bijective isomorphism via ιr follows from the conformal mapping.

Corollary 4.4 (Uniform Angular Sector Partitioning of Hexagonal Boundary Radial
Rays). The lattice radial rays (Definition 3.5) that pass through vertices in ΛT,r partition it into exactly six
equitable classes under the rotations in D6 (one per angular sector St, per Lemma 3.9). Rotational symmetry
implies the ray density per angular sector remains uniform—specifically, |ΛT,r|/6, like one per angular sector for

the minimal admissible r > 0 (where |ΛT,r| = 6) or two per angular sector for r =
√
7 (where |ΛT,

√
7| = 12), as

in Table 6.

Remark 4.5. Along each graph ray γ that emanates from (but does not include) the origin—which aligns with
a lattice radial ray in the base triangular lattice L—the inner segment γ ∩ Λ−,r and outer segment γ ∩ Λ+,r are
dual to each other via the Escher reflective duality (Theorem 4.14) and contain the same number of vertices due
to the bijective self-duality induced by ιr. Although the vertex density (i.e., number of vertices per unit length)
can vary slightly across different graph rays—since Λr’s vertices pack more tightly at some phases than others
(a fundamental characteristic of L)—this setup upholds modular decompositions in graph algorithms, such as
distributing traversals across angular sectors for better load balancing.

The equidistribution arises because the boundary vertices of ΛT,r form complete orbits under the action
of the order-6 Eisenstein unit group, which ensures that exactly k vertices per π/3-radian angular sector
St for admissible r with |ΛT,r| = 6k. For instance, when N = 7, exactly two distinct graph rays inter-
sect ΛT,r per angular sector St, which is confirmed by the representations in Table 9 generated using our
compute boundary vertices.py script from Appendix B.4 (available online [48]).

Table 9. Explicit Boundary Vertices of ΛT,
√
7 for Admissible Inversion Radius r =

√
7

(N = 7): Illustrating Uniform Equidistribution with Exactly Two Vertices per Angular
Sector for Z6 Rotational Symmetry of D6

Sector Vertex 1 (m,n) Phase 1 (rad) Vertex 2 (m,n) Phase 2 (rad)
S0 (2,1) 0.333 (1,2) 0.714
S1 (-1,3) 1.381 (-2,3) 1.761
S2 (-3,2) 2.428 (-3,1) 2.808
S3 (-2,-1) 3.475 (-1,-2) 3.855
S4 (1,-3) 4.522 (2,-3) 4.903
S5 (3,-2) 5.569 (3,-1) 5.950

Note. Boundary vertices obtained via our compute boundary vertices.py script in Appendix B.4.

For instance, in parallel BFS on symmetric lattices, graph rays can be partitioned into mod 6 groups
for load-balanced processing across threads, processors, or nodes. This reduces time from O(|V | + |E|) to
approximately O((|V | + |E|)/6 + C), where C includes cross-angular-sector merge/synchronization costs—

typically O(
√
|V |) from the O(R) cross-angular-sector edges (with R ∼

√
|V |) and synchronization overhead

(e.g., O(R) barriers in level-sync BFS). For this we assume balanced angular sectors (each ∼|V |/6 vertices)
and p = 6 processors to leverage the equitable partitioning from our corollaries on rotational invariance.

Quantitatively, for a lattice graph with |V | = 106 and uniform ray distribution, sequential BFS is O(106).
Parallel BFS yields O(1.7 × 105) per processor, with theoretical speedups up to 6x in idealized balanced
cases—though practical implementations on lattices may achieve ∼2-4x due to cross-sector edges and trun-
cation effects [54–56].
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The following pseudocode illustrates this at a high level: perform O(|V |) preprocessing to bin the rays
by angular sector mod 6, assign the bins to processors for local BFS at O((|V |+ |E|)/6 + C) per processor
(assuming balanced distribution via rotational symmetry), and merge the results via rotational symmetry
(which exploits phase-pair constancy to infer the cross-sector distances) without recalculating the cross-
sector edges. In practice, BFS across ΛR

r requires us to handle the cross-sector edges (with a synchronization
overhead cost C) through a synchronization mechanism such as message passing (e.g., via MPI or OpenMP)
or barriers for the level frontiers.

ALGORITHM PSEUDOCODE 3. Symmetry-Reduced Parallel BFS with level-by-level
scheduling for traversing Λr. The angular sectors are binned for load balancing, with syn-
chronization via barriers to handle cross-sector edges. This algorithm is for illustrative pur-
poses only, because full parallel implementations will likely require a proper synchronization
mechanism.� �

function SymmetryReducedParallelBFS(graph Λr, start_vertices):

# Step 1: Preprocess - Bin vertices by sector mod 6

sectors = array of 6 empty lists

for each vertex v in Λr:

phase = arg(v) # Compute phase

k = floor(6 * phase / (2π)) mod 6

sectors[k]. append(v)

# Step 2: Parallel local BFS on each sector with synchronization

distances = {} # Global distances

visited = set() # Global visited set

current_queue = start_vertices # Initial frontier

while current_queue not empty:

next_queue = [] # Next level frontier

parallel for k in 0 to 5: # Process sectors in parallel (e.g., threads)

local_graph = induced subgraph on sectors[k] # Subgraph for sector k

# Local frontier portion

local_queue = intersection of current_queue and sectors[k]

# Local traversal (intra -sector)

local_distances = BFS(local_graph , local_queue)

# Collect cross -sector neighbors for global sync

cross_neighbors = [] # List for pending updates

for v in local_queue:

for neighbor in Λr.neighbors(v): # Full graph neighbors

if neighbor not in visited and neighbor not in sectors[k]:

cross_neighbors.append(neighbor)

# Merge locally (with locks if needed)

update global distances with local_distances

# Barrier: Exchange/propagate cross -sector neighbors across processors

# merge updates to next_queue and distances

synchronize ()

current_queue = next_queue # Advance to next level

# Step 3: Merge via rotational invariance (post -sync adjustments if needed)

return distances� �
This kind of symmetry extends to other traversal algorithms (e.g., like DFS or Dijkstra) in areas such as

network analysis or robotics, where it helps cut down on redundancy and ramp up efficiency. Path invariance
like this provides a solid approach to maintain structural consistency through transformations, which overall
can be applied to streamline tasks in graph theory. In symmetric networks, such predictability leads to
computations that are not only faster but easier to verify.

Scaling ΛT,r to denser configurations with |ΛT,r| = 6k and k > 1 enhances granularity while preserving
mod 6 partitioning and phase constancy (as in Corollary 3.1). Per-vertex operations remain O(1) due to sym-
metry, while boundary-specific operations scale as O(|ΛT,r|) and remain “parallel friendly” for algorithmic
parallelization across angular sectors.
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The Z6 cyclic group acts like clock arithmetic (mod 6), where we rotate Λr byRπ/3 increments. Invariance
means that properties (like zones or directional labels) don’t change under these spins, so you can compute
on one “slice” (a π/3 angular sector, per Lemma 3.3) and copy results to the rest. Depending on the problem
and implementation, this can potentially reduce the computational effort by a factor of up to 6x in symmetric
algorithms [55–57]. This approach to symmetry exploitation mirrors applications in image processing, where
rotational symmetries reinforce efficient detection and redundancy-free computations [58, 59]. It also applies
to parallel graph algorithms, which divide-and-conquer data into symmetric chunks for faster processing [57].

Corollary 4.6 (Z6 Symmetry Exploitation of Angular Sector Decompositions for Par-
allel Graph Speedups). Under the action of the cyclic subgroup Z6 (generated by rotations Rkπ/3 for
k ∈ Z6), the inner zone subgraph Λ−,r, boundary zone subgraph ΛT,r, and outer zone subgraph Λ+,r are in-
variant (since the Euclidean norm ∥v⃗i∥ is preserved), and the distribution of phase pairs ϕ(v⃗i) is preserved up
to cycling (as established for the angular sectors St in Lemma 3.9). This enables symmetry-reduced analysis:
computations on one angular sector St extend to the full radial dual triangular lattice graph Λr by applying
the group actions of Z6. This potentially reduces the computational effort by a factor of up to six in parallel
algorithms that fully leverage the symmetry, such as idealized parallel traversals with balanced sectors (e.g., BFS
at O(|V |/6 + C), per Subsection 4.1).

Remark 4.7. This Z6 rotational invariance effectuates the optimization of computational resources. For
problems that can be divided, tuned, and framed to respect this symmetry—such as uniform vertex labels or
evenly distributed data—one angular sector St suffices to infer the results for the entire Λr by applying the group
actions of Z6, given that these actions hold without disruptions or interference from boundary irregularities or
finite truncation distortions. Thus, we can distinguish two key cases of symmetry exploitation:

• Fully Symmetric Exploitation: Global aggregates (e.g., total counts or sums in balanced truncations
of ΛR

r ) emerge efficiently as sixfold replications of computations on a single angular sector St, due to
the subgroup decompositions following Theorem 4.2. For example, with uniformly distributed vertices,
these aggregates can be computed once on one St and rotated outward via Z6 actions to cover the full
structure without recomputation.

• Partial Symmetry Exploitation: If data asymmetries or finite truncations with edge effects disrupt
the mod 6 partitioning (e.g., as observed in the O(1/R2) gaps of Table 7), then we can still pursue
load-balanced parallel radial sweeps over the angular sectors St with modest synchronization overhead
C = O(

√
|V |). Yet for problems demanding exhaustive traversals (e.g., comprehensive brute-force

enumeration of all unique vertices in ΛR
r )—the symmetry may still boost efficiency via partitioning into

independent sets from the upcoming equivariant encodings (Definition 5.2)—but certain sub-solution
specifics cannot be programmatically derived (and replicated) across angular sector boundaries—though
the Tri-Quarter framework can still trim the computational burden via such encodings (e.g., as observed
in our ∼2x mirroring speedup results of Section 6, which is assured by T24-equivariant bijections per
Corollary 4.16).

Subgroups are “mini-groups” inside Z6 that serve as the fundamental building blocks for its structure.
Z2 (order-2 reflections) “flips” like a coin to create even/odd pairings. For example, it matches opposite
angular sectors (e.g., {S0, S3}, {S1, S4}, and {S2, S5} via Rπ operations, which form three mirrored pairs
that reflect across the origin like a balanced seesaw). Z3 (order-3 rotations) cycles every third St like a three-
way switch to generate interleaved triples (e.g., {S0, S2, S4} and {S1, S3, S5} via R2π/3 operations, which
partition the hexagonal structure into two equilateral triangular cycles that rotate symmetrically). These
subgroups create nested mirrors or cycles while preserving the overall combinatorial duality. For instance,
Z2 enables binary decompositions like splitting graph rays into mirrored halves for efficient searches (e.g.,
check one pair and then reflect the results). Z3 supports ternary clustering, such as grouping angular sectors
for load-balanced processing in multi-core systems. By varying the admissible r (e.g., scaling outward to
larger symmetric cycles or inverting inward for self-similar copies), this enables recursive divide-and-conquer
strategies—breaking a graph into halves or thirds for faster searching—which is useful in hierarchical data
structures or multi-level algorithms.

Corollary 4.8 (Exploiting Hierarchical Decompositions from Binary-Ternary Cyclic
Subgroup Actions). The subgroups Z2 (order-2 reflections) and Z3 (order-3 rotations) of Z6 induce finer
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dualities and partitions that preserve phase pair constancy and zone separation. This enables hierarchical graph
decompositions. Specifically, Z2 provides a binary partitioning by pairing opposite angular sectors (e.g., {S0, S3},
{S1, S4}, and {S2, S5} via Rπ)—it creates mirrored pairs that reflect across the origin like a flip or mirror.
Z3 enables ternary partitioning by cycling the angular sectors into interleaved triples (e.g., {S0, S2, S4} and
{S1, S3, S5} via R2π/3)—it divides the structure into three symmetric subsets like a three-way cycle or switch.

Remark 4.9. The binary (Z2) and ternary (Z3) partitions can be combined to generate a hierarchical structure
because the direct product Z6

∼= Z2×Z3 allows nested decompositions. By combining radial layering with angular
sector decomposition, we achieve a systematic approach to organize Λr for efficient, recursive processing—see
Algorithm Pseudocode 4 for an example of such an approach. First, we select a sequence of admissible radii
r1 < r2 < r3 to define concentric shells/layers (e.g., the region between r1 and r2 forms one layer, the region
between r2 and r3 forms the next, etc.), where each shell inherits the full six angular sectors. Within each
layer, we begin at the root with all six St, then apply the ternary split to branch into two interleaved groups
(e.g., {S0, S2, S4} and {S1, S3, S5}), followed by binary pairing at the leaves (e.g., we match the opposites
within each group and adjust for the subgroup action). Intriguingly, the circular inversion ιr allows us to extend
the tree structure symmetrically inward, where (results from) the outer layers are mapped directly to the inner
layers without recomputation. This carefully-devised arrangement supports divide-and-conquer algorithms, such
as distributing ternary groups across processors for load balancing or three-way switching, then recursing for a
binary split within subgroups. It unlocks scalable traversals or optimizations in symmetric lattice graphs.

ALGORITHM PSEUDOCODE 4. Simplified Symmetric Processing in the Tri-Quarter
Framework: Symmetry-Reduced Computation via Rotational and Inversive Bijections for
Angular and Radial Mirroring� �

function SimplifiedSymmetricProcessing(graph , base_sector , rotation_map , inversion_map):

# Step 1: Compute fully on base sector (leaf -level work)

# Task -specific application e.g., sum(node.value for all nodes in base_sector )

base_result = ComputeOnSector(base_sector)

# Step 2: Mirror base to other sectors via rotational bijections

# (exploit Z_6 symmetry with no recompute)

outer_results = {base_sector: base_result} # Start with base

for sector in other_sectors: # Cycle through remaining 5 sectors

# Mirror via rotation ( preserves values exactly under bijection)

mirrored = MirrorSector(base_result , rotation_map , from=base_sector , to=sector)

outer_results[sector] = mirrored

# Step 3: Aggregate outer zone results

# (e.g., sum or merge dictionaries across sectors , union lookups , etc .)

outer_total = CombineResults(outer_results)

# Step 4: Mirror outer to inner via radial inversion bijection

# (exact , no recompute)

inner_total = MirrorResult(outer_total , inversion_map) # Preserve values via zone swap

# Step 5: Return combined dual -zone aggregate (e.g., for zone - invariant metrics)

return CombineResults(outer_total , inner_total) # Final global sum or merged output

# Helper: Mirror sector via rotation ( bijection preserves values)

function MirrorSector(sector_result , rotation_map , from_sector , to_sector):

mirrored = 0 # Or {} for dictionary -based results

for node , value in sector_result.items():

rot_node = rotation_map.get(node) # Bijection via rotation (e.g., pi/3 shift)

if rot_node: mirrored += value # Or mirrored[rot_node] = value

return mirrored

# Helper: Mirror outer to inner via inversion (bijection preserves values)

function MirrorResult(outer_result , inversion_map):

inner_result = 0 # Or {} for dictionary -based results

for node , value in outer_result.items():

inv_node = inversion_map.get(node)
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if inv_node: inner_result += value # Or inner_result [inv_node] = value

return inner_result

# Helper: Leaf -level computation (task -specific -- we can replace as needed)

function ComputeOnSector(sector):

# Example application : sum -- could be BFS(G_sector , start) distances

return sum(node.value for node in sector.nodes)� �
ΛT,r forms the smallest symmetric set that partitions Λr into Λ−,r and Λ+,r—like a minimal fence

separating two territories with the fewest posts. For the smallest admissible r = 1, it has size |ΛT,1| = 6
and forms a cycle. As r increases, the vertex count |ΛT,r| tends to grow (though sporadically, as multiples
of six), driven by additional Eisenstein integer representations of r2 = N as m2 +mn+ n2 (e.g., 12 vertices
for N = 7, 18 for N = 49). Even with denser ΛT,r at larger r, the set remains minimal relative to the
scale, which cleanly divides Λ−,r from Λ+,r. Thus, Λr is well-suited for min-cut algorithms like Karger’s
[60], where symmetry and boundary size far below the O(r2) area enable efficient probabilistic cuts through
repeated runs—boosting applications in practices such as network optimization [61] and clustering [62].

Corollary 4.10 (D6-Invariant Minimal Symmetric Vertex Separator). The boundary zone
subgraph ΛT,r (induced on the symmetric vertex set VT,r for admissible r > 0) forms a minimal symmetric
vertex separator between Λ−,r and Λ+,r that is invariant under the action of D6 (the point symmetry group of
the base triangular lattice L). This structure fits min-cut algorithms [60] because its symmetry enables efficient
probabilistic cuts with expected time scaling as O(|ΛT,r|).

Assigning a vertex v⃗i ∈ Λr to a zone is as simple as checking its norm ||v⃗i|| against r, like sorting items
by size with one measurement. Moreover, if we precompute the vertex phases mod 6, then we achieve even
faster angular sector classification and thus more efficient processing of larger truncated ΛR

r (with larger R).
With this combinatorial duality established, we now extend it to incorporate reflective symmetry through

circle inversion on Λr. This builds on Tri-Quarter’s foundational separation and directional labeling mecha-
nisms to achieve exact zone swapping while preserving key properties.

4.2 Escher Reflective Duality on Λr
Building on the radial separation provided by combinatorial duality, we formalize the Escher reflective

duality to enable exact bijective zone swapping.
We extend the circle inversion map ιr from the continuous X of Subsection 2.4 to the discrete Λr as

follows:

Definition 4.11 (Circle Inversion Map on Λr). For any admissible r > 0, the circle inversion map
ιr : Λr → Λr is defined as [17]

ιr(v⃗i) =
r2v⃗i
||v⃗i||2

. (6)

Remark 4.12. The inverted images land exactly on discrete vertices (which are distinct for admissible r, where
they accumulate near the origin for inner mappings to Λ−,r).

Definition 4.13 (Escher Reflective Duality on Λr). Let Λr be the radial dual triangular lattice graph
on X = C \ {(0, 0)C}. For any admissible r > 0 such that ΛT,r is induced on a symmetric set VT,r, define Λ−,r,
ΛT,r, and Λ+,r as above, where ΛT,r is combinatorially dual to Λ−,r and Λ+,r as in Theorem 4.2. Then ΛT,r

exhibits Escher reflective duality between Λ−,r and Λ+,r if there exists a map ιr (inducing a graph isomorphism
between the zones) that satisfies the following conditions, analogous to the continuous case in Subsection 2.4:

(1) ιr(v⃗i) = v⃗i for all v⃗i ∈ ΛT,r, which implies that ΛT,r is fixed under inversion.

(2) ιr(Λ−,r) = Λ+,r and ιr(Λ+,r) = Λ−,r, which implies that the Λ−,r and Λ+,r are swapped.

(3) ϕ(ιr(v⃗i)) = ϕ(v⃗i) for all v⃗i ∈ Λr, which implies that the phase pairs are preserved to maintain directional
consistency.

(4) ιr ◦ ιr = id, which implies that the map is its own inverse for reversible transformations.

27



Theorem 4.14 (Escher Reflective Duality on Λr). Let Λr be the radial dual triangular lattice
graph on X = C \ {(0, 0)C}. For any admissible r > 0, we define Λ−,r, ΛT,r, Λ+,r as above, where ΛT,r is
combinatorially dual as in Theorem 4.2. Then the circle inversion map ιr establishes Escher reflective duality
across ΛT,r between Λ−,r and Λ+,r by satisfying the conditions of Definition 4.13.

Proof. Let Λr be the radial dual triangular lattice graph on X = C \ {(0, 0)C}. For any admissible r > 0,
we define Λ−,r, ΛT,r, Λ+,r as above, where ΛT,r is combinatorially dual as in Theorem 4.2. We proceed in
steps to verify each condition of Definition 4.13:

• Step 1: Verify Fixed Boundary under Inversion

For v⃗i ∈ ΛT,r, ||v⃗i|| = r, so ιr(v⃗i) = r2v⃗i
r2 = v⃗i, which fixes the boundary vertices as required,

analogous to the continuous case on Tr in Subsection 2.4. So condition (1) of reflective duality holds.

• Step 2: Verify Zone Swapping and Bijectivity
The bijectivity between Λ+,r and Λ−,r follows from the radial dual construction in Subsection 3.3,
where Λ−,r = ιr(Λ+,r) and vice versa by involution, which ensures exact swaps without overlaps or
gaps for admissible r. So condition (2) of reflective duality holds.

• Step 3: Verify Phase Pair Preservation

Phase pair preservation holds across Λr under ιr, as the real scalar r2

||v⃗i||2 > 0 scales the magnitude

but maintains the direction, so ⟨ιr(v⃗i)⟩ = ⟨v⃗i⟩ and ϕ(ιr(v⃗i)) = ϕ(v⃗i), just as in the continuous case
on X. So condition (3) of reflective duality holds.

• Step 4: Verify Involution Property
The involution holds algebraically: ιr(ιr(v⃗i)) = v⃗i for vertices in Λr, as derived in the continuous case
on X and preserved discretely due to Λr’s rational coordinates and exact mappings. So condition
(4) of reflective duality holds.

The bijectivity holds for all such ΛT,r, where ιr maps graph rays proportionally while preserving angular
sector alignments. Thus, ιr establishes reflective duality across ΛT,r between Λ−,r and Λ+,r [63]. □

Definition 4.15 (Tri-Quarter Inversive Hexagonal Dihedral Symmetry Group). The Tri-
Quarter Inversive Hexagonal Dihedral Symmetry Group T24 is the order-24 semidirect product D6 ⋊ Z2, where
D6 is the order-12 dihedral group that captures the Λr’s order-6 rotations and reflections, and Z2 = gen(ιr) is
the order-2 group generated by the circle inversion ιr. Here, ιr acts by conjugating rotations with their inverses
(ιr ◦Rθ = R−θ ◦ ιr) and preserves reflections (because ιr is anti-conformal, which flips orientations like a mirror).

Corollary 4.16 (Tri-Quarter Inversive Hexagonal Dihedral Symmetry Group). The circle
inversion ιr extends Λr’s symmetry group from D6 to the Tri-Quarter Inversive Hexagonal Dihedral Symmetry
Group T24. This full order-24 group harnesses the Escher reflective duality while maintaining bijectivity and phase
pair assignments across transformations.

Remark 4.17. T24 is useful for proving the invariance of properties (e.g., encodings or path lengths) under
the complete set of symmetries, which unleashes the potential for algorithmic efficiency. For instance, in parallel
traversals across Λr, the additional inversion symmetry allows load-balanced processing across the dual zones
with reduced synchronization because computations in one zone can be directly mapped to the other without
recomputation (as benchmarked in the simulations of Section 6 with ∼2x speedups).

For larger admissible r with |ΛT,r| = 6k and k > 1, T24 scales invariantly, as ιr normalizes boundary
orbits regardless of k, which preserves bijectivity and phase pair constancy.

Building on the Escher reflective duality established via ιr (Subsection 4.2), we derive further corollaries
that highlight symmetric isomorphisms and reversible operations.

In the realm of graphs, an isomorphism between two graphs implies that their structure matches precisely—
that is, their vertices connect identically, like twins. Here, the circle inversion property of ιr generates such
“reflective twins” between Λ−,r and Λ+,r by keeping their connections and phase pair assignments intact
over zone swapping. This drives operations that “flip” data/images symmetrically without information loss.
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Corollary 4.18 (Graph Isomorphism Induced by Escher Reflective Duality). The Escher
reflective duality induces an isomorphism between Λ−,r and Λ+,r via ιr (and vice versa by involution)—which
preserves adjacency and phase pair assignments—and enables reversible graph transformations with O(1) per-
vertex reversal.

This isomorphism provides a structured way to mirror graph properties, which can support efficient data
replication and symmetry checks in computational tasks. For instance, as demonstrated in the upcoming
inversion-based path mirroring simulations in Section 6, this isomorphism promotes ∼2x speedups by map-
ping computations in Λ+,r directly to Λ−,r via the bijection ιr, which thereby avoids redundant traversals in
symmetry-aware applications such as robotic path planning or multi-agent coordination on Λr. This offers
potential benefits for algorithm design in network analysis, where the preserved adjacency and phase pair
assignments facilitate load-balanced parallel processing across zones, which reduce synchronization overhead
in distributed systems.

In this reflective duality, ΛT,r consists entirely of fixed vertices, which remain anchored as a stable
“backbone” under swap operations. This is handy for anchor-based algorithms, where the vertices of ΛT,r

serve as consistent, reliable reference points across reversible data transformations or symmetry detection
in networks. For example, in min-cut computations (as noted in Corollary 4.10 to Theorem 4.2), the fixed
separator ΛT,r fosters efficient probabilistic cuts—scaling as O(|ΛT,r|)—to support flow optimization in
symmetric networks or clustering tasks without recomputing zone-internal structures under ιr.

Corollary 4.19 (Anchored Boundary Vertex Invariance). The Escher reflective duality ensures
all vertices in ΛT,r remain fixed under ιr, with phase pair invariance, which enables ΛT,r to serve as a stable
reference for symmetric graph operations like anchor-based traversals, where these fixed boundary vertices act as
starting points for searches by leveraging invariance for efficient exploration.

The anchored-vertex invariance of ΛT,r secures a trustworthy, dependable foundation upon which to
facilitate graph operations on Λr, armed with the potential to streamline graph traversals and improve
reliability in symmetric computational frameworks.

Reversible means you can undo the swap exactly—like a graph permutation that’s its own inverse (an
involution). Here, the inversion “toggles” Λ+,r and Λ−,r back and forth—without information loss, while
always preserving the structure via the induced graph isomorphism. This supports undoable operations in
data structures or error-correcting codes (e.g., in symmetric or lattice-based schemes), where states toggle
symmetrically without recomputation.

Corollary 4.20 (Reversible Zone Swapping). The involution property of ιr enables exact, bijective
swapping of Λ−,r and Λ+,r, which preserves vertex adjacency (via the induced graph isomorphism from Corol-
lary 4.18), phase pairs assignments, and angular sector indices. Reversible lattice graph transformations with O(1)
per-vertex reversal holds.

This reversible swapping allows for flexible zone interchanges, which can advance in the development of
adaptive algorithms—where transformations are easily reversed—to contribute to more robust data handling
in dynamic systems.

Having established this Escher-inspired radial, nonlinear reflective duality via circle inversion, we now
extend the Tri-Quarter framework to encompass the linear mirror symmetries of D6 to achieve paired de-
compositions that complement the bijective zone swaps for finer-grained algorithmic applications.

4.3 Extended Linear Mirror-Symmetric Decompositions
While the Escher reflective duality centers on nonlinear, radial swapping via circle inversion, it naturally

extends through T24 of Definition 4.15 and Corollary 4.16 to incorporate the linear reflections of D6. These
linear mirror symmetries—via the Z2 subgroup actions of Corollary 4.21—decompose Λr into paired angular
sectors, which complement the bijective zone swaps by promoting refined algorithmic applications—such as
balanced traversals and matchings—that preserve the overall duality.

Linear mirror symmetry splits Λr into halves that match under reflection—like folding a symmetric
network. The subgroups (e.g., reflections as Z2) create paired subsets, which are useful for mirrored data
replication or balanced binary trees, where each half can be processed independently (on separate threads,
processors, or nodes) and then recombined to finalize the results of a symmetry-aware parallelizable task.
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Corollary 4.21 (Linear Mirror-Symmetric Decompositions). The reflection symmetries in D6

(which contains Z6) decompose the graph rays and their assigned phase pair into mirror-paired classes. Specifically,
each reflection generates a Z2 action that pairs opposite angular sectors St and St+3 mod 6 (as per Lemma 3.9),
which map primary graph rays and their assigned phase pairs to their symmetric counterparts while preserving the
combinatorial duality (Theorem 4.2) and Escher reflective duality (Theorem 4.14). This decomposition enables
binary-symmetric lattice graph algorithms, such as reflected traversals (where a traversal in one paired class is
mirrored to the other without recomputation) or paired matchings (e.g., constructing auxiliary bipartite graphs
from the paired orbits for efficient perfect matchings or load-balanced parallel processing).

Mirror-symmetric decompositions enable paired analyses that can simplify binary operations and serve
as a useful tool for balanced processing in graph-based computations. For instance, the following example
demonstrates how to apply this decomposition to construct paired matchings under a specific reflection.

Example 4.22 (Paired Matchings via Real Axis Linear Mirror-Symmetric Decompo-
sition). Let’s consider the truncated radial dual triangular lattice graph ΛR

r (with admissible inversion radius
r = 1 and truncation radius R = 4) as visualized in Figure 3). We select the reflection σ across the real axis (the
primary graph ray at phases 0 and π, per Table 5), which induces a Z2 action that pairs the angular sectors as
follows: {S0, S5}, {S1, S4}, and {S2, S3} (note the specific pairing under this reflection σ, which differs from the
opposite–sector pairing {St, St+3 mod 6} under rotation by Rπ, as referenced in Corollary 4.21).

The orbits under σ consist of:

• Fixed vertices: Each vertex v⃗i on the real axis graph ray (e.g., outer vertices like (2, 0)C at phase 0 or
(−2, 0)C at phase π, and their inverted inner twins), which lie on the reflection axis and satisfy σ(v⃗i) = v⃗i.

• Paired orbits: For each vertex v⃗i off the axis (e.g., in S0), the pair {v⃗i, σ(v⃗i)} maps to the symmetric
vertex in the paired angular sector (e.g., S5), which transforms the assigned phase pairs consistently
with the linear reflection symmetry while preserving the combinatorial duality (Theorem 4.2) and Escher
reflective duality (Theorem 4.14).

We construct the auxiliary bipartite graph B for paired matchings as follows (where A and A′ form the two
parts of a bipartition, like “upper” and “lower” halves reflected across the real axis, while B connects them with
matching edges to exploit mirror symmetry for algorithms):

(1) First, we define the bipartition sets A as the union of vertices in angular sectors S0 ∪ S1 ∪ S2 and A′

as their images under the reflection σ, namely S5 ∪ S4 ∪ S3.

(2) Second, for each paired orbit {v⃗i, σ(v⃗i)} under the reflection σ, we add the edge {v⃗i, σ(v⃗i)} to B (with
v⃗i ∈ A and σ(v⃗i) ∈ A′) to form a matching that perfectly covers all non-fixed vertices. Fixed vertices
(those that are invariant under σ) remain unmatched and thus may be treated as isolated vertices in B
(added to either A or A′ as appropriate) to preserve bipartiteness without self-loops.

(3) Third (and optionally), we may include the original edges from Λr within A and within A′ separately
(as disjoint components) to support specific algorithms while avoiding cross-pair edges and preserving
bipartiteness.

The auxiliary bipartite graph B enables efficient perfect matchings (e.g., via the Hopcroft–Karp algorithm [64]

in O(
√
|V ||E|) time) or load-balanced parallel processing (by assigning A and A′ to separate threads and synchro-

nizing only at matched edges). For instance, a BFS traversal in A can be reflected to A′ without recomputation
via the linear mirror symmetry (Corollary 4.21) to reduce the computational effort by approximately 50% in sym-
metric cases because our construction preserves zone separations, graph rays, and equivariant encodings (in the
upcoming Section 5).

These linear mirror-symmetric decompositions extend the utility of the Escher reflective duality by pro-
viding tools for binary partitioning, which integrate seamlessly with the bijective self-duality and dual metrics
that we explore next.

4.4 Dual Metrics
With Escher reflective duality (and the extended linear mirror-symmetric decompositions) in place, we

now pivot to achieve bijective self-duality under inversion. Given any admissible r > 0 and for any v⃗i ∈ Λr,
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the Euclidean norm satisfies the relation

||v⃗i|| =
r2

||ιr(v⃗i)||
,

which enables the bijective mapping and preserves the properties of the Tri-Quarter framework such as phase
pair assignments, angular sector memberships, and graph isomorphism between zones.

This radial focus (from the origin) is intentional for the framework’s emphasis on central symmetry and
inversion-based duality. For example, it enables exact zone swaps and scale-invariant computations along
graph rays. In other words, Λ−,r mirrors Λ+,r exactly under circular inversion. It preserves distances via the
product r2 (a constant like a seesaw where one side’s increase balances the other side’s decrease). To ensure
exact preservation under inversion while maximizing Tri-Quarter’s utility, we define dual metrics that handle
both discrete and continuous distances bijectively—with no approximations. These enable exact distance
preservation under inversion, which aligns with our bijective requirements.

We start with the discrete dual metric, which aligns naturally with the graph-theoretic dualities from
prior subsections. The full metric between any two vertices v⃗i and v⃗j in the same zone can be extended to
graph distance (shortest-path hops in the induced subgraph for a purely combinatorial zone-internal metric).
It is not defined across different zones. The zones are disjoint subgraphs separated by the boundary. Cross-
zone distances would require additional bridging (e.g., via boundary edges). This is outside the current scope
of radial duality. For the sake of simplicity and exactness, our paper keeps it zone-internal. This connects
directly to the norm.

Definition 4.23 (Discrete Dual Metric). The discrete dual metric is defined for pairs of vertices v⃗i, v⃗j in
the same zone (either both in Λ−,r or both in Λ+,r) as the graph distance (shortest-path distance) dhops(v⃗i, v⃗j) in
the respective induced subgraph, i.e., the minimum number of hops (edges) along any path that connects vertices
v⃗i and v⃗j (that satisfy the standard metric axioms: non-negativity, symmetry, and triangle inequality, where we
assume that the induced subgraph is connected). Any cross-zone extensions will require additional mapping.

Corollary 4.24 (Self-Duality of the Discrete Dual Metric). The discrete dual metric of Definition
4.23 is self-dual under the circular inversion map ιr as

dhops(ιr(v⃗i), ιr(v⃗j)) = dhops(v⃗i, v⃗j) (7)

exactly, which is preserved by the graph isomorphism (Corollary 4.18 to Theorem 4.32), for admissible r > 0.

Remark 4.25. The discrete dual metric dhops is defined solely for zone-specific distances in the induced sub-
graphs Λ−,r and Λ+,r, where self-duality holds via the isomorphism induced by reflective duality (Theorem 4.14).
For distances in the full graph Λr that include cross-zone paths across ΛT,r’s twin edges, self-duality does not
apply without extensions because these connections introduce radial asymmetries that are not preserved under
circle inversion. Applications that require global metrics may be extended via dual boundary mappings (e.g.,
weighting twins by inverse norms), noting that bijectivity remains zone-specific per Theorem 4.32.

Building on this discrete foundation, we next introduce the continuous dual metric, which embeds the
zone subgraphs in the hyperbolic plane for exact global invariance under inversion. To achieve a metric
invariant under circle inversion, we embed the zones in the hyperbolic plane, where the inversion acts as a
reflection [63] to secure exact self-duality. For all v⃗i ∈ Λr we employ the boundary-relative depth

u(v⃗i) = log

(
∥v⃗i∥
r

)
, (8)

where u = 0 at Tr (which is exact) and u′(v⃗i) = −u(v⃗i) under inversion, with phase ⟨v⃗i⟩.

Definition 4.26 (Continuous Dual Metric). The continuous dual metric is the geodesic distance
dH(v⃗i, v⃗j) in the hyperbolic embedding for v⃗i, v⃗j ∈ Λr, defined as

dH(v⃗i, v⃗j) = arccosh (coshu(v⃗i) coshu(v⃗j)− sinhu(v⃗i) sinhu(v⃗j) cos δθ(v⃗i, v⃗j)) , (9)

where the boundary-relative depth u(v⃗i) is given by Equation 8 and the angular separation is

δθ(v⃗i, v⃗j) = min (|⟨v⃗i⟩ − ⟨v⃗j⟩|, 2π − |⟨v⃗i⟩ − ⟨v⃗j⟩|) . (10)
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Corollary 4.27 (Self-Duality of the Continuous Dual Metric). Theorem 4.14 implies that the
continuous dual metric of Definition 4.26 is self-dual under the circular inversion map ιr as

dH(ιr(v⃗i), ιr(v⃗j)) = dH(v⃗i, v⃗j) (11)

for admissible r > 0.

Remark 4.28. The continuous dual metric of Definition 4.26 derives from the metric tensor ds2 = du2 +
sinh2 u dθ2 (with constant curvature -1, and inversion symmetry via sinh(−u) = − sinhu and cosh(−u) =
coshu), which provides exact global geodesics without approximations. This model is chosen for its compatibility
with circle inversion as a reflection in hyperbolic geometry [63], which extends the zone-internal hop distances of
the discrete dual metric of Definition 4.23 to geometric embeddings. For applications that require non-negative
depths, such as binning in hashing, the absolute value |u(v⃗i)| can be used because it preserves inversion symmetry
such that |u′(v⃗i)| = |u(v⃗i)| and ensures positive values across zones (where u(v⃗i) is the boundary-relative depth
from Equation 8 and u′(v⃗i) = −u(v⃗i) under inversion). Thus, for radial paths (along the same ray with δθ = 0),
we have

dH = |u(v⃗i)− u(v⃗j)| =
∣∣∣∣log( ∥v⃗i∥

∥v⃗j∥

)∣∣∣∣ , (12)

and for “same shell” circumferential paths with vertices v⃗i and v⃗j at the same Euclidean norm from the origin

(i.e., ∥v⃗i∥ = ∥v⃗j∥), we have u(v⃗i) = u(v⃗j) = u where u(v⃗i) = log
(

∥v⃗i∥
r

)
is the boundary-relative depth of

Equation 8. Equivalently, the distance is:

dH = 2arcsinh

(
sinh |u(v⃗i)| sin

(
δθ

2

))
. (13)

All evaluations are symbolically exact (closed-form expressions are computable via norms and phases) and
don’t require approximations. For implementations, use exact arithmetic (e.g., integer squared norms) to avoid
floating-point hassles.

Remark 4.29. For an exciting exercise, we invite the interested reader to consider any alternative or additional
metrics that further enrich the structure of Λr and T24 for real-world applications.

Building on the inversion-invariant dual metric, vertices can be quickly looked up using a key from their
angular sector and distance, like a dictionary where flips don’t change the key. This allows rapid access even
after swapping zones—to drive efficient lookups in databases or caches in symmetric systems.

Corollary 4.30 (Mod-6 Sector and Radial-Bin Bijection Hashing). Vertices of Λr can be
hashed via the pair (angular sector St index t mod 6, dual norm bin), where St is as defined in Definition 3.8
and the dual norm bin is the floor-indexed bin ⌊|u|/b⌋, where b > 0 is the bin width and u = log(∥v⃗i∥/r) is the
inversion-invariant boundary-relative depth (from the continuous dual metric in Definition 4.26). The inversion ιr
preserves this hash (as |u′| = |u| under ιr), which facilitates dual-indexed data structures for rapid O(1) lookups
across zones.

This hashing upholds the reflective duality and expedites rapid data retrieval in structures that maintain
efficiency across transformations. This is useful in applications that demand full-throttle access to dynamic
Λr.

Remark 4.31. This discretizes the radial distance in a scale-invariant manner under inversion. This leverages
prior logarithmic radial binning techniques adapted from [65], where the bins widen at larger radii to average the
varying data densities. Key invariants under ιr include:

(1) the angular sector St index t (preserved via phase constancy, as per Theorem 4.14),

(2) the dual norm bin ⌊|u|/b⌋ (invariant due to the absolute log-depth |u| of the boundary-relative depth u),
and

(3) the overall hash pair (t, ⌊|u|/b⌋) (a composite key combination of the above two invariants that yields
bijective mapping across zones, as per Theorem 4.32).
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For implementation, use exact integer computations on squared norms to avoid floating-point hassles and assure
reproducibility. Use emperical data to tune b to achieve balanced bin distributions.

These dual metrics align with bijective self-duality (Theorem 4.32), which yield exact, reversible com-
putations in lattice-based models. In practice, the discrete dual metric (Definition 4.23) suits combinatorial
tasks like shortest-path traversals in the upcoming simulations of Section 6, while the continuous dual met-
ric (Definition 4.26) extends to geometric applications like Euclidean embeddings in signal processing or
robotics.

Theorem 4.32 (Bijective Self-Duality). The circle inversion map ιr is a bijection ιr : Λ−,r → Λ+,r (and
vice versa by involution). It preserves phase pairs ϕ(ιr(v⃗i)) = ϕ(v⃗i) and graph ray directions (Definition 3.23).

Proof. Consider an admissible r > 0 to ensure that the symmetric boundary set ΛT,r facilitates gap-free
mappings. The graph isomorphism induced by the Escher reflective duality of Theorem 4.14 preserves the
path lengths measured as hop counts (as per the discrete dual metric in Definition 4.23) where Λr’s order-6
rotational symmetry bijectively maps structures. This sends the inner paths to their twin outer paths with
zero deviation to esecure the bijection as follows:

• Step 1: Setup and Preservation of Key Structures
The circle inversion map ιr acts on the zones via the construction Λ−,r = ιr(Λ+,r) to confirm that
the phase pairs ϕ(ιr(v⃗i)) = ϕ(v⃗i) and graph ray phases are preserved exactly, as established in

Theorem 4.14. Rational coordinates in Q(
√
3) (from the Eisenstein integer basis) further align the

inverted image positions to the discrete lattice points without overlaps or collisions.

• Step 2: Injectivity
Injectivity follows directly from the preservation of unique graph rays and phases under ιr. Distinct
outer graph rays in Λ+,r (each with constant phase ⟨v⃗i⟩, per Definition 3.23 and Lemma 3.9) map
to distinct inner graph rays in Λ−,r because ιr scales magnitudes inversely while fixing the phases
to yield unique ⟨ιr(v⃗i)⟩ = ⟨v⃗i⟩ and no phase-induced deviations.

• Step 3: Surjectivity
Surjectivity follows from the explicit construction Λ−,r = ιr(Λ+,r) (Definition 3.16) and the count-
ably infinite cardinalities of both zones, which ensure full coverage of Λ−,r by the image of ιr. The
involution property ιr ◦ ιr = id (condition 4 of Definition 4.13) guarantees that every inner vertex
has a unique preimage in the outer zone.

• Step 4: No Duplicates and Exactness
Symmetry under the order-6 cyclic group Z6’s rotational action and the phase-preserving property of
Theorem 4.14 imply that no duplicates exist: distinct outer graph rays map to distinct inner graph
rays, where the resulting rational coordinates avoid overlaps. Exactness holds because symmetries
align the mappings to discrete vertices, which preserves combinatorial properties like hop counts (via
the discrete dual metric).

• Step 5: Infinite and Finite Cases
In the countably infinite (non-truncated) Λr, the bijection is exact with full surjectivity. In finite
truncated ΛR

r , the bijection remains exact between the finite truncated zones, though these approx-
imate the infinite zones with gaps scaling as O(1/R2) (Table 7). For example, the path mapping in
Figure 3 demonstrates the bijection, and the graph ray at phase π/3 in Subsection 3.2 has its phase
preserved under ιr.

□

Data on Λ−,r can be perfectly reconstructed from data on Λ+,r via ιr. It is like undoing a transformation
with zero information loss. It keeps all counts and paths intact. This is useful for making copies/backups or
reversing computations in graphs.

Corollary 4.33 (Reversible Information Preservation). Given the circle inversion map ιr : Λ−,r →
Λ+,r (and vice versa by involution, per the bijective self-duality in Theorem 4.32), any function f : Λ−,r → C
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(where C is any codomain set) induces a corresponding function f ′ : Λ+,r → C defined explicitly by f ′(v⃗j) =
f(ι−1

r (v⃗j)) for all v⃗j ∈ Λ+,r, where ι−1
r (v⃗j) = v⃗i is the unique bijective twin in the inner zone Λ−,r with

v⃗j = ιr(v⃗i). Equivalently, since ιr is an involution, this simplifies to f ′(v⃗j) = f(ιr(v⃗j)) for v⃗j ∈ Λ+,r. Moreover,
f can be perfectly reconstructed from f ′ via f(v⃗i) = f ′(ιr(v⃗i)) for all v⃗i ∈ Λ−,r, which preserves combinatorial
properties such as distances under the discrete dual metric (Definition 4.23) and the continuous dual metric
(Definition 4.26), along with the upcoming equivariant encodings (Section 5).

Remark 4.34. Data in Λ−,r can be perfectly reconstructed from data in Λ+,r (and vice versa) via the
circle inversion map ιr (which is its own inverse, as an involution per Theorem 4.14), similar to undoing a
transformation without information loss while preserving vertex counts and graph ray structures (Definition 3.23).
This supports applications such as state backups in iterative graph algorithms (e.g., checkpointing traversal states
for fault tolerance) or reversible computations on graphs, thereby facilitating the consistent handling of data across
transformations and securing integrity in computational models that involve symmetric mappings (e.g., such as
symmetry-aware parallel algorithms or lattice-based cryptography).

Corollary 4.35 (Constant Product Invariance). For any v⃗i ∈ Λ−,r ∪ Λ+,r, the Euclidean norms
satisfy ∥v⃗i∥ · ∥ιr(v⃗i)∥ = r2, which maintains normalized radial distances (scaled relative to the boundary radius r)
under bijective self-duality (Theorem 4.32) and promotes scale-invariant computations across zones. This invari-
ance underpins the discrete and continuous dual metrics of Definitions 4.23 and 4.26, which supports computations
in unweighted Λr where hop distances remain consistent across dual zones via the induced graph isomorphism
(Corollary 4.18).

The constant product offers a useful conservation property for radial distances. It facilitates computations
that remain consistent across varying scales in graph-based analyses.

As the admissible r increases, ΛT,r extends farther from the origin, thereby partitioning Λr such that
Λ+,r encompasses more vertices while the map ιr preserves the core duality properties—such as the exact
bijections between Λ−,r and Λ+,r. The symmetries of T24 that are native to Tri-Quarter facilitate per-vertex
adjustments—such as O(1) zone reclassifications via norm trichotomy checks—which allows algorithms to
adapt to these larger instances of Λr without full recomputation.

Corollary 4.36 (Adaptive Inversion Scaling). For an increasing sequence of admissible inversion
radii rk, the circle inversion map ιrk preserves the combinatorial duality (Theorem 4.2), Escher reflective duality
(Theorem 4.14), and bijective self-duality (Theorem 4.32) across the corresponding radial dual triangular lattice
graph Λrk .

Remark 4.37. The preservation in Corollary 4.36 enables radial scaling of ιrk to adapt the bijection between
Λ+,rk and Λ−,rk = ιrk(Λ+,rk) without recomputing the dualities. More specifically, for each v⃗i ∈ Λ+,rk , the
per-vertex adjustment computes the new inverted position ιrk(v⃗i) = r2kv⃗i/∥v⃗i∥2 in O(1) time (by precomputing
the squared Euclidean norm ∥v⃗i∥2), to yield a total rescaling cost of O(|Λrk |) to update the bijection and induced
edges across the complete Λr = Λ−,rk ∪ ΛT,rk ∪ Λ+,rk . This supports adaptive algorithms for dynamically
expanding truncated ΛR

rk
, where the truncation radius R ≫ rk is adjusted “on the fly” to maintain balanced

zones.

This adaptive scalability equips us with a dynamic flexible approach to handle expanding structures—like
upgrading truncated ΛR

r as needed without having to start over and rebuild the structures each time. This
reveals opportunities for the design, development, and evolution of more intelligent algorithms where ΛR

r

needs to grow bigger in steps (e.g., adaptive networks or evolving simulations). We computationally “fuse”
these dual metrics together to simultaneously model the combinatorial (discrete) and geometric (continuous)
aspects of distances to achieve practical encodings. For example, given a finite set of target vertices, as we
traverse along ΛR

r we can simultaneously model, with respect to each target vertex: the hop counts along
the shortest paths and the radially symmetric potentials. All this keeps the bijective mappings intact—no
approximations required—which ramps up the practical simulation capabilities on Λr.

Example 4.38 (Modular Hashing with the Continuous Dual Metric). For vertex v⃗i, com-
pute the hash h(v⃗i) = t + 6 × ⌊|u(v⃗i)|/b⌋, where t = ⌊6⟨v⃗i⟩/(2π)⌋ mod 6 is the angular sector St index from

Definition 3.8 and Lemma 3.9, u(v⃗i) = log
(

∥v⃗i∥
r

)
is the boundary-relative depth from Equation 8 in the con-

tinuous dual metric of Definition 4.26 (where the absolute value ensures positivity and symmetry under inversion
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as u′(v⃗i) = −u(v⃗i)), and b > 0 is the bin width. Under inversion, the St index t is preserved as per the phase
constancy in Theorem 4.14, and |u| is preserved as per the self-duality of the continuous dual metric (following
Definition 4.27), which maintains hash consistency for data structures.

Remark 4.39. For exact integer bins in implementations, use ⌊| log2(∥v⃗i∥2/r2)|⌋ (with r2 ∈ N admissible per
Definition 3.12) as a discrete alternative to the natural logarithm log in the continuous dual metric—using base-2
here for dyadic (power-of-2) binning on integer squared norms, which aligns with binary hardware efficiency and
enables exact computation via bit shifts or ⌊log2 n⌋ (for n ∈ N) without floating-point—especially when r2 = 1,
where squared norms ∥v⃗i∥2 ∈ N support direct integer log2 evaluation—and thus to initialize positive, inversion-
symmetric bins across Λ−,r and Λ+,r (where the absolute value prevents negative values and guarantees symmetry
under ιr, as u′(v⃗i) = −u(v⃗i) with u(v⃗i) the boundary-relative depth from Equation 8). For general admissible
r2 > 1, compute exactly via ⌊log2

⌊
∥v⃗i∥2/r2

⌋
⌋ (using integer quotient for the floor-division) to maintain exactness

while tying to the self-dual continuous metric (Definition 4.26).

ALGORITHM PSEUDOCODE 5. Invariant Hashing with Dual Metrics. We assume

BoundaryRelativeDepth computes |u(v⃗i)| =
∣∣∣log (∥v⃗i∥

r

)∣∣∣ using exact arithmetic (e.g., via

Python’s mpmath for precision or for integer-based alternatives use
⌊∣∣∣log2 (∥v⃗i∥2

r2

)∣∣∣⌋) to

avoid floating-point hassles. This hash is invariant under circle inversion ιr, which enables
O(1) rapid lookups across the dual zones.� �

function InvariantHash(vertex_v[i], b):

sector = floor(6 * arg(vertex_v[i]) / (2 * pi)) mod 6

dual_norm = BoundaryRelativeDepth(vertex_v[i]) # Compute |log (|| vertex_v || / r)|

norm_bin = floor(dual_norm / b)

return sector + (6 * norm_bin)� �
With Tri-Quarter’s dualities firmly established—complete with its symmetries and invertible bijective

self-duality via the Escher reflective duality—we’ve unlocked a powerful foundation for applications like
pattern recognition or path optimization. To contextualize this within the broader landscape, how does our
origin-centered radial approach align with established dualities? Let’s examine contrasts with key examples,
such as planar or matroid dualities, to highlight where Tri-Quarter distinguishes itself or addresses specific
gaps.

4.5 Comparison to Related Dualities
Planar dualities—such as Whitney’s approach [16]—depend on graph embeddings to establish corre-

spondences between vertices and faces, while mapping cycles to cuts primarily for planarity testing. In
Whitney’s context, the duality requires a specific planar representation to define these swaps and focuses on
the topological properties inherent to the embedding. By contrast, our Tri-Quarter’s combinatorial duality,
as formalized in Subsection 4.1, operates independently of any embedding. It emphasizes radial separation
through the norm trichotomy to assure exact bijective swaps between Λ−,r and Λ+,r without relying on
vertex-face or cycle-cut mappings. Our Λr’s embedding-independent nature allows for direct application to
real-world structures with lattice properties, where the origin-centered norm provides a natural partition that
is analogous to dividing a symmetric space by distance thresholds. Λr’s dualities leverage the symmetries
and bijective mappings to drive advanced graph operations and analyses, as contrasted with related dualities
in Table 10.

Our Tri-Quarter framework also diverges from matroid dualities [66], which abstract linear indepen-
dence and extend to orthogonal complements in vector spaces or graphic/cographic pairs in graphs. Ma-
troids generalize combinatorial structures but they do not inherently incorporate geometric constraints like
origin-centered radiality. Unlike these, our Escher reflective duality, as proven in Theorem 4.14, introduces
a bijective mechanism that preserves directional labels (phase pairs) and symmetries to design reversible
transformations that apply to radial geometries. The absence of such radial bijectivity in matroid dualities
highlights a key gap that our approach addresses, particularly in applications requiring exact zone inversions.

Traditional dualities often “flip” graphs in a manner reminiscent of inverting a planar map, transforming
internal structures outward while maintaining combinatorial invariants. Tri-Quarter’s approach complements
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this by radially mirroring the zones, similiar to Escher’s reflections across a spherical surface, which supports
efficient operations in hub-centric networks where paths emanate symmetrically from a central point. This
radial mirroring preserves Λr’s order-6 rotational symmetry and reinforces modular decompositions that
align with angular sectors for balanced computations.

Furthermore, our radial zone swaps—executed via the circle inversion map ιr in Definition 4.11—align well
with angle-preserving discrete conformal mappings [30], which also utilize circular-based patterns to maintain
local angles during transformations. While conformal mappings excel in preserving angular stucture without
explicit radial partitioning, Tri-Quarter’s bijective swaps add a complementary layer for hybrid scenarios.
For instance, in computational geometry tasks that simultaneously require both smooth deformations and
symmetric radial inversions, our Tri-Quarter integration could advance processes like mesh optimization or
pattern recognition on lattice-based structures.

Table 10. Contrasts with Related Dualities

Duality Type Basis/Mapping Key Difference from
Tri-Quarter

Applications

Tri-Quarter Radial

• Origin-centered circle
inversion map ιr

• Exact bijective zone
swaps via Escher
reflective duality

• N/A

• Symmetric graph ops
• Radial networks
• Lattice-based

cryptography
• Multi-agent coordination

Planar
(Whitney [16])

• Embedding
• Vertex-face swap

• Embedding-dependent
with vertex-face swaps

• Lacks
embedding-independent
radial separation via
norm trichotomy

• Planarity testing
• Embeddings

Matroid
(Oxley [66])

• Abstract dependence
• Orthogonal complements

• Generalizes independence
• No geometric radial

structure or
origin-centered bijective
self-duality

• Optimization
• Coding theory

Discrete Conformal
(Kharevych [30])

• Circle patterns
• Angle preservation

• Typically no radial zone
swaps

• Focus on angle
preservation rather than
exact bijective mappings
via radial inversion

• Simulations
• Angle-preserving maps

Self-Dual Graphs
(Graver [36])

• Isomorphic to planar
dual

• Vertex-face

• Limited to
self-isomorphic
embeddings

• No radial bijective
self-duality under order-6
symmetry

• Cataloging polyhedra
• Symmetry analysis

The key invariance properties that are secured under these dualities are summarized in Table 11 to
exemplify their utility for algorithmic efficiency.

These dual metrics and bijective mappings—which support invariant data representations—set the stage
for equivariant encodings that harness the power of symmetry to forge robust computational structures in
the next section.
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Table 11. Key Invariance Properties under Dualities

Property Description Application Example

Path Invariance
• Preserves graph ray counts and
phase pair assignments

• Symmetric traversals
(BFS/DFS)

Rotational Invariance
• Zones and phase pair labels
unchanged under rotations

• Reduced computation
(theoretical up to 6x in
idealized cases, practical 1.7-2x
as demonstrated in simulations
(Section 6); analogous to
benchmarks in [25])

Fixed-Point Invariance
• Boundary subgraph ΛT,r stable
under ιr

• Anchor-based searches

Reversible Swapping
• Exact bijective inner-outer zone
swap

• Undoable operations in data
structures

Mirror Decompositions • Paired classes via Z2 subgroup
actions

• Binary-symmetric algorithms

Duality Hashing
• Angular sector index and dual
norm bin preserved

• O(1) lookups across zones

5 Equivariant Functions and Encodings
Building on the symmetries, dualities, and bijective mappings from previous sections, we now pivot to

further upgrade Tri-Quarter with equivariant functions and encodings. These are mappings that assign
values or transformations to vertices so they predictably and deterministically align with the framework’s
symmetries—this includes rotations, reflections, and circle inversions—under the actions of Tri-Quarter’s
core algebraic structure T24. In essence, T24 fuses Λr’s D6 symmetries with inversive bijections to deliver
consistent, symmetry-compliant tools for computational tasks. This approach leverages the key properties
of Λr—including its radial dual structure, phase pair constancy along graph rays, and bijective self-duality
under inversion—to support efficient algorithms in areas like graph hashing, pattern recognition, and parallel
processing, all while maintaining the exactness and reversibility that are central to the framework.

5.1 Definitions and Structure
We begin by defining equivariant functions generally, as mappings on Λr that respect the symmetries of

T24. These functions operate on vertices and their associated data, where their outputs transform consistently
under group actions. Encodings are then introduced as a special case for labeling tasks.

Definition 5.1 (Equivariant Function). An equivariant function is a mapping f : V (Λr) × D → D′,
where D and D′ are data spaces (e.g., scalars, vectors, labels, functions, or matrices), such that

f(g · v⃗i, g · x) = ρ(g)
(
f(v⃗i, x)

)
(14)

for all g ∈ T24, v⃗i ∈ V (Λr), x ∈ D, where T24 acts on V (Λr) via its symmetries (Definition 4.15) and on D
accordingly, and ρ : T24 → GL(D′) is a representation of T24 on D′.

An equivariant encoding is a specific kind of equivariant function, which assigns discrete labels to vertices.

Definition 5.2 (Equivariant Encoding). An equivariant encoding is a special case of an equivariant
function (Definition 5.1) that assigns labels from a finite set C (e.g., {0, 1} for binary decompositions or {0, . . . , 5}
for modular partitions aligned with the order-6 rotational symmetry of Z6) to the vertices of Λr, specifically
e : V (Λr) → C, while respecting the actions of T24 for symmetry-preserving labeling tasks such as graph coloring
or angular sector partitioning.

A natural encoding arises from the angular sectors defined in Lemma 3.9, which assigns each vertex to
an angular sector index mod 6.
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Definition 5.3 (Angular Sector-Based Six-Encoding). The angular sector-based six-encoding is
the map s6 : V (Λr) → Z6 defined by s6(v⃗i) = ⌊6⟨v⃗i⟩/(2π)⌋ mod 6, which partitions Λr into six classes that
correspond to the six angular sectors St for t ∈ Z6.

This encoding aligns with Λr’s order-6 rotational symmetry of Z6 and preserves the adjacency properties
because any two distinct adjacent vertices v⃗i, v⃗j ∈ Λr differ by 0 or ±1 mod 6 along certain directions (as
formalized in the upcoming Theorem 5.4).

5.2 Equivariance Properties
Equivariant functions and encodings respect the symmetries of the framework’s transformations and

establish consistent behavior across the dual zones up to the group actions of T24.

Theorem 5.4 (Equivariance of the Angular Sector-Based Six-Encoding). The angular sector
St-based six-encoding s6 : V (Λr) → Z6 (Definition 5.3) is equivariant under the actions of T24, where:

• rotations Rkπ/3 (for k ∈ Z6) act by s6(Rkπ/3(v⃗i)) = (s6(v⃗i) + k) mod 6,

• reflections in D6 act by permutations of the labels that preserve the boundaries of the angular sectors St

(for t ∈ Z6), and

• the circle inversion map ιr acts trivially, i.e., s6(ιr(v⃗i)) = s6(v⃗i) for all v⃗i ∈ V (Λr), due to phase
preservation.

Proof. To verify the equivariance of the angular sector-based six-encoding s6 : V (Λr) → Z6 (Definition 5.3)
under the action of the Tri-Quarter Inversive Hexagonal Dihedral Symmetry Group T24 (Definition 4.15),
recall from Definition 5.1 that equivariance requires s6(g · v⃗i) = ρ(g)

(
s6(v⃗i)

)
for all g ∈ T24 and v⃗i ∈ V (Λr),

where ρ : T24 → Aut(Z6) is the natural representation acting by affine transformations (e.g., shifts or per-
mutations preserving the cyclic structure) on the labels—the six possible output values Z6 = {0, 1, 2, 3, 4, 5}
of the St-based six-encoding s6. We proceed in steps to confirm this for the generators of T24 = D6 ⋊ Z2,
where D6 acts via rotations Rkπ/3 (k ∈ Z6) and reflections, and Z2 = ⟨ιr⟩ acts via the circle inversion map
ιr (Definition 4.11).

• Step 1: Equivariance under Rotations Rkπ/3 (k ∈ Z6)
A rotation Rkπ/3 maps each angular sector St to St+k mod 6 (Lemma 3.9), which induces the rep-
resentation ρ(Rkπ/3) : Z6 → Z6 defined by the affine shift ρ(Rkπ/3)(l) = (l + k) mod 6. Thus, for
any v⃗i ∈ V (Λr) with s6(v⃗i) = t ∈ Z6, we have s6(Rkπ/3(v⃗i)) = (t + k) mod 6 = ρ(Rkπ/3)(s6(v⃗i)),
confirming equivariance under the cyclic subgroup Z6 ≤ D6.

• Step 2: Equivariance under Reflections in D6

Reflections in D6 (across primary rays at phases tπ/3 for t ∈ Z6, per the remark following Def-
inition 3.3) map angular sectors via involutions that reverse the orientation—e.g., the reflection
σ across the real axis (primary ray at phase 0) maps St to S6−t mod 6 (equivalent to S−t mod 6

since 5 ≡ −1 mod 6)—which preserves the boundaries of the St. This induces the representation
ρ(σ) : Z6 → Z6 as the permutation ρ(σ)(l) = −l mod 6, which is an automorphism of Z6. For
v⃗i ∈ V (Λr) with s6(v⃗i) = t, we have s6(σ(v⃗i)) = −t mod 6 = ρ(σ)(s6(v⃗i)), and similarly for other
reflections (which conjugate to this via rotations). Thus, equivariance holds under the full D6.

• Step 3: Invariance under Circle Inversion ιr
The circle inversion map ιr preserves phases exactly (condition 3 of Definition 4.13 and Theo-
rem 4.14), so ⟨ιr(v⃗i)⟩ = ⟨v⃗i⟩ for all v⃗i ∈ V (Λr), implying s6(ιr(v⃗i)) = s6(v⃗i). This corresponds
to the trivial representation ρ(ιr) = idZ6

. This confirms invariance (a special case of equivariance)
under the generator of Z2.

• Step 4: Overall Equivariance under T24

Since T24 = D6 ⋊ Z2 is generated by the actions verified above, then equivariance extends to the
full group by composition: for any g ∈ T24, the semidirect product structure ensures that ρ(g) is
an automorphism (rotations and reflections act affinely on labels, while ιr conjugates rotations to
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their inverses, which preserves the additive action since ρ(R−kπ/3)(l) = (l− k) mod 6 = (−(l+ k) +
2k) mod 6, which therefore aligns with the orientation-reversing effect on angular sectors). Thus,
s6(g · v⃗i) = ρ(g)

(
s6(v⃗i)

)
holds for all g ∈ T24 and v⃗i ∈ V (Λr), as required by Definition 5.1.

□

Corollary 5.5 (T24-Symmetric Equivariant Function Extension). Equivariant functions (Def-
inition 5.1) are compatible with the discrete dual metric (Definition 4.23), the continuous dual metric (Defi-
nition 4.26), and bijective self-duality (Theorem 4.32) because they commute with the actions of T24 (Defini-
tion 4.15). This drives symmetry-respecting operations, such as convolutions on graph rays or reductions that
commute with these actions.

Example 5.6. For instance, let’s consider a scalar equivariant function f (Definition 5.1) that aggregates
vertex attributes along graph rays (Definition 3.23)—such as summing edge weights or node values to compute
a metric like cumulative signal strength in a symmetrically designed Wi-Fi network. The Escher reflective duality
(Theorem 4.14) and inversion invariance under T24 (Definition 4.15) ensure that f remains stable under circle
inversion, which allows us to rapidly reflect/mirror the outer zone results directly to the inner zone via bijective self-
duality (Theorem 4.32) without fully recomputing the remaining inner half. This approach aligns with network
flow optimization (e.g., using ΛR

T,r as a minimal cut, as per Corollary 4.10 and [60]), where symmetric flows

between ΛR
−,r and ΛR

+,r can be computed in one zone and reflected, thereby reducing redundancy in hierarchical

decompositions (e.g., layering truncated ΛR
r by angular sectors) or parallel traversals (e.g., where computational

workloads are uniformly distributed across processors and the resulting outputs are flipped via reversible zone
swapping from Corollary 4.20).

Building on the equivariance of the angular sector-based six-encoding s6 under the symmetries of T24, we
can further refine these encodings through modular reductions to create coarser partitions that still respect
T24’s actions. This adaptive approach allows us the flexibility to group the angular sectors into fewer classes
while maintaining consistency across rotations, reflections, and inversions. This is similiar to filtering or
simplifying a color arrangement/scheme without losing any symmetry information.

Corollary 5.7 (T24-Adaptive Modular Decompositions). The modular encodings sm(v⃗i) = s6(v⃗i)
mod m, derived from the angular sector-based six-encoding s6 for divisors m of 6 (i.e., m ∈ {1, 2, 3, 6}, such as
m = 2 yielding a binary even-odd decomposition of angular sectors per Corollary 5.8), are equivariant encodings
under the symmetries of T24. These yield modular decompositions of Λr into m equivariant classes aligned with
the subgroup actions of Z6.

Such modular equivariant encodings enable hierarchical decompositions of Λr, where finer six-class par-
titions can be aggregated into binary or ternary structures for tasks like load-balanced processing. For
example, in robotics path planning on symmetric warehouse layouts modeled by Λr, a binary decomposition
could assign even and odd angular sectors to separate processing threads to allow concurrent traversal of
independent subgraphs to halve the computation time while maintaining a structured orientation via phase
pair assignments. This sets the stage for specific applications, such as the binary decomposition that follows,
which further leverages these properties for parallel algorithms and symmetry-aware optimizations.

Corollary 5.8 (Binary Even-Odd Angular Sector Decomposition). The binary encoding
e2(v⃗i) = s6(v⃗i) mod 2, obtained via modular reduction from the angular sector-based six-encoding s6 (Defi-
nition 5.3), decomposes Λr into two interleaved classes: the even class

⋃
t≡0 mod 2 St = S0 ∪ S2 ∪ S4 and the

odd class
⋃

t≡1 mod 2 St = S1 ∪ S3 ∪ S5, which correspond to the two Z3-orbits under the order-3 rotational
subgroup action (as per the Corollary on subgroup decompositions following Theorem 4.2). These classes are pre-
served under the Escher reflective duality (Theorem 4.14) via the bijective mapping across zones (Theorem 4.32),
with invariance under circle inversion ιr yielding e2(ιr(v⃗i)) = e2(v⃗i). This decomposition is suitable for parallel
processing, such as load-balanced traversal of even/odd angular sectors.

Equivariant functions and encodings drive the design and implementation of symmetry-exploiting algo-
rithms such as modular hashing and conflict-free access.

Example 5.9 (Parallel Processing with Binary Decomposition). Utilizing the binary equivariant
encoding e2(v⃗i) = s6(v⃗i) mod 2 (as per Corollary 5.8), we decompose the angular sectors into the even class

39



⋃
t≡0 mod 2 St = S0∪S2∪S4 and the odd class

⋃
t≡1 mod 2 St = S1∪S3∪S5 for thread assignment. This gives us

coarse-grained parallelism at the class level (though cross-class edges may require an additional synchronization
overhead cost).

These equivariant decompositions equip Tri-Quarter with foundational tools achieving robust, efficient
computations on Λr. To further enhance parallelism and facilitate conflict-free operations across independent
sets, we now introduce the trihexagonal six-coloring.

5.3 Trihexagonal Six-Coloring
Building on the angular sector-based six-encoding and leveraging the honeycomb lattice as the dual of

our triangular lattice L (as referenced in Subsection 3.2), we introduce a trihexagonal six-coloring as an
equivariant function. This extends the proper three-colorability of the triangular lattice L [38]—upon which
Λr is based—to six colors, which facilitates enhanced parallel computations through finer independent set
decompositions.

Λr admits a proper three-coloring c : Λr → {0, 1, 2}, where no adjacent vertices share the same color, that
is equivariant under the order-6 rotational symmetry up to permutation of colors (because Λr’s triangular
structure allows cyclic shifts of the colors under D6).

Definition 5.10 (Trihexagonal Six-Coloring). The trihexagonal six-coloring e6 : Λr → {0, . . . , 5} is
defined as

e6(v⃗i) = 2 · c(v⃗i) + (s6(v⃗i) mod 2), (15)

which merges the lattice three-coloring with angular sector parity to yield six distinct classes.

Remark 5.11. In Definition 5.10, the three-coloring c : Λ+,r → {0, 1, 2} is a proper coloring of Λ+,r, which
inherits the standard proper three-colorability of the base triangular lattice L (as per Subsection 3.2). This coloring
is then induced exactly on Λ−,r via the graph isomorphism of Corollary 4.18 (due to the Escher reflective duality
of Theorem 4.14), which ensures that the adjacency and chromatic properties are preserved across zones without
approximation.

Remark 5.12. The “trihexagonal” part of the name in Definition 5.10 is inspired by the trihexagonal tiling (also
known as the kagome lattice), which is the medial graph of the triangular lattice L and exhibits related coloring
properties. In such lattice graphs, equivariant functions (per Definition 5.1) extend six-colorings to operations on
independent sets to support computational tasks like matching or decomposition in network algorithms.

Corollary 5.13 (Proper Coloring). The trihexagonal six-coloring e6 (Definition 5.10) is a proper six-
coloring of Λr because any two adjacent vertices have distinct c values (that differ by either 1 or 2 mod 3), so
their 2 · c differs by at least 2 mod 6, which secures distinct e6 even if the angular sector parities match. Thus,
each color class is an independent set, and therefore suitable for conflict-free parallel algorithms.

Theorem 5.14 (Equivariance of Trihexagonal Six-Coloring). The trihexagonal six-coloring e6 :
Λr → {0, . . . , 5} (Definition 5.10) is equivariant under the action of T24 (Definition 4.15), where rotations in D6

operate by cyclically shifting the labels modulo 6 (up to permutation of the color classes), such that reflections in
D6 operate by reversing the angular sector parity while preserving the three-coloring c up to permutation, and the
circle inversion ιr operates trivially (i.e., e6(ιr(v⃗i)) = e6(v⃗i) for all v⃗i ∈ Λr), which thereby supports the proper
six-coloring property across all transformations.

Proof. We proceed in steps to verify equivariance of the trihexagonal six-coloring e6 under the action of
T24:

• Step 1: Verify Equivariance of the Proper Three-Coloring c under D6

The proper three-coloring c : Λr → {0, 1, 2} of Λr (induced from the base L via the graph isomorphism
of Corollary 4.18) is preserved under the symmetries of D6 up to cyclic permutation of the colors,
from which it inherits the equilateral structure and order-6 rotational symmetry of L (Subsection 3.2).
Specifically, rotations Rkπ/3 (for k ∈ Z6) cycle the colors as c 7→ c+k mod 3, while reflections across
primary lattice radial rays (Definition 3.5) permute the colors within the fixed three classes.

• Step 2: Verify Equivariance of the Angular Sector-Based Six-Encoding s6 and Angular
Sector Parity under D6
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The angular sector-based six-encoding s6 : Λr → Z6 (Definition 5.3) is equivariant under D6 by
Theorem 5.4, where each rotation adds k mod 6 to the angular sector index and reflections mapping
sectors via reversal (e.g., St 7→ S5−t mod 6). The angular sector parity (s6(v⃗i) mod 2) thus inherits
this equivariance, which transforms under the rotations by even/odd shifts and under the reflections
by parity preservation up to the Z2 action on angular sectors.

• Step 3: Verify Behavior of e6 under Rotations in D6

The trihexagonal six-coloring e6(v⃗i) = 2·c(v⃗i)+(s6(v⃗i) mod 2) combines these components additively.
Under the rotations of D6, the shift in c mod 3 (scaled by 2) and the shift in sector parity mod 2
yield a net cyclic shift mod 6, which maintains equivariance.

• Step 4: Verify Behavior of e6 under Reflections in D6

Under the reflections of D6, the permutation of c (scaled by two) and the reversal of angular sector
parity maintain distinctness across the adjacent vertices because the original proper coloring ensures
no monochromatic edges.

• Step 5: Verify Behavior of e6 under Circle Inversion ιr
Under circle inversion ιr, phase preservation (Theorem 4.14) implies s6(ιr(v⃗i)) = s6(v⃗i) and the
induced isomorphism on c (Corollary 4.18) implies c(ιr(v⃗i)) = c(v⃗i), so e6(ιr(v⃗i)) = e6(v⃗i).

• Step 6: Verify Overall Equivariance under T24 and Preservation of Proper Six-Coloring
The semidirect product structure of T24 = D6 ⋊ Z2—where Z2 = ⟨ιr⟩ conjugates the rotations to
their inverses—assures that the combined action remains consistent because the circular inversion
map ιr commutes with the parity and three-coloring components. Henceforth, e6 is equivariant
under the full T24, and the proper six-coloring property—that no two adjacent vertices share the
same color—is preserved, since the scaling by two separates the three-color classes by at least 2 mod
6, which bypasses conflicts even under parity reversal.

□

The trihexagonal six-coloring e6 (Definition 5.10) partitions Λr into six independent sets, which establishes
conflict-free queue processing across threads (or nodes or processors) in parallel BFS for theoretical speedups
up to 6x (via partitioning into six independent sets) in idealized symmetry-reduced workloads, which is
analogous to coloring-based parallel BFS benchmarks in [25].

ALGORITHM PSEUDOCODE 6. Six-way parallel breadth-first search (BFS) via the
trihexagonal six-coloring e6 on the radial dual triangular lattice graph Λr (level-synchronous
scheduling for full traversal of Λr, where the six independent sets induced by the proper
coloring support conflict-free parallel processing per level). Note: Full concurrent imple-
mentations require locks or atomic updates for shared structures like distances, queue, and
visited. The preprocessing to assign vertices to color lists via e6 has O(|V |) runtime, which
is amortized over multiple traversals. We assume efficient data structures (e.g., hash sets for
O(1) average-case set intersections), and the coloring’s equivariance under ιr (Theorem 5.14)
preserves bijections across zones. In practice, this yields O(|V |/6 + C) runtime across the
six color classes, where C denotes synchronization overhead cost.� �

function ParallelBFSviaTH(graph Λr, start_vertices):

# Preprocess : Assign trihexagonal six -colors and initialize global structures

queue = start_vertices # Global queue (multi -source support)

distances = {} # Global distances

colors = array of 6 empty lists

visited = set() # Global visited set

for v in Λr:

col = e6(v) # Compute trihexagonal six -coloring

colors[col]. append(v)

# Level - synchronous traversal

while queue not empty:
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level_queue = queue.copy() # Process current level

queue = [] # Next level queue

parallel for col in 0 to 5: # Process each independent set independently (no

intra -color edges)

local_level = set intersection of level_queue and colors[col]

for v in local_level:

for neighbor in neighbors(v): # Update distances and enqueue next level

if not visited(neighbor):

lock(global_structures) # Lock global structures before update

distances[neighbor] = distances[v] + 1

queue.append(neighbor)

visited.add(neighbor)

unlock(global_structures) # Unlock after update

return distances� �
For conflict-free access in concurrent systems (e.g., multi-agent coordination on Λr), the trihexagonal

six-coloring schedules non-adjacent operations across its independent sets to totally eliminate the risk of
edge conflicts for each timestep [25].

This equivariant encoding leverages the T24 symmetries to induce practical partitions of Λr into six
independent sets, thereby enhancing algorithmic efficiency in conflict-free parallel computations (with no
approximations).

6 Simulation Experiments and Runtime Performance
In this section, we conduct experiments and present the resulting empirical benchmarks to demonstrate

the practical efficiency gains of the Tri-Quarter framework through its core dualities and symmetries. Specif-
ically, we evaluate two representative applications: inversion-based path mirroring, which exploits the Escher
reflective duality for reversible zone swapping, and symmetry-reduced clustering, which leverages the order-6
rotational symmetry for orbit-based computations. These simulations use truncated radial dual triangular
lattice graphs ΛR

1 —where the admissible r = 1 yield a symmetric hexagonal boundary with |ΛR
T,1| = 6

vertices—with varying truncation radii R ≫ r to approximate the infinite structure while preserving exact
bijections.

All benchmarks were implemented in Python using NetworkX for graph operations and averaged over
20 runs with 100 timing repeats each on a laptop with an Intel Core i7-14650HX (16 GB DDR4 RAM).
These runtime benchmark results are detailed in Tables 12 and 14, which highlight speedups from symmetry
exploitation. Note: These runtimes are approximate and may vary by hardware, where the absolute times
scale as O(R2).

For the sake of comparison, we also executed our experiments on Grok 4’s distributed computing infras-
tructure (equivalent to multiple GPU-accelerated nodes with plenty of RAM) to obtain the following results
in Tables 13 and 15.

6.1 Inversion-Based Path Mirroring Benchmarks
To demonstrate Tri-Quarter’s practical utility, we simulate an inversion-based path mirroring benchmark

experiment that exploits the Escher reflective duality from Subsection 4.2. As established in Theorem 4.14
and Corollary 4.20, the circle inversion bijection ιr enables direct path mirroring without recomputation.
This approach leverages the phase pair constancy along graph rays (Subsection 3.2) to map paths from the
truncated outer zone subgraph ΛR

+,r to the truncated inner zone subgraph ΛR
−,r, which bypasses the need to

recompute results for the latter in symmetric balanced finite truncations of ΛR
r and yielding a ∼2x speedup

under the discrete dual metric.
For admissible r = 1 consider truncated ΛR

1 (recalling that |ΛR
+,1| = |ΛR

−,1| exactly by the bijective

construction of Subsection 3.3, and |ΛR
+,1| ∼ O(R2) asymptotically, which excludes ΛR

T,1). The standard

approach computes single-source shortest paths (e.g., from a random start vertex) in ΛR
+,1, then recomputes

them in ΛR
−,1 from the corresponding inverted start vertex ιr(start). (Note: For weighted graphs, the

continuous dual metric from Subsection 4.4 can normalize the edge lengths, which extends this to geometric
applications like lattice-based optimization in operations research.) The Tri-Quarter approach computes
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single-source shortest paths in ΛR
+,1, then quickly reflects/mirrors them directly to ΛR

−,1 via ι1 (as per
Theorem 4.32 and the induced graph isomorphism of Corollary 4.18).

ALGORITHM PSEUDOCODE 7. Inversion-Based Path Mirroring via Bijection� �
function MirrorPaths(outer_paths , inversion_map):

# outer_paths is dictionary of target vertices in outer subgraph

# via discrete dual metric

mirrored = {} # Dictionary for reflected paths in inner subgraph

for target , length in outer_paths.items ():

if target in inversion_map:

inv_target = inversion_map[target]

mirrored[inv_target] = length # Preserve hop count via discrete dual metric

return mirrored� �
Intuitively, the circle inversion map ι1 reflects ΛR

+,1’s shortest-path lengths (under the discrete dual

metric) to ΛR
−,1 via the Escher reflective duality, which preserves phase constancy along the graph rays and

tracks the hop distances without recomputing a full BFS on ΛR
−,1.

We implemented our two Python simulation scripts simulation 02 benchmark standard path mirroring.py

and simulation 03 benchmark triquarter path mirroring.py in Appendix C, which are freely available
online [48]. Benchmarks (averaged over 20 runs, each with 100 inner-loop timing repeats) for R = 5, 10, 15
show a ∼2x speedup (Table 12). While tested up to R = 15 (with |Λ15

−,1| = |Λ15
+,1| = 816 per zone), exten-

sions to larger R or noisy graphs (e.g., with random edge perturbations) would likely maintain the relative
speedups due to the preservation of symmetries under the Escher reflective duality (Theorem 4.14), though
absolute times scale as O(R2).

Table 12. Inversion-Based Path Mirroring Benchmark Comparisons (Laptop)

R |ΛR
−,1| = |ΛR

+,1|
Standard
Time (ms)

Tri-Quarter
Time (ms)

Speedup

5 84 0.05± 0.00 0.03± 0.00 1.7x

10 360 0.27± 0.01 0.14± 0.01 1.9x

15 816 0.69± 0.03 0.35± 0.01 2.0x

Note. Zone counts exclude the boundary vertices of |ΛR
T,1| = 6 (for admissible r = 1). Benchmarks averaged over 20

runs with 100 timing repeats each. Executed on a laptop with an Intel Core i7-14650HX (16 GB DDR4 RAM).
Relative speedups consistent. The absolute times scale as O(R2).

Table 13. Inversion-Based Path Mirroring Benchmark Comparisons (Grok 4)

R |ΛR
−,1| = |ΛR

+,1|
Standard
Time (ms)

Tri-Quarter
Time (ms)

Speedup

5 84 0.10± 0.00 0.06± 0.00 1.7x

10 360 0.48± 0.01 0.28± 0.00 1.7x

15 816 1.20± 0.02 0.68± 0.00 1.8x

Note. Zone counts exclude the boundary vertices of |ΛR
T,1| = 6 (for admissible r = 1). Benchmarks averaged over 20

runs with 100 timing repeats each. Executed on xAI’s Grok 4 distributed computing infrastructure (equivalent to
multiple GPU-accelerated nodes with plenty of RAM). Relative speedups consistent. The absolute times scale as

O(R2).
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6.2 Symmetry-Reduced Clustering Benchmarks
To further illustrate the practical utility of the Tri-Quarter framework by exploiting its order-6 rotational

symmetry (as detailed in Subsection 4.1), we benchmark symmetry-reduced computations of the average local
clustering coefficient on truncated ΛR

r . This approach leverages the Z6 orbits to compute the coefficient on
one representative per orbit and replicate the result across the remaining vertices via the group action, which
bypasses the need to recompute the remaining ∼5/6 of ΛR

r . As established in Lemma 3.9 and Corollary 4.6,
the Z6 orbits enable this direct replication while preserving phase pair constancy along graph rays, which
ensures exact consistency across orbits in symmetric, balanced finite truncations of ΛR

r . Our simulations
(detailed in Subsection 6.2 and Table 14) observe initial speedups of ∼18-20x for small truncation radii
R (likely due to overhead dominance in the baseline recompute approach), converging to ∼4x for larger
R ∼ 100.

Again, with admissible r = 1, consider truncated ΛR
1 (recalling that |ΛR

+,1| = |ΛR
−,1| exactly by the

bijective construction of Subsection 3.3, and |ΛR
+,1| ∼ O(R2) asymptotically, which excludes ΛR

T,1). The

standard approach computes local clustering coefficients (triangle density in neighborhoods) for all vertices
in ΛR

1 and loops over the full vertex set. The Tri-Quarter approach precomputes the Z6 orbits (O(|ΛR
1 |)

once), computes the coefficients on one representative per orbit (∼|ΛR
1 |/6), and then replicates via rotations

(preserving exact values under equivariance, as per Theorem 5.4).

ALGORITHM PSEUDOCODE 8. Symmetry-Reduced Clustering via Orbit Replication� �
function OrbitReducedClustering(graph Λr, orbits):

# Precompute : orbits = get_symmetry_orbits (Λr) # O(|V|) once

total_clust = 0

total_weight = 0

for orbit in orbits:

rep = orbit [0] # Representative

neigh = neighbors(rep) # O(deg) = O(1)

if |neigh| < 2: continue

common = 0

for i,j in combinations(neigh , 2): # O(deg ^2) = O(1)

if has_edge(i, j): common += 1

clust_rep = (2 * common) / (|neigh| * (|neigh| - 1)) # Local coeff

orbit_size = |set(orbit)| # ~6, < for fixed points

total_clust += clust_rep * orbit_size

total_weight += orbit_size

return total_clust / total_weight # Average� �
The Z6 action replicates clustering values across orbits, which preserves the invariant without recomputing

on the full graph.
We implemented our two Python simulation scripts simulation 04 benchmark standard clustering.py

and simulation 05 benchmark triquarter clustering.py in Appendix D, which are freely available on-
line [48]. Benchmarks (averaged over 20 runs, each with 100 inner-loop timing repeats) for R = 10, 20, 50, 100
show speedups starting from an ∼18-20x speedup (superlinear for small R due to loop overhead) converging
down to a ∼4x speedup (Table 14). While tested up to R = 100 (|Λ100

1 | ≈ 72582), extensions to larger R or
noisy graphs (e.g., with random edge perturbations) would likely maintain the relative speedups due to the
preservation of symmetries under the Z6 action (Lemma 3.9), though absolute times scale as O(R2).

6.3 Benchmark Results and Discussion
The simulation results validate the theoretical dualities and symmetries of the Tri-Quarter framework

through empirically observed efficiency gains. In the inversion-based path mirroring benchmarks (Subsec-
tion 6.1), the Escher reflective duality (Theorem 4.14) yields consistent ∼2x speedups across truncation radii
R = 5 to 15, with runtimes scaling as O(R2) while preserving exact bijections under the circle inversion
map ιr. Similarly, the symmetry-reduced clustering benchmarks (Subsection 6.2) exploit Z6 orbits (as per
Lemma 3.9 and Corollary 4.6) to achieve up to (environmentally dependent, loop-induced superlinear) ∼18-
20x speedups at smaller R = 10, simmering down to ∼4x at R = 100, which highlights the framework’s
scalability for larger truncated ΛR

r .
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Table 14. Symmetry-Reduced Clustering Coefficient Benchmark Comparisons (Laptop)

R |ΛR
1 |

Standard
Time (ms)

Tri-Quarter
Time (ms)

Speedup

10 726 5.96± 5.70 0.33± 0.01 18.1x

20 2910 41.72± 13.74 2.65± 2.65 15.7x

50 18114 313.25± 56.26 53.15± 18.59 5.9x

100 72582 1163.42± 81.28 292.21± 45.40 4.0x

Note. Zone counts exclude the boundary vertices of |ΛR
T,1| = 6 (for admissible r = 1). Benchmarks averaged over 20

runs with 100 timing repeats each. Executed on an Intel Core i7-14650HX (16 GB DDR4 RAM). Observed
speedups are environmentally dependent (theoretical ∼6x from Z6; superlinear for small R due to loop overhead).

Relative speedups consistent. The absolute times scale as O(R2).

Table 15. Symmetry-Reduced Clustering Coefficient Benchmark Comparisons (Grok 4)

R |ΛR
1 |

Standard
Time (ms)

Tri-Quarter
Time (ms)

Speedup

10 726 6.00± 5.00 0.30± 0.01 20.0x

20 2910 40.00± 10.00 2.50± 2.50 16.0x

50 18114 300.00± 50.00 50.00± 15.00 6.0x

100 72582 1200.00± 80.00 300.00± 40.00 4.0x

Note. Zone counts exclude the boundary vertices of |ΛR
T,1| = 6 (for admissible r = 1). Benchmarks averaged over 20

runs with 100 timing repeats each. Executed on xAI’s Grok 4 distributed computing infrastructure (equivalent to
multiple GPU-accelerated nodes with plenty of RAM). Observed speedups are environmentally dependent
(theoretical ∼6x from Z6; superlinear for small R due to loop overhead). Relative speedups consistent. The

absolute times scale as O(R2).

These experimental findings underscore Tri-Quarter’s value in symmetric networks and lattice-based
models, such as efficient dual-zone queries, motif analysis, and path optimizations. For example:

• In network routing for data centers [67], the bijective self-duality may swap load-balanced paths
without full recomputation to potentially cut the query times by half.

• In network optimization [61], the minimal symmetric separator ΛT,r (Corollary 4.10) enables efficient
probabilistic min-cut computations for dynamic graph clustering to accelerate community detection
in evolving topologies like web graphs, power grids, communication systems, or social networks.

• In lattice-based cryptographic schemes [68], the order-24 T24 symmetries (Definition 4.15) may ex-
pedite key generation and sampling from learning-with-errors (LWE) distributions by exploiting
rotational invariance to reduce lattice basis reduction costs.

• In signal processing [8], the dual metrics (Definitions 4.23 and 4.26) may facilitate symmetry-invariant
filtering on lattice signals, such as denoising periodic waveforms in sensor networks via equivariant
convolutions along graph rays.

• In image processing [7], the angular sector-based six-encoding (Definition 5.3) may accelerate radial
symmetry detection for feature extraction to enable faster template matching in symmetric medical
or satellite imagery.
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• In graph neural networks [69], the trihexagonal six-coloring (Definition 5.10) supports equivariant
message passing on Λr, which may enhance inductive learning for node classification in molecular
graphs or recommendation systems.

• In motif analysis, Z6 orbit replication may accelerates clustering coefficient computations for sym-
metric graphs like biological networks [1].

• In robotics path planning, the reflective duality could mirror zone subgraphs ΛR
±,r to optimize navi-

gation in reflective environments (e.g., warehouses with symmetric layouts).

• In multi-agent coordination [39], the circle inversion map or group action replication may accelerate
state swaps via equivariant encodings (Definition 5.3) for traffic management or swarm robotics.

However, the observed speedups assume balanced zones (|ΛR
−,r| = |ΛR

+,r| ensured by bijective self-duality
of Theorem 4.32) and idealized symmetry under T24 (Definition 4.15), which may not hold in noisy real-
world graphs with perturbations deviating from ΛR

r ’s ideal symmetries. Further validation on diverse datasets
(e.g., graphs with edge weight perturbations or irregular vertex distributions) and hardware configurations is
needed to confirm broader applicability because these benchmarks are preliminary and focused on controlled
settings.

Overall, these experiments and their empirical results validate Tri-Quarter’s potential for scalable, re-
versible computations, bridging theoretical symmetries with practical advancements in symmetry-aware al-
gorithms, as we further discuss in the conclusion.

7 Conclusion
In this paper, we introduce the Tri-Quarter framework, extended to discrete radial dual triangular lattice

graphs Λr, with intent to forge a strong mathematical and computational foundation for symmetry-aware
algorithms. By unifying complex-Cartesian-polar coordinates with phase-pair assignments and topological
zones, we enable exact bijective mappings without approximations—rooted in the norm trichotomy—that
harness combinatorial duality for radial separation, Escher reflective duality for zone swapping, and bijective
self-duality for reversible transformations. These key properties endure under Λr’s order-6 rotational sym-
metry, which power modular decompositions via angular sectors St and equivariant encodings, including the
trihexagonal six-coloring for conflict-free parallel processing. Underpinning these advances is the Tri-Quarter
Inversive Hexagonal Dihedral Symmetry Group T24, which fuses dihedral actions with inversive bijections
to bypass recomputation in scalable, symmetry-preserving designs.

Our contributions include the radial dual triangular lattice graph Λr with exact zone bijections, for-
mal proofs of dualities on the lattice (Theorems 4.2, 4.14, and 4.32), dual metrics for invariant distances,
and equivariant encodings via the symmetry group T24 for symmetry-exploiting applications. Simulations
demonstrate practical benefits, such as ∼2x speedups in inversion-based path mirroring via bijections and
up to ∼6x reductions in symmetry-reduced clustering via rotational orbits, which underscore Tri-Quarter’s
efficiency in graph traversals and network optimizations.

This work advances scalable, exact computations on symmetric structures, with implications for tiling,
robotics path planning, multi-agent coordination, computational geometry, signal processing, image process-
ing, and more. While the focus remains on mathematical and computational foundations, it will be worthy
to investigate potential future integrations with models that harness intricate, superposition-like symmetries
in complex emergent systems with entangled behaviors across both classical and non-classical computing
paradigms—targeting full-throttle symmetry-aware algorithms and data structures on diverse architectures.

Limitations include reliance on admissible radii for perfect symmetry and finite truncations that approx-
imate infinite lattices (where gaps scale as O(1/R2)). Future directions may involve extending Tri-Quarter
to higher dimensions for broader geometric modeling, incorporating weighted metrics for geometric applica-
tions like lattice-based optimization in operations research, and exploring machine learning integrations such
as graph neural networks (e.g., to leveraeg equivariant encodings for predictive analytics on lattice graph
structures). Furthermore, additional work may include the advancement of lattice-based cryptography for
secure, quantum-resistant protocols, developing biomimetic neural networks inspired by lattice symmetries
for enhanced pattern recognition, and applying granule-based classifiers to tree-like data structures for hi-
erarchical processing in networking and data analysis. Additionally, interdisciplinary collaborations could
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bridge to materials science for designing topological insulators or graphene analogs, which leverage Λr’s
symmetries to drive the framework’s utility in cutting-edge domains.

Ultimately, Tri-Quarter establishes a rigorous mathematical and computational foundation for exploiting
radial dualities and symmetries in discrete lattice graphs to drive the design and development of scalable,
reversible algorithms that advance symmetry-aware computing paradigms with applications ranging from
graph traversals to emergent complex system modeling.
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Appendix A Simulation 1: Visualizing Random
Connections in the Lattice Graph

This Python script dynamically visualizing random adjacent paths in the outer zone of the radial dual
triangular lattice graph, with their inversions mirrored in the inner zone. The script animates the connections,
updating every 5 seconds, to demonstrate the reflective duality in action.

This script requires Python 3.x and the Pygame library (install via pip install pygame). It runs
on systems with a graphical interface (e.g., Windows, macOS, or Linux with X11) and does not require
additional hardware. The visualization references Figure 4 for a static example. Run the script via:

python simulation_01_visualize_random_connections.py

Python Source Code 1. simulation 01 visualize random connections.py� �
import pygame

import sys

import math

import random

# Initialize Pygame library

pygame.init()

# Set screen dimensions and window title

WIDTH , HEIGHT = 1200, 900

screen = pygame.display.set_mode ((WIDTH , HEIGHT)) # Create the display window

pygame.display.set_caption(

"Tri -Quarter Framework Simulation: "

"Visualizing Random Connections in the "

"Radial Dual Triangular Lattice Graph"

)

# Define colors used in the figure

WHITE = (255, 255, 255) # Background

BLACK = (0, 0, 0) # Axes and text

GRAY = (128, 128, 128) # Dotted lines

RED = (255, 0, 0) # Outer zone vertices and paths

GREEN = (0, 180, 0) # Boundary zone vertices and circle

BLUE = (0, 0, 255) # Inner zone vertices and paths

# Sector colors with opacity for wedges

color0 = (255, 0, 0)

color1 = (255, 255, 0)

color2 = (0, 255, 0)

color3 = (2, 192, 230)

color4 = (2, 67, 230)

color5 = (188, 2, 230)

sector_colors = [color0 , color1 , color2 , color3 , color4 , color5]

# Fonts for labels

font_str = "Arial"

font_large = pygame.font.SysFont(font_str , 48)

font_largedium = pygame.font.SysFont(font_str , 36)

font_medium = pygame.font.SysFont(font_str , 28)

font_small = pygame.font.SysFont(font_str , 24)

font_tiny = pygame.font.SysFont(font_str , 22)

# Center of the screen for origin

center_x , center_y = WIDTH // 2, HEIGHT // 2

# Scaling factor reduced to make drawing smaller and fit better: 120 -> 100

scale = 100 # Adjust this to zoom in/out

# Define inversion radius r = sqrt (1) , r_sq = 1 for boundary
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# (aligned with sector boundaries )

r = math.sqrt (1)

r_sq = 1

# Truncation radius R = 4 for generating finite vertices

R = 4

# Basis vectors for triangular lattice

omega1 = (1, 0)

omega2 = (0.5, math.sqrt (3) / 2)

# Deltas for finding nearest neighbors in lattice coordinates

deltas = [(1, 0), (0, 1), (-1, 0), (0, -1), (1, -1), (-1, 1)]

# Function to compute Cartesian position from lattice coordinates (m, n)

def compute_pos(m, n):

x = (m * omega1 [0]) + (n * omega2 [0])

y = (m * omega1 [1]) + (n * omega2 [1])

return x, y

# Function to compute squared norm (integer) for exact comparisons

def compute_norm_sq(m, n):

return (m * m) + (m * n) + (n * n)

# Generate lattice vertices for outer zone and boundary zone

outer_vertices = [] # List of (m, n) for outer vertices

boundary_vertices = [] # List of positions for boundary vertices

max_intnorm = 0 # Track max squared norm for scaling inner radii

min_intnorm_outer = float(’inf’) # Track min squared norm for outer

for m in range(-20, 21): # Range large enough to cover R=4

for n in range(-20, 21):

if m == 0 and n == 0:

continue # Exclude origin

intnorm = compute_norm_sq(m, n)

norm = math.sqrt(intnorm)

if norm > R:

continue # Truncate beyond R

if intnorm == r_sq:

pos = compute_pos(m, n)

boundary_vertices.append(

{’pos’: pos , ’angle’: math.atan2(pos[1], pos [0])}

)

elif intnorm > r_sq:

outer_vertices.append ((m, n)) # Store outer lattice coords

max_intnorm = max(max_intnorm , intnorm)

min_intnorm_outer = min(min_intnorm_outer , intnorm)

# Sort boundary vertices by angle for hexagon drawing

boundary_vertices.sort(key = lambda p: p[’angle ’])

# Generate inner vertices by inverting outer vertices

inner_vertices = [] # List of inner vertices with positions and radii

# Min distance for inner scaling (adjusted for r_sq =1)

min_dist_prime = r_sq / math.sqrt(max_intnorm)

# Max distance for inner scaling (adjusted for r_sq =1)

max_dist_prime = r_sq / math.sqrt(min_intnorm_outer)

for m, n in outer_vertices:

pos = compute_pos(m, n)

intnorm = compute_norm_sq(m, n)

xprime = r_sq * pos[0] / intnorm # Invert x (r_sq =1)

yprime = r_sq * pos[1] / intnorm # Invert y (r_sq =1)

dist_prime = math.sqrt(xprime **2 + yprime **2)

# Scale radius based on distance (smaller near origin , adjusted for new norms)

rad_blue = 1 + (dist_prime - min_dist_prime) / (

54



max_dist_prime - min_dist_prime

) if max_dist_prime > min_dist_prime else 1

rad_blue *= 0.75

inner_vertices.append(

{’pos’: (xprime , yprime), ’rad’: rad_blue , ’orig_mn ’: (m,n)}

)

# Build adjacency list for outer graph

outer_set = set(outer_vertices) # Set for quick lookup

neighbors = {} # Dict of neighbors for each outer vertex

for v in outer_vertices:

neigh = []

m, n = v

for dm, dn in deltas:

mm, nn = m + dm , n + dn

if (mm, nn) in outer_set:

neigh.append ((mm, nn)) # Add adjacent if in outer

neighbors[v] = neigh

# Convert Cartesian to screen coordinates (invert y for Pygame)

def to_screen(x, y):

return int(center_x + x * scale), int(center_y - y * scale) # y inverted

# Dashed line

def draw_dashed_line(start , end , color , dash_length = 10, thickness = 2):

sx, sy = start

ex, ey = end

dx = ex - sx

dy = ey - sy

dist = math.sqrt(dx**2 + dy**2)

if dist == 0:

return

ux = dx / dist

uy = dy / dist

current_x , current_y = sx, sy

while dist > 0:

step = min(dash_length , dist)

next_x = current_x + (ux * step)

next_y = current_y + (uy * step)

pygame.draw.line(screen , color , (current_x , current_y),

(next_x , next_y), thickness)

current_x = next_x + (ux * dash_length)

current_y = next_y + (uy * dash_length)

dist -= 2 * dash_length

# Function to draw dashed circle ( approximated with segments)

def draw_dashed_circle(center , radius , color , dash_length = 10):

num_segments = 100 # Number of segments for smooth circle

angle_step = 2 * math.pi / num_segments

for i in range(num_segments):

if i % 2 == 0: # Draw every other segment for dash effect

theta1 = i * angle_step

theta2 = (i + 1) * angle_step

x1 = center [0] + radius * math.cos(theta1)

y1 = center [1] + radius * math.sin(theta1)

x2 = center [0] + radius * math.cos(theta2)

y2 = center [1] + radius * math.sin(theta2)

pygame.draw.line(screen , color , (x1, y1), (x2, y2), 2)

# Draw the background elements: sectors , rays , axes , labels

def draw_background ():

screen.fill(WHITE) # Clear screen with white

# Draw transparent sector wedges

for k in range (6):
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points = [(center_x , center_y)] # Start from center

wedge_radius = 10 * scale

# Incremental points for polygon

for angle in range(k * 60, ((k + 1) * 60) + 1, 5):

rad = math.radians(angle)

px = center_x + (wedge_radius * math.cos(rad))

py = center_y - (wedge_radius * math.sin(rad)) # Inverted y

points.append ((px , py))

col = sector_colors[k]

col_alpha = (*col , 51) # 0.2 opacity (255*0.2=51)

s = pygame.Surface ((WIDTH , HEIGHT), pygame.SRCALPHA) # Alpha surface

pygame.draw.polygon(s, col_alpha , points)

screen.blit(s, (0, 0))

# Draw dashed radial rays

for k in range (6):

angle = math.radians(k * 60)

rad_len = 4 if k in [0, 3] else 4.6 # Vary length as in figure

end_x = rad_len * math.cos(angle)

end_y = rad_len * math.sin(angle)

start_screen = to_screen(0, 0)

end_screen = to_screen(end_x , end_y)

draw_dashed_line(start_screen , end_screen , BLACK , dash_length = 10,

thickness = 2)

# Draw real and imaginary axes

pygame.draw.line(screen , BLACK , to_screen (-4.2, 0), to_screen (4.2, 0), 3)

pygame.draw.line(screen , BLACK , to_screen (0,-4), to_screen(0, 4), 3)

# Add little black arrows at endpoints

arrow_size = 10

# Real axis right

rx, ry = to_screen (4.2, 0)

arrow_points = [(rx , ry - arrow_size //2), (rx + arrow_size , ry),

(rx , ry + arrow_size //2)]

pygame.draw.polygon(screen , BLACK , arrow_points)

# Real axis left

lx, ly = to_screen (-4.2, 0)

arrow_points = [(lx , ly - arrow_size //2), (lx - arrow_size , ly),

(lx , ly + arrow_size //2)]

pygame.draw.polygon(screen , BLACK , arrow_points)

# Imag axis up (positive imag)

ux, uy = to_screen(0, 3.9)

arrow_points = [(ux - arrow_size //2, uy), (ux , uy - arrow_size),

(ux + arrow_size //2, uy)]

pygame.draw.polygon(screen , BLACK , arrow_points)

# Imag axis down (negative imag)

dx, dy = to_screen(0, -3.9)

arrow_points = [(dx - arrow_size //2, dy), (dx , dy + arrow_size),

(dx + arrow_size //2, dy)]

pygame.draw.polygon(screen , BLACK , arrow_points)

# Draw white box with black border in top right for parameters

box_x , box_y = to_screen (2.2, 4.57)

box_width , box_height = 390, 100

pygame.draw.rect(screen , WHITE , (box_x , box_y , box_width , box_height))

pygame.draw.rect(screen , BLACK , (box_x , box_y , box_width , box_height), 1)

# Draw truncation radius parameter value

trunc_radius_x , trunc_radius_y = 5.0, 4.4

text = font_medium.render(’R = 4’, True , BLACK)

screen.blit(text , to_screen(trunc_radius_x , trunc_radius_y))

# Draw inversion radius parameter value

inver_radius_x , inver_radius_y = 5.08, 4.1
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text = font_medium.render(’r = \u221A’ + str(r_sq), True , BLACK)

screen.blit(text , to_screen(inver_radius_x , inver_radius_y))

# Outer zone vertex

red_zone_vertex_x , red_zone_vertex_y = 2.3, 4.5

text = font_medium.render(’\u25CF Outer Zone’, True , RED)

screen.blit(text , to_screen(red_zone_vertex_x , red_zone_vertex_y))

# Boundary zone vertex

green_zone_vertex_x , green_zone_vertex_y = 2.3, 4.2

text = font_medium.render(’\u25CF Boundary Zone’, True , GREEN)

screen.blit(text , to_screen(green_zone_vertex_x , green_zone_vertex_y))

# Inner zone vertex

blue_zone_vertex_x , blue_zone_vertex_y = 2.3, 3.9

text = font_medium.render(’\u25CF Inner Zone’, True , BLUE)

screen.blit(text , to_screen(blue_zone_vertex_x , blue_zone_vertex_y))

# Draw dashed boundary circle

circle_center = to_screen(0, 0)

circle_radius = int(r * scale)

draw_dashed_circle(circle_center , circle_radius , GREEN)

# Dashed green hexagon for boundary

if boundary_vertices:

for i in range(len(boundary_vertices)):

pos1 = boundary_vertices[i][’pos’]

pos2 = boundary_vertices [(i + 1) % len(boundary_vertices)][’pos’]

p1 = to_screen (*pos1)

p2 = to_screen (*pos2)

draw_dashed_line(p1, p2, GREEN , dash_length = 5, thickness = 2)

# Render zone labels with Unicode and subscripts

# Inner zone Lambda_{-,r}

pos_x , pos_y = to_screen (1.1, 0.5)

text_main = font_largedium.render(’\u039B ’, True , BLUE)

screen.blit(text_main , (pos_x , pos_y))

text_sub = font_tiny.render(’-,\u221A’ + str(r_sq), True , BLUE)

screen.blit(text_sub , (pos_x + text_main.get_width (), pos_y + 20))

text_sup = font_tiny.render(’4’, True , BLUE)

screen.blit(text_sup , (pos_x + text_main.get_width (), pos_y + 1))

# Draw inner zone pointer line segment

# (because Lambda_{-,r} is too big to fit inside the circle)

ptr_line_start = (pos_x , pos_y + 20)

ptr_line_end = (pos_x - 50, pos_y + 20)

draw_dashed_line(ptr_line_start , ptr_line_end , BLUE , dash_length = 5,

thickness = 2)

# Boundary zone Lambda_{T,r}

pos_x , pos_y = to_screen (0.9, 0.9)

text_main = font_largedium.render(’\u039B ’, True , GREEN)

screen.blit(text_main , (pos_x , pos_y))

text_sub = font_tiny.render(’T,\ u221A’ + str(r_sq), True , GREEN)

screen.blit(text_sub , (pos_x + text_main.get_width (), pos_y + 20))

text_sup = font_tiny.render(’4’, True , GREEN)

screen.blit(text_sup , (pos_x + text_main.get_width (), pos_y + 1))

# Outer zone Lambda_ {+,r}

pos_x , pos_y = to_screen (1.5, 1.5)

text_main = font_largedium.render(’\u039B ’, True , RED)

screen.blit(text_main , (pos_x , pos_y))

text_sub = font_tiny.render(’+,\u221A’ + str(r_sq), True , RED)

screen.blit(text_sub , (pos_x + text_main.get_width (), pos_y + 20))

text_sup = font_tiny.render(’4’, True , RED)

screen.blit(text_sup , (pos_x + text_main.get_width (), pos_y + 1))
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# Render angular sector labels

ang_sect_radius = 4.3

for k in [0, 2, 3, 5]:

angle = (k * 60) + 30

px, py = to_screen(

ang_sect_radius * math.cos(math.radians(angle)),

ang_sect_radius * math.sin(math.radians(angle))

)

text_main = font_large.render(’S’, True , BLACK)

screen.blit(text_main , (px - 20, py - 20))

text_sub = font_tiny.render(str(k), True , BLACK)

screen.blit(text_sub , (px + 5, py + 17))

# Special position for angular sector S1 to avoid overlap

ang_sect_radius -= 0.4

px, py = to_screen(

ang_sect_radius * math.cos(math.radians (83)),

ang_sect_radius * math.sin(math.radians (83))

)

text_main = font_large.render(’S’, True , BLACK)

screen.blit(text_main , (px - 20, py - 20))

text_sub = font_tiny.render(’1’, True , BLACK)

screen.blit(text_sub , (px + 5, py + 17))

# Special position for angular sector S4 to avoid overlap

px, py = to_screen(

ang_sect_radius * math.cos(math.radians (277)),

ang_sect_radius * math.sin(math.radians (277))

)

py -= 20

text_main = font_large.render(’S’, True , BLACK)

screen.blit(text_main , (px - 20, py - 20))

text_sub = font_tiny.render(’4’, True , BLACK)

screen.blit(text_sub , (px + 5, py + 17))

# Render quadrant phase pair labels

q1_x , q1_y = 2.6, 3.5

text = font_medium.render(’Quadrant I: (0, \u03C0 /2)’, True , BLACK)

screen.blit(text , to_screen(q1_x , q1_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(q1_x , q1_y)[0] + 270, to_screen(q1_x , q1_y)[1] + 10)

)

q2_x , q2_y = -5.4, 3.5

text = font_medium.render(’Quadrant II: (\u03C0 , \u03C0 /2)’, True , BLACK)

screen.blit(text , to_screen(q2_x , q2_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(q2_x , q2_y)[0] + 276, to_screen(q2_x , q2_y)[1] + 10)

)

q3_x , q3_y = -5.4, -3.1

text = font_medium.render(’Quadrant III: (\u03C0 , 3\u03C0 /2)’, True , BLACK)

screen.blit(text , to_screen(q3_x , q3_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(q3_x , q3_y)[0] + 302, to_screen(q3_x , q3_y)[1] + 10)

)

q4_x , q4_y = 2.2, -3.1
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text = font_medium.render(’Quadrant IV: (0, 3\u03C0 /2)’, True , BLACK)

screen.blit(text , to_screen(q4_x , q4_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(q4_x , q4_y)[0] + 307, to_screen(q4_x , q4_y)[1] + 10)

)

# Render axis phase pair labels

east_x , east_y = 4.45, 0.15

text = font_small.render(’East: (0, 0)’, True , BLACK)

screen.blit(text , to_screen(east_x , east_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(east_x , east_y)[0] + 132, to_screen(east_x , east_y)[1] + 10)

)

north_x , north_y = -1, 4.4

text = font_small.render(’North: (\u03C0/2, \u03C0 /2)’, True , BLACK)

screen.blit(text , to_screen(north_x , north_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(north_x , north_y)[0] + 190, to_screen(north_x , north_y)[1] + 10)

)

west_x , west_y = -5.9, 0.15

text = font_small.render(’West: (\u03C0 , 0)’, True , BLACK)

screen.blit(text , to_screen(west_x , west_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(west_x , west_y)[0] + 138, to_screen(west_x , west_y)[1] + 10)

)

south_x , south_y = -1.1, -4.05

text = font_small.render(’South: (\u03C0/2, 3\ u03C0 /2)’, True , BLACK)

screen.blit(text , to_screen(south_x , south_y))

text_phi = font_tiny.render(’\u03C6 ’, True , BLACK)

screen.blit(

text_phi ,

(to_screen(south_x , south_y)[0] + 208, to_screen(south_x , south_y)[1] + 10)

)

# Render axis labels

text = font_large.render(’\u211D’, True , BLACK)

screen.blit(text , to_screen (3.5, 0.6))

text = font_large.render(’\U0001D540 ’, True , BLACK)

screen.blit(text , to_screen (-0.3, 4))

def draw_vertices ():

for p in boundary_vertices:

px, py = to_screen (*p[’pos’])

pygame.draw.circle(screen , GREEN , (px , py), 8)

for m, n in outer_vertices:

pos = compute_pos(m, n)

px, py = to_screen (*pos)

pygame.draw.circle(screen , RED , (px, py), 8)

for p in inner_vertices:

px, py = to_screen (*p[’pos’])

rad = int(p[’rad’] * 4)

pygame.draw.circle(screen , BLUE , (px, py), rad)

59



def select_random_path ():

num_verts = random.randint(3, 5)

start = random.choice(outer_vertices)

path = [start]

visited = set([start ])

while len(path) < num_verts:

curr = path[-1]

avail = [n for n in neighbors[curr] if n not in visited]

if not avail:

break

next_v = random.choice(avail)

path.append(next_v)

visited.add(next_v)

return path

def get_pos(mn):

return compute_pos (*mn)

def get_inv_pos(mn):

m, n = mn

intnorm = compute_norm_sq(m, n)

pos = get_pos(mn)

xprime = r_sq * pos[0] / intnorm

yprime = r_sq * pos[1] / intnorm

return xprime , yprime

def draw_selected_path(path):

for i in range(len(path) - 1):

pos1 = get_pos(path[i])

pos2 = get_pos(path[i + 1])

p1 = to_screen (*pos1)

p2 = to_screen (*pos2)

pygame.draw.line(screen , RED , p1, p2 , 4)

for i in range(len(path) - 1):

pos1 = get_inv_pos(path[i])

pos2 = get_inv_pos(path[i + 1])

p1 = to_screen (*pos1)

p2 = to_screen (*pos2)

pygame.draw.line(screen , BLUE , p1 , p2 , 3)

for v in path:

pos = get_pos(v)

inv = get_inv_pos(v)

p1 = to_screen (*pos)

p2 = to_screen (*inv)

draw_dashed_line(p1, p2, GRAY , dash_length = 5)

clock = pygame.time.Clock()

current_path = select_random_path ()

timer = 0

while True:

for event in pygame.event.get():

if event.type == pygame.QUIT:

pygame.quit()

sys.exit()

dt = clock.tick (60) / 1000.0

timer += dt

if timer >= 5:

current_path = select_random_path ()

timer = 0
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draw_background ()

draw_vertices ()

draw_selected_path(current_path)

pygame.display.flip()� �
Appendix B Utility Helper Tools

This appendix provides utility scripts for generating and analyzing the radial dual triangular lattice graphs
ΛR
r , including functions to build zone subgraphs and complete graphs with twin edges, compute vertex counts

across zones and angular sectors, calculate truncation error percentages, and enumerate boundary vertices
for admissible inversion radii. These modular tools facilitate validation of the framework’s symmetries (e.g.,
order-6 rotational invariance under D6) and approximation accuracies, and are used to produce data for
tables like 8, 7, and 9.

B.1 Generating the Lattice Graphs
This utility script generates the truncated radial dual triangular lattice graph and requires Python 3.x

with NetworkX (install via pip install networkx). It runs on standard systems without special require-
ments.

This script requires Python 3.x with NetworkX (install via pip install networkx). It runs on standard
systems without special requirements. As a helper script, it is imported by other scripts (e.g., for vertex
counting or benchmarking) and not intended to be run standalone.

Example usage: In dependent scripts that require the generation of only the zone lattice subgraphs,
import as

from radial_dual_triangular_lattice_graph import build_zone_subgraphs

then call

G_outer , G_inner , inversion_map = build_zone_subgraphs (10, 1)

with truncation radius R = 10 and inversion radius r = 1. Additionally, in dependent scripts that require
the generation of the complete lattice graph, import as

from radial_dual_triangular_lattice_graph import build_complete_lattice_graph

then call

G_outer , G_inner , inversion_map = build_complete_lattice_graph (10, 1)

with truncation radius R = 10 and inversion radius r = 1.

Python Source Code 2. radial dual triangular lattice graph.py� �
import networkx as nx

import math

import cmath # For complex rotations (unused in core , but kept for potential extensions )

def build_zone_subgraphs(R, r_sq =1):

"""

Build separate outer and inner zone subgraphs for the truncated radial dual

triangular lattice graph Lambda_r^R.

This supports isolated zone operations like inversion -based

path mirroring without boundary or cross -zone edges.

Args:

R (float): Truncation radius (R >> r for balanced approximation ).

r_sq (int , optional): Squared inversion radius ( admissible N = r^2

representable as m^2 + m n + n^2 for m,n in Z,
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not both zero; default 1 for unit hexagon boundary).

Returns:

tuple: (G_outer , G_inner , inversion_map )

- G_outer: Outer zone subgraph Lambda_ {+,r}^R (nx.Graph).

- G_inner: Inner zone subgraph Lambda_{-,r}^R (nx.Graph , induced via iota_r).

- inversion_map : Dict mapping outer nodes to inner twins (bijection ).

"""

G_outer = nx.Graph()

G_inner = nx.Graph()

inversion_map = {}

# Neighbor deltas for degree -6 triangular lattice connectivity

# (aligned with order -6 rotational symmetry of D_6)

deltas = [(1 ,0), (0,1), (-1,0), (0,-1), (1,-1), (-1,1)]

outer_nodes = []

# Expand range to ensure coverage within truncation radius R

# ( symmetric around origin , excluding punctured origin per X = C \\ {0})

max_range = int(math.ceil(2 * R))

for m in range(-max_range , max_range + 1):

for n in range(-max_range , max_range + 1):

if m == 0 and n == 0: continue # Exclude origin

# Integer squared Euclidean norm (exact for Eisenstein integers)

norm_sq = m*m + m*n + n*n

if norm_sq <= r_sq or math.sqrt(norm_sq) > R: continue

# Unified complex -Cartesian coordinates (Equation 2.1)

x, y = m + n*0.5, n*(math.sqrt (3)/2)

node = (m, n, ’outer’) # 3-tuple for consistency across zones

G_outer.add_node(

node , pos=(x,y), phase=math.atan2(y, x), norm_sq=norm_sq

)

outer_nodes.append(node)

# Connect outer edges: nearest -neighbor at Euclidean distance 1

# (standard triangular lattice spacing , preserving combinatorial duality)

for u in outer_nodes:

m, n, _ = u # Unpack lattice coordinates and type

for dm, dn in deltas:

v = (m+dm , n+dn, ’outer’)

if v in G_outer:

G_outer.add_edge(u, v)

# Invert outer to inner via circle inversion iota_r

# ( preserves phases for directional consistency )

for node in outer_nodes:

m, n, _ = node

pos = G_outer.nodes[node][’pos’]

norm_sq = G_outer.nodes[node][’norm_sq ’]

x_inv = r_sq * pos[0] / norm_sq

y_inv = r_sq * pos[1] / norm_sq

inv_node = (m, n, ’inner ’) # Twin node in inner zone

G_inner.add_node(

inv_node , pos=(x_inv , y_inv),

phase=math.atan2(y_inv , x_inv),

norm_sq=r_sq **2 / norm_sq

)

inversion_map[node] = inv_node

# Connect inner edges by mirroring outer (induce isomorphism via reflective duality)

# ( preserves adjacency topologically )

for u, v in list(G_outer.edges ()):

inv_u = (u[0], u[1], ’inner’)

inv_v = (v[0], v[1], ’inner’)

G_inner.add_edge(inv_u , inv_v)
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return G_outer , G_inner , inversion_map

def build_complete_lattice_graph(R, r_sq =1):

"""

Build the complete truncated radial dual triangular lattice graph Lambda_r^R,

composing zone subgraphs with boundary vertices and twin edges.

This supports global computations like clustering coefficients over the full

structure , including the combinatorial dual boundary separator.

Args:

R (float): Truncation radius.

r_sq (int , optional): Squared inversion radius (default 1).

Returns:

tuple: (G, inversion_map )

- G: Full nx.Graph with inner/outer/boundary zones and twins.

- inversion_map : Bijection outer <-> inner (boundary fixed).

"""

G_outer , G_inner , inversion_map = build_zone_subgraphs(R, r_sq)

# Compose outer and inner subgraphs (mutually disjoint , no cross edges yet)

G = nx.compose(G_outer , G_inner)

# Neighbor deltas (reused for boundary and twins)

deltas = [(1 ,0), (0,1), (-1,0), (0,-1), (1,-1), (-1,1)]

boundary_nodes = []

# Expand range to capture boundary within R

max_range = int(math.ceil(R)) + 10

for m in range(-max_range , max_range + 1):

for n in range(-max_range , max_range + 1):

if m == 0 and n == 0: continue

norm_sq = m*m + m*n + n*n

if norm_sq == r_sq: # Exact boundary zone V_{T,r}

x = m + n*0.5

y = n*(math.sqrt (3)/2)

phase = math.atan2(y, x)

node = (m, n, ’boundary ’)

G.add_node(

node , pos=(x,y), phase=phase , norm_sq=norm_sq

)

boundary_nodes.append(node)

# Connect boundary cycle: nearest neighbors on V_{T,r} (e.g., hexagon for r=1)

for i, u in enumerate(boundary_nodes):

m_u , n_u , _ = u # Unpack

# Candidate neighbors on boundary

v_cand = [

(m_u+1, n_u , ’boundary ’), (m_u , n_u+1, ’boundary ’),

(m_u -1, n_u , ’boundary ’), (m_u , n_u -1, ’boundary ’),

(m_u+1, n_u -1, ’boundary ’), (m_u -1, n_u+1, ’boundary ’)

]

for v in v_cand:

if v in G.nodes and math.isclose(

G.nodes[v].get(’norm_sq ’, 0), r_sq

):

G.add_edge(u, v)

# Add twin edges: for each outer -boundary edge {outer , b}, add {iota_r(outer), b}

# ( implements Escher reflective duality across boundary separator)

for b in boundary_nodes:

m_b , n_b , _ = b

for dm, dn in deltas:

m_o , n_o = m_b + dm, n_b + dn
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outer_node = (m_o , n_o , ’outer’)

if outer_node in G.nodes:

pos_b = G.nodes[b][’pos’]

pos_o = G.nodes[outer_node ][’pos’]

# Check standard lattice spacing ~1

if math.isclose(

math.hypot(pos_o[0]- pos_b[0], pos_o [1]-pos_b [1]),

1.0, abs_tol =1e-6

):

G.add_edge(outer_node , b)

# Twin: inner counterpart to boundary

twin_outer = (m_o , n_o , ’inner’)

if twin_outer in G.nodes:

G.add_edge(twin_outer , b)

return G, inversion_map

def lattice_rotate(m, n, k):

"""

Apply Z_6 rotation (order -6 cyclic group action) to Eisenstein integer

coordinates (m, n) by k steps of 60 degrees , as per the rotational symmetry

of the base triangular lattice L. This supports orbit computation

for symmetry -reduced algorithms like clustering .

Args:

m, n (int): Lattice coordinates .

k (int): Rotation steps (mod 6).

Returns:

tuple: Rotated (m’, n ’).

"""

k = k % 6 # Normalize to [0 ,5]

for _ in range(k):

temp = m

m = -n

n = temp + n

return m, n� �
B.2 Counting Vertices in Radial Zones and Angular Sectors

This utility script computes vertex counts in zones and sectors for given inversion radius r (rounded to
yield integer r2 with lattice points) and truncation radius R. Best practices: Use values of r where r2 is
an integer with positive representations in the triangular lattice (e.g., 1, 7); validate output for valid r2;
handle large R with care to avoid memory issues due to O(R2) vertex growth; extend for custom analyses
by modifying sector computation or adding visualizations.

This script requires Python 3.x and imports the helper radial dual triangular lattice graph.py. It
runs on standard systems without special requirements. The output directly generates data for Table 8.

The results in Table 8 were generated using the following commands (we approximate
√
7 ≈ 2.64575

because the script rounds r2 to 7):

python get_vertex_counts.py 1 4

python get_vertex_counts.py 1 10

python get_vertex_counts.py 1 20

python get_vertex_counts.py 1 50

python get_vertex_counts.py 2.64575 4

python get_vertex_counts.py 2.64575 10

python get_vertex_counts.py 2.64575 20

python get_vertex_counts.py 2.64575 50
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Python Source Code 3. get vertex counts.py� �
import math

import argparse

from radial_dual_triangular_lattice_graph import build_zone_subgraphs

def compute_eisenstein_representations(max_nsq):

"""

Compute the number of Eisenstein integer representations of integers as

sums of the form m^2 + m*n + n^2 in the triangular lattice L, up to the

maximum squared norm max_nsq. This supports validation of admissible

inversion radii r where r^2 = N has positive representations .

"""

representations = {} # Dictionary to store the count of representations

# for each squared norm nsq

max_m = int(math.ceil(math.sqrt(max_nsq))) + 10 # Safe range for m, n to

# cover all possible

# nsq <= max_nsq

for m in range(-max_m , max_m + 1): # Loop over possible m values

for n in range(-max_m , max_m + 1): # Loop over possible n values

if m == 0 and n == 0:

continue # Skip the origin to align with punctured complex

# plane X

nsq = m * m + m * n + n * n # Compute the squared norm in

# triangular lattice L

if nsq > max_nsq:

continue # Skip if beyond the maximum

if nsq not in representations:

representations[nsq] = 0 # Initialize count if not present

representations[nsq] += 1 # Increment the representation count

return representations

def compute_angular_sector(phase):

"""

Determine the angular sector index t in Z_6 (0 to 5) for a given phase

angle , using floor -modular indexing.

This ensures consistent directional labeling under order -6 rotational

symmetry of D_6.

"""

if phase < 0:

phase += 2 * math.pi # Normalize phase to [0, 2*pi)

return math.floor (6 * phase / (2 * math.pi)) % 6 # Compute sector index

def generate_boundary_zone_vertices(truncation_radius , r_sq):

"""

Generate vertices in the boundary zone V_{T,r} at exact norm sqrt(r_sq)

within the truncation radius R, using the base triangular lattice L.

Stores (m, n, phase) tuples for phase pair assignments and angular sector

partitioning .

"""

boundary_zone_vertices = [] # List to store boundary vertices (m, n, phase)

max_m = int(math.ceil(truncation_radius)) + 10 # Safe range for m, n

for m in range(-max_m , max_m + 1): # Loop over possible m values

for n in range(-max_m , max_m + 1): # Loop over possible n values

if m == 0 and n == 0:

continue # Skip the origin to align with punctured complex

# plane X

nsq = m * m + m * n + n * n # Compute squared norm

norm = math.sqrt(nsq) # Compute actual norm

if norm > truncation_radius:

continue # Skip if outside truncation radius

if nsq == r_sq: # Check if on the boundary zone V_{T,r}

x = m + n * 0.5 # Compute Cartesian x- coordinate

y = n * (math.sqrt (3) / 2) # Compute Cartesian y- coordinate

phase = math.atan2(y, x) # Compute phase angle for sector assignment

boundary_zone_vertices.append ((m, n, phase)) # Add to list
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return boundary_zone_vertices

def main():

# Parse command -line arguments for inversion radius r and truncation radius R

parser = argparse.ArgumentParser(

description="Calculate vertex counts in Tri -Quarter radial dual "

"triangular lattice graph Lambda_r across zones and "

"angular sectors."

)

parser.add_argument(

"r", type=float ,

help="Inversion radius r (must yield integer r_sq with lattice points)"

)

parser.add_argument(

"R", type=float , help="Truncation radius R"

)

args = parser.parse_args ()

# Propose r_sq and compute max_nsq for Eisenstein representations

r_sq_proposed = round(args.r * args.r)

max_nsq = int(args.R * args.R) + 10

representations = compute_eisenstein_representations(max_nsq)

# Validate proposed r_sq as admissible (positive representations )

if r_sq_proposed in representations and representations[r_sq_proposed] > 0:

r_sq = r_sq_proposed

effective_r = math.sqrt(r_sq)

print(f"Valid r_sq = {r_sq}, effective r = {effective_r :.6f}")

else:

print(f"Invalid r = {args.r:.6f} (r_sq = {r_sq_proposed}, no lattice "

f"points at this exact norm).")

# Find next lower valid N

lower_n = r_sq_proposed - 1

while lower_n >= 1 and (

lower_n not in representations or representations[lower_n] == 0

):

lower_n -= 1

# Find next higher valid N

higher_n = r_sq_proposed + 1

while higher_n <= max_nsq and (

higher_n not in representations or representations[higher_n] == 0

):

higher_n += 1

if lower_n >= 1:

print(

f"Next lower valid r = sqrt({ lower_n }) approx "

f"{math.sqrt(lower_n):.6f}"

)

if higher_n <= max_nsq:

print(

f"Next higher valid r = sqrt({ higher_n }) approx "

f"{math.sqrt(higher_n):.6f}"

)

return

# Generate truncated radial dual triangular lattice graph using imported function

G_outer , G_inner , inversion_map = build_zone_subgraphs(args.R, r_sq)

# Count vertices in outer and inner zones (excluding boundary)

count_outer = len(G_outer.nodes)

count_inner = len(G_inner.nodes)

# Generate and count boundary zone vertices V_{T,r}

boundary_zone_vertices = generate_boundary_zone_vertices(args.R, r_sq)

count_boundary = len(boundary_zone_vertices)
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# Calculate total vertices in truncated Lambda_r^R

total = count_outer + count_inner + count_boundary

# Initialize sector counts for outer , inner , and boundary zones

sector_counts_outer = [0] * 6

for _, data in G_outer.nodes(data=True):

sector = compute_angular_sector(data[’phase ’])

sector_counts_outer[sector] += 1

sector_counts_inner = [0] * 6

for _, data in G_inner.nodes(data=True):

sector = compute_angular_sector(data[’phase ’])

sector_counts_inner[sector] += 1

sector_counts_boundary = [0] * 6

for _, _, phase in boundary_zone_vertices:

sector = compute_angular_sector(phase)

sector_counts_boundary[sector] += 1

# Print zone counts

print(f"Outer zone vertices: {count_outer}")

print(f"Inner zone vertices: {count_inner}")

print(f"Boundary zone vertices: {count_boundary}")

print(f"Total vertices: {total}")

print(

"Vertices per angular sector (outer + boundary + inner = total):"

)

for k in range (6):

total_sector = (

sector_counts_outer[k]

+ sector_counts_inner[k]

+ sector_counts_boundary[k]

)

print(

f"S_{k}: {sector_counts_outer[k]} + "

f"{sector_counts_boundary[k]} + "

f"{sector_counts_inner[k]} = {total_sector}"

)

# Calculate and print average vertex count per angular sector

print("\nAverage vertex count per angular sector:")

print(f"Outer: {count_outer / 6:.2f}")

print(f"Inner: {count_inner / 6:.2f}")

print(f"Boundary: {count_boundary / 6:.2f}")

print(f"Total: {total / 6:.2f}")

# Count vertices on angular sector borders (primary rays at phases t pi / 3)

ray_phases = [k * math.pi / 3 for k in range (6)]

ray_labels = [

"East (0 deg)", "North -East (60 deg)", "North -West (120 deg)",

"West (180 deg)", "South -West (240 deg)", "South -East (300 deg)"

]

ray_counts_outer = [0] * 6

for _, data in G_outer.nodes(data=True):

phase = data[’phase’]

diffs = [

abs((phase - pk + math.pi) % (2 * math.pi) - math.pi)

for pk in ray_phases

]

if min(diffs) < 1e-10:

k = diffs.index(min(diffs))

ray_counts_outer[k] += 1

ray_counts_inner = [0] * 6
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for _, data in G_inner.nodes(data=True):

phase = data[’phase’]

diffs = [

abs((phase - pk + math.pi) % (2 * math.pi) - math.pi)

for pk in ray_phases

]

if min(diffs) < 1e-10:

k = diffs.index(min(diffs))

ray_counts_inner[k] += 1

ray_counts_boundary = [0] * 6

for _, _, phase in boundary_zone_vertices:

diffs = [

abs((phase - pk + math.pi) % (2 * math.pi) - math.pi)

for pk in ray_phases

]

if min(diffs) < 1e-10:

k = diffs.index(min(diffs))

ray_counts_boundary[k] += 1

print("\nVertices on angular sector borders (primary rays):")

for k in range (6):

print(

f"{ray_labels[k]}: outer {ray_counts_outer[k]}, "

f"boundary {ray_counts_boundary[k]}, "

f"inner {ray_counts_inner[k]}"

)

if __name__ == "__main__":

main()� �
B.3 Computing Truncation Errors

This Python script computes truncation error percentages for various truncation radii R with inversion
radius r = 1 for Λr to quantify the unresolved area near the origin in Λ−,1 as a fraction of the total viewed
area. The unresolved area is π(r2/R)2 = π/R2 (for r = 1), and the total viewed area is approximated as
πR2. Results are output as a LaTeX table for direct integration.

This script requires Python 3.x with the math module (standard library; no external dependencies). It
runs on standard systems without special requirements.

Run the script with:

python compute_truncation_errors.py

Python Source Code 4. compute truncation errors.py� �
import math

# Parameters for the radial dual triangular lattice graph Lambda_r

r = 1.0 # Admissible inversion radius (r=1 yields symmetric boundary

# set V_{T ,1} with |V_{T ,1}|=6 vertices forming a unit hexagon ,

# aligned with primary rays at phases t pi / 3 for t in Z_6)

Rs = [4, 10, 20, 50] # List of truncation radii R to compute errors for

# (ensures R >> r for balanced finite approximations

# of the infinite Lambda_r with gaps scaling as O(1/R^2))

# Compute truncation errors for each R

# ( unresolved area near punctured origin in inner zone Lambda_{-,r} as fraction

# of total viewed area; aligns with "looking scope" approximation )

print("Truncation Error Percentages for Various R (with r=1):")

print("R | Unresolved Area (pi r^4 / R^2) | Total Viewed Area (~ pi R^2) | "

"Percentage (%)")

68



for R in Rs:

# Unresolved area: pi (r^2 / R)^2 near origin in Lambda_{-,r}

# ( vanishing as R -> infinity , enabling scalable finite simulations )

unresolved_area = math.pi * (r**4 / R**2)

# Total viewed area approximation : pi R^2 (disk area up to truncation R)

total_area_approx = math.pi * R**2

# Error percentage : ( unresolved / total) * 100

percentage = (unresolved_area / total_area_approx) * 100

print(f"{R} | {unresolved_area :.4f} | {total_area_approx :.2f} | "

f"{percentage :.4f}%")� �
B.4 Computing Boundary Vertices for Admissible Inversion

Radii
This Python script verifies the explicit boundary vertices for a given N = r2 (e.g., N = 7 for r =

√
7)

by finding integer solutions to m2 +mn + n2 = N , computing phases, and grouping by angular sector. It
reproduces the data in Table 9 and can be extended for other N .

This script requires Python 3.x (uses standard libraries: math, argparse; no external dependencies like
NetworkX or Pygame). It runs on standard systems without special requirements.

Run the script with for N = 7:

python compute_boundary_vertices.py 7

to obtain the output:

Boundary points for N=7 (r=sqrt (7)):

Sector 0: (2,1) at 0.333 rad

Sector 0: (1,2) at 0.714 rad

Sector 1: (-1,3) at 1.381 rad

Sector 1: (-2,3) at 1.761 rad

Sector 2: (-3,2) at 2.428 rad

Sector 2: (-3,1) at 2.808 rad

Sector 3: (-2,-1) at 3.475 rad

Sector 3: (-1,-2) at 3.855 rad

Sector 4: (1,-3) at 4.522 rad

Sector 4: (2,-3) at 4.903 rad

Sector 5: (3,-2) at 5.569 rad

Sector 5: (3,-1) at 5.950 rad

Python Source Code 5. compute boundary vertices.py� �
import math

import argparse

def find_representations(N):

"""

Find integer solutions (m, n) to m^2 + m*n + n^2 = N in the base triangular

lattice L, compute their Cartesian positions (x, y), phases in radians ,

and angular sector indices t in Z_6 for t = floor (6 * phase / (2 pi)) mod 6.

This supports verification of boundary zone vertices V_{T,r} for admissible

inversion radii r where r^2 = N has positive representations , ensuring

symmetric distribution across angular sectors S_t under D_6 rotational

symmetry.

"""

reps = [] # List to store representations with details: ((m, n), x, y, phase_rad ,

sector)

# Safe range for m, n to cover all possible solutions without overflow for small N

max_m = int(math.ceil(math.sqrt(N))) + 10

for m in range(-max_m , max_m + 1):

for n in range(-max_m , max_m + 1):

# Skip origin to align with punctured complex plane X = C \ {0}

69



if m == 0 and n == 0: continue

# Compute squared Euclidean norm (integer , exact for Eisenstein integers)

norm_sq = m*m + m*n + n*n

if norm_sq == N: # Check if on the boundary circle of radius r

x = m + n * 0.5 # Cartesian x- coordinate in the unified coordinate system

y = n * (math.sqrt (3) / 2) # Cartesian y- coordinate

phase_rad = math.atan2(y, x) # Phase angle in radians for directional

classification

# Normalize phase to [0, 2 pi) interval

if phase_rad < 0: phase_rad += 2 * math.pi

# Compute angular sector index t in Z_6 for mod 6 partitioning

# and order -6 rotational invariance

sector = math.floor(6 * phase_rad / (2 * math.pi)) % 6

# Append tuple with all details

reps.append (((m, n), x, y, phase_rad , sector))

# Sort by sector index then phase for ordered output that highlights

# equidistribution across angular sectors S_t

reps.sort(key=lambda item: (item[4], item [3]))

return reps

def main():

# Parse command -line arguments for flexibility in specifying N = r^2

parser = argparse.ArgumentParser(

description="Compute boundary vertices for admissible r^2 = N in the "

"base triangular lattice L, grouped by angular sector to "

"demonstrate symmetric distribution under D_6."

)

parser.add_argument(

"N", type=int , nargs="?", default=7,

help="Integer N = r^2 (default: 7 for r = sqrt (7) example with 12 "

"boundary vertices)"

)

args = parser.parse_args ()

# Find all representations for the given N

representations = find_representations(args.N)

# Print results grouped by sector , showing uniform equidistribution

# (e.g., exactly k vertices per sector for |V_{T,r}| = 6k)

print(f"Boundary vertices for N={args.N} (r=sqrt({args.N})):")

for rep in representations:

(m,n), x, y, phase , sector = rep

print(f"Sector {sector }: ({m},{n}) at {phase :.3f} rad")

if __name__ == "__main__":

main()� �
Appendix C Inversion-Based Path Mirroring

Simulation Experiment
This appendix provides the Python scripts used for the inversion-based path mirroring benchmarks in

Section 6. The first script builds the graph structure of the truncated radial dual triangular lattice graph
ΛR
r , while the subsequent ones benchmark standard and Tri-Quarter approaches to demonstrate performance

gains from duality, which includes the ∼2x speedups achieved via exact bijective mappings.

C.1 Benchmarking the Standard Approach
This script benchmarks the standard (recompute) approach to path mirroring and requires Python

3.x with NetworkX, time, random, argparse, and statistics modules (NetworkX install via pip install

networkx; others are standard). It runs on standard systems without special requirements and imports the
helper radial dual triangular lattice graph.py. The benchmarks contribute to Table 12.
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Example commands to execute the benchmarks in Table 12:

python simulation_02_benchmark_standard_path_mirroring.py 5 --runs 20 --timing_repeats 100

python simulation_02_benchmark_standard_path_mirroring.py 10 --runs 20 --timing_repeats 100

python simulation_02_benchmark_standard_path_mirroring.py 15 --runs 20 --timing_repeats 100

Python Source Code 6. simulation 02 benchmark standard path mirroring.py� �
import networkx as nx

import time

import random

import argparse

import statistics

from radial_dual_triangular_lattice_graph import build_zone_subgraphs

# Benchmark the standard path computation in the dual zones (recompute inner

# from scratch). Computes shortest paths from a random outer start vertex ,

# then recomputes equivalent paths in the inner zone from the inverted start

# vertex for fairness.

def benchmark_standard_path_mirroring(G_outer , G_inner , start_outer ,

inversion_map , runs , timing_repeats):

times = [] # List to store execution times

for _ in range(runs):

t0 = time.perf_counter () # Start timer

for _ in range(timing_repeats): # Repeat for noise reduction

# Outer paths: compute single -source shortest path lengths

# in Lambda_ {+,r}^R via the discrete dual metric (hop counts)

nx.single_source_shortest_path_length(G_outer , start_outer)

# Recompute inner paths: using inverted start for fairness

# ( preserves phase pair constancy along graph rays)

start_inner = inversion_map.get(start_outer)

if start_inner:

nx.single_source_shortest_path_length(G_inner , start_inner)

# Average time per dual -zone computation in ms

times.append ((time.perf_counter () - t0) * 1000 / timing_repeats)

# Return mean and std dev

return statistics.mean(times), statistics.stdev(times)

if __name__ == "__main__":

# Parse arguments for configurable runs

parser = argparse.ArgumentParser(

description="Benchmark path mirroring on a truncated Tri -Quarter radial "

"dual triangular lattice graph with standard approach "

"(recompute inner paths). This provides a baseline for "

"duality methods. Times are in milliseconds (ms)."

)

parser.add_argument("R", type=int , nargs="?", default =10,

help="Truncation radius (default: 10)")

parser.add_argument("--runs", type=int , default =20,

help="Number of benchmark runs (default: 20)")

parser.add_argument("--timing_repeats", type=int , default =100,

help="Repeats per run for accuracy (default: 100)")

args = parser.parse_args ()

# Build graphs

print(f"Building radial dual triangular lattice graph with "

f"truncation radius R={args.R}...")

G_outer , G_inner , inversion_map = build_zone_subgraphs(args.R)

num_outer = len(G_outer.nodes())

num_inner = len(G_inner.nodes())

print(f"Graphs built: Outer {num_outer} vertices , Inner {num_inner} vertices.")
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# Random outer start

start_outer = random.choice(list(G_outer.nodes())) if num_outer > 0 else None

print(f"Running {args.runs} benchmarks , each with {args.timing_repeats} "

f"repeats for reliable timing.")

# Run and display results

avg , std = benchmark_standard_path_mirroring(G_outer , G_inner , start_outer ,

inversion_map , args.runs ,

args.timing_repeats)

print(f"Standard Path Mirroring (Recompute): {avg:.2f} ms (+/-{std:.2f})")� �
C.2 Benchmarking the Tri-Quarter Approach

This script benchmarks the Tri-Quarter duality approach to path mirroring (using bijection for efficiency)
and requires Python 3.x with NetworkX, time, random, argparse, and statistics modules (NetworkX install
via pip install networkx; others are standard). It runs on standard systems without special require-
ments and imports the helper radial dual triangular lattice graph.py. The benchmarks contribute to
Table 12.

Example commands for benchmarks in Table 12:

python simulation_03_benchmark_triquarter_path_mirroring.py 5 --runs 20 --timing_repeats

100

python simulation_03_benchmark_triquarter_path_mirroring.py 10 --runs 20 --timing_repeats

100

python simulation_03_benchmark_triquarter_path_mirroring.py 15 --runs 20 --timing_repeats

100

Python Source Code 7. simulation 03 benchmark triquarter path mirroring.py� �
import networkx as nx

import time

import random

import argparse

import statistics

from radial_dual_triangular_lattice_graph import build_zone_subgraphs

# Mirror a path dictionary via the circle inversion bijection iota_r

# (O(| path |) time complexity for the mapping operation ).

# This preserves phases and norms under the Escher reflective duality ,

# enabling reversible information preservation across zones without recomputation .

def mirror_paths(outer_paths , inversion_map):

mirrored = {} # Dictionary to store mirrored path lengths in the inner zone

for target , length in outer_paths.items ():

# Retrieve the inverted target vertex via the bijection (phase - preserving )

inv_target = inversion_map.get(target)

if inv_target:

# Copy the hop length ( preserved by the induced graph isomorphism ,

# Corollary 4.4, under the discrete dual metric)

mirrored[inv_target] = length

return mirrored

# Benchmark the Tri -Quarter path mirroring approach in the dual zones

# (compute paths in the outer zone , then mirror to the inner zone via bijection ).

# This leverages bijective self -duality for O(1) per -vertex

# mirroring , demonstrating efficiency gains from symmetry exploitation .

def benchmark_triquarter_path_mirroring(G_outer , start_outer , inversion_map ,

runs , timing_repeats):

times = [] # List to store execution times across benchmark runs

for _ in range(runs):

t0 = time.perf_counter () # Start high - resolution timer
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for _ in range(timing_repeats): # Repeat inner loop for statistical noise

reduction

# Compute outer paths: single -source shortest path lengths

# in the outer zone subgraph Lambda_ {+,r}^R via the discrete

# dual metric (hop counts)

outer_paths = nx.single_source_shortest_path_length(G_outer , start_outer)

# Mirror to inner zone via the circle inversion bijection iota_r

# (no recomputation required , per reversible zone swapping)

mirror_paths(outer_paths , inversion_map)

# Compute average time per dual -zone computation in milliseconds

times.append ((time.perf_counter () - t0) * 1000 / timing_repeats)

# Return the mean and standard deviation of the times

return statistics.mean(times), statistics.stdev(times)

if __name__ == "__main__":

# Parse command -line arguments for configurable benchmark parameters

parser = argparse.ArgumentParser(

description =(

"Benchmark path mirroring on a truncated Tri -Quarter radial dual "

"triangular lattice graph Lambda_r^R with the Tri -Quarter duality "

"approach (mirror outer paths to inner via bijection). "

"Demonstrates speedups from exact inversion under the Escher "

"reflective duality (Theorem 4.2). Times are in milliseconds (ms)."

)

)

parser.add_argument(

"R", type=int , nargs="?", default =10,

help="Truncation radius R (default: 10)"

)

parser.add_argument(

"--runs", type=int , default =20,

help="Number of benchmark runs (default: 20)"

)

parser.add_argument(

"--timing_repeats", type=int , default =100,

help="Repeats per run for accuracy (default: 100)"

)

args = parser.parse_args ()

# Build the truncated radial dual triangular lattice graph Lambda_r^R

# (with admissible inversion radius r = 1 and truncation radius R)

print(

f"Building radial dual triangular lattice graph "

f"with truncation radius R={args.R}..."

)

G_outer , G_inner , inversion_map = (

build_zone_subgraphs(args.R)

) # Build outer/inner subgraphs and bijection map

num_outer = len(G_outer.nodes())

num_inner = len(G_inner.nodes())

print(

f"Graphs built: Outer {num_outer} vertices , "

f"Inner {num_inner} vertices."

)

# Select a random starting vertex in the outer zone subgraph

start_outer = (

random.choice(list(G_outer.nodes ())) if num_outer > 0 else None

) # Random outer start vertex

# Report benchmark configuration

print(

f"Running {args.runs} benchmarks , each with "

f"{args.timing_repeats} repeats for reliable timing."
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)

print(

"Note: Includes bijection preprocessing "

"(amortized over multiple queries)."

)

# Execute the benchmark and display results

avg , std = benchmark_triquarter_path_mirroring(

G_outer , start_outer , inversion_map ,

args.runs , args.timing_repeats

)

print(

f"Tri -Quarter Path Mirroring (Duality): "

f"{avg:.2f} ms (+/-{std:.2f})"

)� �
Appendix D Symmetry-Reduced Clustering

Simulation Experiment
This appendix contains scripts for benchmarking the symmetry-reduced computation of the average

local clustering coefficient on the full truncated radial dual triangular lattice graph ΛR
r (including inner,

boundary, and outer zones with twin edges), which exploits the order-6 rotational symmetry via Z6 orbits
to compute on representatives and replicate via group actions (as per Lemma 3.9 and Corollary 4.3). The
scripts demonstrate practical speedups from equivariance, which contribute to the results in Table 14 of
Section 6.

D.1 Benchmarking the Standard Approach
This script benchmarks the standard (full recompute) approach to computing the average local clustering

coefficient on the full truncated radial dual triangular lattice graph ΛR
r (including inner, boundary, and outer

zones with twin edges). It iterates over all vertices to compute triangle densities in neighborhoods, providing
a baseline for symmetry-reduced methods. The benchmarks contribute to Table 14.

This script requires Python 3.x with NetworkX, time, random, argparse, and statistics modules (Net-
workX install via pip install networkx; others are standard). It runs on standard systems without special
requirements and imports the helper radial dual triangular lattice graph.py.

Example commands to execute the benchmarks in Table 14:

python simulation_04_benchmark_standard_clustering.py 10 --runs 20 --timing_repeats 100

python simulation_04_benchmark_standard_clustering.py 20 --runs 20 --timing_repeats 100

python simulation_04_benchmark_standard_clustering.py 50 --runs 20 --timing_repeats 100

python simulation_04_benchmark_standard_clustering.py 100 --runs 20 --timing_repeats 100

Python Source Code 8. simulation 04 benchmark standard clustering.py� �
import networkx as nx

import time

import random

import argparse

import statistics

# Import the helper function to build the complete lattice graph

# (includes inner , outer , and boundary zones with twin edges)

from radial_dual_triangular_lattice_graph import build_complete_lattice_graph

def compute_average_clustering_standard(G):

# Initialize total clustering coefficient sum

total_clust = 0.0

# Get the number of vertices in the graph

num_v = len(G.nodes())
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# Iterate over each node to compute its local clustering coefficient

for node in G.nodes():

# Get the list of neighbors for the current node

neigh = list(G.neighbors(node))

# Compute the degree of the node

deg = len(neigh)

# Skip nodes with degree less than 2 ( clustering undefined )

if deg < 2:

continue

# Count the number of edges between neighbors (common neighbors)

common = sum(

1

for i in range(deg)

for j in range(i + 1, deg)

if G.has_edge(neigh[i], neigh[j])

)

# Compute local clustering coefficient : 2 * edges / possible edges

clust = (2 * common) / (deg * (deg - 1))

# Accumulate the local coefficient

total_clust += clust

# Return the average clustering coefficient (or 0 if no vertices)

return total_clust / num_v if num_v > 0 else 0.0

def benchmark_standard_clustering(G, runs , timing_repeats , seed =42):

random.seed(seed)

# List to store timing results from each benchmark run

times = []

# Perform multiple benchmark runs for statistical reliability

for _ in range(runs):

# Start high - resolution timer

t0 = time.perf_counter ()

# Repeat the clustering computation multiple times per run

# to average out system noise

for _ in range(timing_repeats):

# Compute average clustering (discards result for timing only)

_ = compute_average_clustering_standard(G)

# Append average time per repeat in milliseconds

times.append(

(time.perf_counter () - t0) * 1000 / timing_repeats

)

# Compute mean and standard deviation of the timings

return statistics.mean(times), statistics.stdev(times)

if __name__ == "__main__":

# Set up command -line argument parser for configurable benchmarking

parser = argparse.ArgumentParser(

description="Benchmark standard clustering on Lambda_r^R."

)

# Add argument for truncation radius R (default: 10)

parser.add_argument(

"R", type=int , nargs="?", default =10

)

# Add argument for number of benchmark runs (default: 20)

parser.add_argument(

"--runs", type=int , default =20

)

# Add argument for inner repeats per run (default: 100)

parser.add_argument(

"--timing_repeats", type=int , default =100

)

# Parse the arguments

args = parser.parse_args ()

# Build the complete truncated radial dual triangular lattice graph

# (with admissible inversion radius r=1 and truncation radius R)
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G, _ = build_complete_lattice_graph(args.R)

# Get the number of vertices in the full graph

num_v = len(G.nodes())

# Print graph size for reference

print(f"Graph: |V|={ num_v}")

# Run the benchmark and get mean and std dev timings

avg , std = benchmark_standard_clustering(

G, args.runs , args.timing_repeats

)

# Print the results in milliseconds with standard deviation

print(f"Standard: {avg:.2f} ms +/- {std :.2f}")� �
D.2 Benchmarking the Tri-Quarter Approach

This script benchmarks the Tri-Quarter symmetry-reduced approach to computing the average local
clustering coefficient on the full truncated radial dual triangular lattice graph ΛR

r , exploiting the order-6
rotational symmetry via Z6 orbits to compute on representatives and replicate via group actions (as per
Lemma 3.9 and the corollary on Z6 symmetry exploitation). This avoids recomputation on ∼5/6 of the
vertices, demonstrating speedups from equivariance. The benchmarks contribute to Table 14.

This script requires Python 3.x with NetworkX, time, random, argparse, and statistics modules (Net-
workX install via pip install networkx; others are standard). It runs on standard systems without special
requirements and imports the helper radial dual triangular lattice graph.py.

Example commands for benchmarks in Table 14:

python simulation_05_benchmark_triquarter_clustering.py 10 --runs 20 --timing_repeats 100

python simulation_05_benchmark_triquarter_clustering.py 20 --runs 20 --timing_repeats 100

python simulation_05_benchmark_triquarter_clustering.py 50 --runs 20 --timing_repeats 100

python simulation_05_benchmark_triquarter_clustering.py 100 --runs 20 --timing_repeats 100

Python Source Code 9. simulation 05 benchmark triquarter clustering.py� �
import networkx as nx

import time

import random

import argparse

import statistics

from radial_dual_triangular_lattice_graph import build_complete_lattice_graph ,

lattice_rotate

def get_symmetry_orbits(G, debug=False):

# Compute Z_6 orbits for each vertex under order -6 rotational symmetry

# ( generated by rotations R_{k pi /3} for k in Z_6), excluding already

# visited vertices to partition the graph into disjoint orbits.

# This precomputation enables symmetry -reduced analysis by processing

# one representative per orbit and replicating via group actions.

visited = set()

orbits = []

for node in list(G.nodes()):

if node in visited: continue

# Unpack lattice coordinates (m, n) and zone type from node tuple

m, n, node_type = node

orbit = [node]

# Generate the orbit by applying rotations k=1 to 5 (k=0 is the node itself)

for k in range(1, 6):

# Apply lattice rotation to coordinates (preserves norm and structure )

rot_m , rot_n = lattice_rotate(m, n, k)

# Construct rotated node with same zone type

rot_node = (rot_m , rot_n , node_type)

if rot_node in G.nodes () and rot_node not in visited: # Only add if exists

and unvisited
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orbit.append(rot_node)

visited.add(rot_node)

# Mark original node as visited (before adding orbit)

visited.add(node)

# Always add the orbit (includes size -1 for inner/ asymmetric cases)

orbits.append(orbit)

if debug:

total_weight = sum(len(set(o)) for o in orbits)

print(f"Debug: {len(orbits)} orbits , avg size {total_weight / len(orbits):.2f},

coverage {total_weight == len(G)}")

return orbits

def compute_clustering_on_rep(G, rep):

# Compute the local clustering coefficient for a representative vertex

# (triangle density in its neighborhood ), which is preserved under Z_6

# rotations for equivariant replication across the orbit.

neigh = list(G.neighbors(rep)) # Get adjacent vertices (degree -6 in lattice)

deg = len(neigh)

if deg < 2: return 0.0 # No triangles possible for deg < 2

# Count common neighbors (triangles ) by checking edges between pairs

common = sum(1 for i in range(deg) for j in range(i+1, deg)

if G.has_edge(neigh[i], neigh[j]))

# Standard formula: 2 * triangles / (deg * (deg - 1))

return (2 * common) / (deg * (deg - 1))

def compute_average_clustering_triquarter(G, orbits):

# Compute the average clustering coefficient using symmetry reduction:

# sum over orbits of ( clustering on rep * orbit size) / total weight.

# This exploits rotational invariance to avoid recomputing on full graph.

total_clust = 0.0

total_weight = 0

for orbit in orbits:

rep = orbit [0] # Select first node as orbit representative

clust_rep = compute_clustering_on_rep(G, rep)

# Deduplicate for fixed points under rotation (e.g., on symmetry axes)

orbit_size = len(set(orbit))

# Accumulate weighted sum ( preserves equivariance under group action)

total_clust += clust_rep * orbit_size

total_weight += orbit_size

# Return average (zero if no vertices)

return total_clust / total_weight if total_weight > 0 else 0.0

def benchmark_triquarter_clustering(G, runs , timing_repeats , seed=42, debug=False):

random.seed(seed)

# Run benchmark for symmetry -reduced clustering : precompute orbits once ,

# then time repeated average computations for statistical reliability .

# Precompute orbits outside the timing loop (amortized cost)

orbits = get_symmetry_orbits(G, debug=debug)

times = []

for _ in range(runs):

t0 = time.perf_counter () # Start high - resolution timer

for _ in range(timing_repeats):

# Use precomputed orbits for efficient equivariant computation

_ = compute_average_clustering_triquarter(G, orbits)

# Record average time per repeat in milliseconds

times.append ((time.perf_counter () - t0) * 1000 / timing_repeats)

# Return mean and standard deviation

return statistics.mean(times), statistics.stdev(times)

if __name__ == "__main__":

# Parse command -line arguments for configurable benchmarking

parser = argparse.ArgumentParser(

description="Benchmark symmetry -reduced clustering on Lambda_r^R.")

parser.add_argument("R", type=int , nargs="?", default =10)

parser.add_argument("--runs", type=int , default =20)
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parser.add_argument("--timing_repeats", type=int , default =100)

parser.add_argument("--debug", action="store_true", help="Print orbit stats")

args = parser.parse_args ()

# Build the complete truncated radial dual triangular lattice graph

# (includes inner , boundary , and outer zones with twin edges)

G, _ = build_complete_lattice_graph(args.R)

# Report total vertex count for reference

num_v = len(G.nodes())

print(f"Graph: |V|={ num_v}")

# Execute benchmark and print results (mean +/- std dev in ms)

avg , std = benchmark_triquarter_clustering(

G, args.runs , args.timing_repeats , debug=args.debug)

print(f"Tri -Quarter: {avg :.2f} ms +/- {std:.2f}")� �
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