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Abstract

Mixtures of probability densities are widely used in statistics and machine
learning. While classical mixtures restrict weights to be non-negative, allow-
ing negative weights enables more flexible density approximation. However,
negative weights introduce challenges in handling and sampling such distri-
butions. For this purpose, we propose efficient Monte Carlo (MC) methods
(including MC quadratures, rejection sampling and importance sampling
schemes) for computing integrals and generating samples from these mix-
tures. A tailored proposal density ensures accurate and efficient generation
of (unweighted) samples. Applications in Gaussian process-based density
estimation demonstrate the practical relevance and efficiency of proposed
schemes.

Keywords: Non-convex mixtures, mixtures with negative weights,
Gaussian processes, rejection sampling, importance sampling

1. Introduction

Mixtures of probability densities are fundamental tools in statistics, signal
processing, and machine learning [2]. A mixture model represents a proba-
bility distribution as a convex combination of simpler component distribu-
tions, such as Gaussians, exponentials, or Gamma distributions, to name a
few. Mixture models provide a powerful and flexible framework for modeling
complex data [4, 15, 16].

While classical mixture models restrict weights to be non-negative, allow-
ing negative weights opens new theoretical and practical possibilities. When

Preprint submitted to Elsevier January 25, 2026



weights can be negative, the resulting function may no longer be a proper
probability density. In this work, we focus on the case where the mixture
remains positive and proper. Mixtures with negative components are also re-
ferred to as non-convex or pseudo-convex mixtures [1, 6, 5]. In statistics and
machine learning, mixtures with negative weights can be particularly useful
for density approximation [10, 12, 25]. For example, Gaussian process (GP)
regressors, often used for density estimation, can lead to expansions with
both positive and negative coefficients [12, 17, 18, 19]. In this context, nega-
tive weights can enable better approximation of sharp features, heavy tails,
and periodic behaviorspatterns that may be difficult to capture with strictly
non-negative mixtures. However, negative weights also introduce significant
challenges. The resulting function may not always be a proper density, and
classical sampling methods cannot be directly applied [7, 14, 21].

In this work, we describe several Monte Carlo quadrature and sampling meth-
ods for mixtures with (possibly) negative coefficients (Mix-NCs). First, we
focus on the efficient computation of integrals involving non-convex mix-
tures. Second, we propose an efficient proposal density to be used within re-
jection sampling (RS) and/or importance sampling with resampling (IS+R)
schemes. In both cases, we obtain (unweighted) samples (exactly in RS, or
asymptotically in IS+R) that are distributed according to the target mix-
ture with negative weights. The proposal density introduced here ensures
good performance in both RS and IS schemes, as it is itself a “piece” of the
target density. We also describe in detail the application of these methods
to GP-based density approximation. Theoretical discussions are also pro-
vided. Numerical simulations demonstrate the efficiency and accuracy of the
proposed techniques.

2. Framework and main notation

Let consider a finite mixture of densities, ¢,(x), with potentially negative
associated weights, i.e.,

P(x) X< p(x) = > ann(x), (1)
= p+(x) + p-(x), (2)

M N-—-M
=Y ol ei(x)+ > opdr(x) =0, ¥xeX CRY, (3)
=1 k=1



where o > 0 and «; < 0. We have also set p, (x) = Zf\il o ¢;(x)> 0 and
p_(x) = M ar i (x)< 0. Clearly, we have
ar=af >0,.,ay=al, >0, ayy=a; <0,..,ay=ay_, <0.

Without loss of generality, we are assuming that the components are ordered:
the first M components are associated to positive weights, o, and the rest
of N — M components have assigned to the negative weights, a; . Additional
assumptions are:

e ¢,(x) >0 and [, ¢p(x)dx =1, for all n.

e We can evaluate and we can draw samples from each component ¢, (x).

Given the assumptions above, and since we consider a proper/normalized
mixture density, i.e.,p(x) > 0 and [, p(x)dx = 1, we can write

_ p(x) SN angn(x
p(X) = = an¢n (4>
Z;'V:1 Q; Zj 1G5 Z
where we have defined
«Q
Ay = ———, n=1,..,N. (5)
Z;V:l @

Note that:
o YN &, =1 (since [, p(x)dx =1 and [, ¢,(x)dx = 1 for all n),

e even if we have a,, >0 forn=1,.... M,

e and a, <Oforn=M+1,...,N.

Hence, Eq. (4) is not a convex combination of ¢, (x). Thus, we also have

the condition "M, af > STV Mar, since we need SN a, > 0 to have
p(x) > 0. We can also define the two partial-miztures,

_ pe(x) <~ i
p— = m 5 _ = ’ 6
p_,.(X) Zi\il aj mz::lam¢ (x), P (X) Zile o Z oy, (bk ( )
where
+ —
~t X ~— Xy
a, = ) Q. = _ > (7>
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Note that:



e py(x) > 0and p_(x) > 0 (despite a; <0 and p_(x) <0),

e and they are both proper classical mixtures with non-negative weights,
e, @ >0, a >0and XM af =1, S0 Ma, = 1 (despite
a; <0).

Finally, we can also write the complete mixture p(x), in Eq. (4), as function
of the partial mixtures p,(x) and p_(x) in Eq. (6), i.e.,

_ p(x)
p<X) - )
Z;Vﬂ a;
p+(x) p-(x)
N + =7 ’
2371 @ Zj:l a;
_ el p®) X5 Mer p(x)
Zij\il af Zjvzl @ Z?SM a; Zjvﬂ a;
M + N-M —
—1 QG =1 Qi
= 2% ) 4 5 ()
Zj:l @ Zj:l @
= B" pr(x)+ (1= 67)p(x), (8)
>1 <0
where
Mo+
fr= Oy (9)

Zj:l @
Therefore, even if the sum of two weights S+ and 1 — 37 is one, the linear
combination S7p, (x) + (1 — S1)p_(x) is not a convex combination.
3. Quadratures for integral approximations involving Mix-NCs

The best procedure for approximating integral involving to a mixture
p(x) of densities with possibly negative weights (Mix-NCs) is related to a
quadrature trick [11, 18]. Indeed, if we are interested to approximate a



generic moment or any integral involving to the distribution p(x), i.e.,

I = By /f (10)
R o / Fx)n(x (11)

] 1O‘Jn1

N
=> " anJ,. (12)
n=1

Where f(x ) is a generic integrable function. Note that above we have set
= [ f x)dx and &, = Since we are able to draw from

Zﬁ\: oy’
gzﬁn( ), we can approxnnate each J,, by a simple Monte Carlo procedure (i.e.,
a stochastic quadrature rule) [14],

S
Z x®), %~ g, (x). (13)

Therefore, replacing in the expressions above into I = Zi\;l QnJy,, we obtain

the final estimator:

O) |

N

N S
~ ~ 1
L= a,J, = EZZanf(x;@). (14)

As S — oo, we have fﬁ — I; [7, 14, 21]. Recall that &, > 0 forn =1
and a, <0 forn=M+1,...,N.

M

PIREED)

4. Sample generation from Mix-NCs

In this section, we discuss two sampling schemes: a rejection sampling
method and an importance sampling technique. Note that we are able to
generate samples from

M
— p-‘r(X) —+ . 04:72
Pe(X) = 7 = 2 Pm(X), = S (15)
Do mZ:1 Dl o
in a classical way, since 0 < at < 1 and Y & = 1. Moreover, by
construction,
p+(x) = p(x), (16)



that is the inequality required for applying the RS technique [14, Chapter
3]. Furthermore, p,(x) represents a part (a “piece”) of the target density
p(x). Namely, a generic proposal density ¢(x) must satisfy the inequality
q(x) > p(x) in order to apply rejection sampling correctly. If this condition is
violated, the samples generated by the algorithm are no longer distributed ac-
cording to the target density p(x), but instead follow p(x) o< min{p(x), ¢(x)}
[14, Chapter 3]. This observation highlights the relevance and ability of con-
structing proposals that satisfy the bound (16). In particular, the proposed
choice ¢(x) = py(x) automatically fulfills this requirement. Moreover, p, (x)
is typically an efficient proposal within an RS scheme, since it is assembled
directly from components of the target density p(x), thereby preserving its
main structural features and generally remaining close to it in shape.... L1
distance...

Hence, p,(x) constitutes an appropriate choice of proposal density in
Monte Carlo methods, specially in a RS technique. Below we outline the
proposed RS scheme.

Rejection sampling (RS) for Mix-NCs:

1. Set s = 1.
2. Draw a candidate z’ ~ p, (x),
3. With probability

Pa (Z,) = ) (17)

set x(*) = 7’ and increase s + s+ 1. Otherwise, with prob. 1 —p4(z’)
discard z’.

4. if s < S, repeat from step 2.

Note that p4 € [0,1]. The algorithm provides exact samples from p(x) and
its validity is ensured by the inequality (16) [14, Chapter 3]. The acceptance



A= [ i = [ e (19
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where we set p = % If p — 0 then A, — 1 and we have a perfect
sampler [14, 21]. Henée,1 the acceptance rate A, is close to 1 is the sum of neg-
ative weights is close to zero, or the sum of positive weights is much larger
than the sum of negative weights. This is particularly interesting for the
Gaussian process application: in a GP approximation of a density, the num-
ber of negative weights should tend to disappear as the number of points in
the regression grows, and the hyper-parameters are updated and optimized.
The corresponding importance sampling (IS) ‘plus’ resampling scheme is de-
scribed below.

Importance sampling plus resampling (IS4+R) for Mix-NCs:

1. Draw 2, ...,z5 ~ pi(x),
2. Assign the weight

. p(zs) _ z ot 7 5 —
w, = ) = [Z i]pA( S, s=1,..,85, (21)

=1

where we have used pa(z) given in Eq. (17).
3. Define the normalized weights
W= ——  s=1,..,8 (22)

D i Wi

4. Resample S times within the set {zi,...,z5} according to the prob-
ability mass function defined by the normalized weights w,, with
s=1,...,5, obtaining a new set of unweighted samples {x), ..., x(*)}.

Unlike RS, the IS+R does not return exact samples, but provides samples

7



{xM, ..., x¥)} that are approximately and asymptotically distributed as p(x).
However, the quality of this approximation improves as S grows [7, 8, 21].
Furthermore, no samples are rejected/discarded as in the RS scheme. It
is also important to remark that the weights w, present good theoretically
properties due to the choice of the proposal density. For instance, since
ws X pa(zs), the IS weights are bounded

w, € [o,zaj] : (23)

hence their distribution has not heavy tails, and the variance of the weights
is always bounded [3, 10, 22, 24]. Standard IS can produce highly vari-
able estimates, especially when weights have heavy right tails [23]. Namely,
extreme values of the weights lead to unstable estimates [22, 23] or yield es-
timators with infinite variance (see numerical experiments in [9]). However,
these undesirable scenarios cannot occur in the proposed IS scheme, due to
the property in Eq. (23). Recall that the proposal density, described in this
work, provides good performance within RS and IS schemes since it is itself
a piece of the target density [8].

Histograms. Histograms can be constructed in the usual way using the
unweighted samples, that are generated by the RS or by IS+R schemes as
well. Alternatively, one can directly use the weighted samples {z,, w,}5_,
obtained by the IS procedure. Indeed, in each bin of the histogram, instead
of considering the number of samples inside the bin, we can sum the corre-
sponding weights. Namely, let consider the bin B C X. The value of the
histogram in the bin must be sz cg Wj, where we sum each w; with j such
that z; € B (for the underlying theory see [13]). The histogram can be

normalized dividing all the values by the complete sum of the weights, i.e.,

s
Yo Ws.

5. Mix-NCs as proposal densities within IS methods

In many applications, a good approximation of a distribution is needed.
For instance, let us consider a target-posterior distribution 7(x) = 2m(x)
where Z = [, m(x)dx. In order to extract information about the posterior

7(x), often we are interested in computing integrals which generally involve



the product of a generic function f and the posterior 7,

L =Edlf(0] = [ fmeix = [ fGomodx. (20

Note that the expectation above Ex[f(x)] is different from the expectation
E;[f(x)] given in Eq. (10), since in Eq. (24) the density involved is the
posterior 7 instead of the mixture p, i.e., Ir = [, f(x)T(x)dx. Note that we
can write:

I = Bel () = [ fG0m(x)ax (25)
FOT)

e T

= [ PR (50 + 1= 55 0)
B T PR i [ 0 P
o [ T max (-5 | T (gax

= VB L1700 + (1~ BB, [ ()7, (26)
ﬁ—i— 1_5—&-

= CoB 1160m(0] + =B [ 0m(x), 27)

The expression (26) induces the design of an importance sampling scheme
with positive and negative IS weights. The idea is to apply the MC approach
to approximate the expectations E;, [f(x)7(x)] and E;_[f(x)m(x)], as shown
below.



Importance sampling with an Mix-NCs as proposal density:

1. Draw S samples from p,(x) and S samples from p_(x), i.e.,
X, ~ pi(x), x, ~ p_(x), s=1,..,85. (28)

2. To each sample, assign the weights

S

p(xs)

m(x])
p(xf)
with s = 1,...,.5. Note that, both denominators of weights in Eq.
(29) contain the complete mixture p(x).

~—

m(x

w+:ﬁ+ > 0, w;:(1_6+>

<0, (29

3. If Z is known, the resulting estimator is given by the formula:

~ 1 (& =
IT_r:S_Z <;w;f(xj)+;wj f(Xj )) . (30)

4. If Z is unknown, estimate and replace Z above with:

5 S

~ 1 _

Z:§<§ wj%—g wj>. (31)
=1 j=1

The estimator in Eq. (31) is based on the following equality:

z=5 [ %m(x)dx ra-on [ %ﬁ(rﬁ)d&
— BBy, [r(x)] + (1 — AD)E,_ ()] (32)

Note that the samples x; generated from p_(x) have associated negative
weights wy .

6. Applications to GP approximation of a density - emulators

In some adaptive Monte Carlo scheme, the key idea is the construc-
tion (via regression) of a non-parametric density (a.k.a., emulator/surrogate
model), which mimics a posterior distribution [10, 12]. More precisely, let
us consider again a target-posterior distribution 7(x) o 7(x). Related to
this target density, we have a (possibly noisy) set of points {x,,t,} with

10



n =1,..,N, where t, = 7(x,) or t, = m(x,) + €, (where ¢, is a noise per-
turbation) but always we have ¢, > 0 [10, 12].

Let us assume to apply a GP regression method [20]. We consider a (proper)
kernel function k(x,z) : X x X — R, then we can define a N x N kernel
matrix K where each entry is [K];; := k(x;,%;), and a N x 1 kernel vector
k(x) = [k(x,%1), ..., k(x,xx)] . For simplicity, we assume Gaussian kernels,

dx
1\ 2z x — z||?
k(x,z) = (271/\2) exp (—%) , A>0. (33)

Defining also the vector t = [t1,...,t;]", the density approximation is given
by the formulas:

p(x) o< p(x) = k(x) " (K + L)'t (34)
=k(x) a, (35)
=) ak(xx,),  7>0, (36)

where a = [y, ..., an] " is defined as
a=(K+nl,) 't (37)

Note that p(x) is a mixture of Gaussian kernels (k(x,x,) plays the role of
¢n(x)) and, generally, the coefficients «,,’s can be positive or negative.

We can assume of choosing a vector of hyper-parameters [, 7] such that
p(x) >0, for all x € X. It is always possible to find such hyper-parameters.
For instance, decreasing the value of A helps to obtain p(x) > 0 for all x. This
assumption can be avoided just defining p(x) = max[p(x),0]. However, this
issue tends to disappear as N grows and the hyper-parameters are optimized.
if a suitable optimization criterion is employed for updating the hyper -
parameters [\, 7] (as the classical marginal likelihood optimization [9, 20]),
the number of negative values of a;,’s should decrease as the number N of
acquired data, {x,,t,})_,, grows. However, for a finite N, we can have
negative values of «,. Since the emulator p(x) o p(x) is often used as
proposal density in a sophisticated sampling schemes, we need to be able to
draw from it. The RS and IS+R schemes proposed here can be employed for
this purpose.
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7. Numerical Simulations

Let us consider the multi-modal target density

#(z) o 7(z) = sin(z)? exp (—g_;) ,

that is shown in solid line in Figure 1(a). We consider two scenarios.!

Scenario 1: We consider N = 9 points in the regression, more precisely,
x; € {—5,—4,-1,0,0.5,1,2,5,10}, (38)

and t; = m(z;). We apply the GP regressor with Gaussian kernel and hyper-
parameters A = 1, n = 0. In this case, we obtain 6 positive coefficients and 3
negative coefficients in the vector cx. The 3 negative coefficients are associ-
ated to the kernels localized at x; = 0,0.5 and 2. Applying the proposed RS
scheme, the histogram of the accepted samples is given in Figure 1(d). The
acceptance rate A, = 1 — p = 0.417. The unnormalized densities p(x), p;(z)
and the corresponding versions are also shown in Figure 1.

Scenario 2: Now, we consider N = 11 points in the regression,
x; € {—8,—5,—-4,-1.2,-0.8,0.5,1,2,5,8,10}, (39)

and again t; = mw(z;). We apply the GP regressor with Gaussian kernel
and hyper-parameters A = 0,5, n = 0. In this case, we have a unique
negative coefficient, ag, corresponding to x4 = 0.5. The acceptance rate
A, =1—p=0.974, that is sensibly greater than in scenario 1. However, in
both scenarios, we obtain more than reasonable acceptance rates, due to the
suitable choice of the proposal density.

8. Conclusions

In this work, we focused on mixtures with negative coefficients. These
generalized mixture models enable more flexible and accurate density approx-
imations, though they introduce challenges for handling and sampling such

'Related Matlab code is given at http://www.lucamartino.altervista.org/
public_code_NegMix2025.zip.
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Figure 1: Scenario 1: N =9 input points z; € {—5,—4,—1,0,0.5,1,2,5,10} in regres-
sion; in this scenario, with A = 1, n = 0, we have 6 positive coefficients and 3 negative
coefficients in a. The 3 negative coefficients are associated to the kernels localized at
x; =0, 0.5 and 2. the theoretical acceptance rate is A, =1 — p = 0.417, and the empir-
ical acceptance rate is ~ 0.416, in line with the theoretical expression. This means that
drawing 20000 samples from p(z), in one run we obtain S = 8326 samples from p(x).
The corresponding histogram is depicted in figure (d).

distributions. To address these challenges, we proposed efficient Monte Carlo
methods (including quadrature techniques, rejection sampling, and impor-
tance sampling schemes) capable of accurately approximating integrals and
generating (unweighted) samples from these non-convex mixtures. The use
of a tailored proposal density ensures both accuracy and efficiency. Appli-
cations to Gaussian processbased density estimation illustrate the practical
relevance and effectiveness of the proposed methods, highlighting their po-
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Figure 2: Scenario 2: we have N = 11 input points, x; €
{-8,-5,—4,-1.2,-0.8,0.5,1,2,5,8,10} in regression; in this scenario, with A = 0.6,
n = 0, we have only one negative coefficient in a. the theoretical acceptance rate
A, = 1—p = 0974 which is virtually identical with the empirical acceptance rate
obtained, i.e., &~ 0.974. This means that drawing 20000 samples from p; (), in one run
we obtain S = 19481 samples from p(x). The corresponding histogram is depicted in
figure (b).

tential for broader use in complex density modeling tasks.
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