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Abstract

When neither prior knowledge nor expert opinion is available, non-informative priors
provide a practical alternative for conducting Bayesian inference. However, in the context of
model selection, genuinely non-informative priors do not exist. In fact, diffuse priors on the
parameters can drastically alter the value of the Bayesian evidence, making them effectively
highly informative, while improper priors are even not allowed. Furthermore, in many real-
world applications, the use of informative priors can substantially improve the computational
efficiency by driving sampling algorithms toward regions of high posterior probability. In
this work, we introduce a data-driven procedure for an automatic prior construction. The
underlying idea is to exploit the posteriors of the hyper-parameters from non-parametric
models, to construct priors for Bayesian inference in parametric models. We test the proposed
scheme in four different experiments, two of which involve real astronomical data.

Keywords: automatic prior design; informative priors; Bayesian inference; Gaussian Processes;
Exoplanets

1 Introduction

In Bayesian inference, the prior density plays a pivotal role as it encodes the analysts beliefs or

available knowledge about the parameters before observing the data [1, 2, 26]. An appropriately

chosen prior can regularize the inference, improve parameter identifiability, and prevent overfit-

ting. Moreover, the prior can serve as a mechanism to incorporate domain-specific knowledge,

physical constraints, or structural properties of the model into the analysis [8, 15, 29, 10].

In the absence of expert judgment or substantive prior knowledge, an appropriate alternative is to

resort to non-informative priors, encompassing diffuse, reference, and, in some cases, improper

priors. However, the use of non-informative priors have two main drawbacks:
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• In the context of model selection, non-informative priors present relevant issues. In fact,

the use of diffuse priors over the parameters can radically change the value of the Bayesian

evidence (a.k.a., marginal likelihood) and, as a consequence, the result of the model selec-

tion [17, 16, 21]. Hence, diffuse/vague priors are actually informative for model selection.

Additionally, the use of improper priors is forbidden in a model selection context. Indeed,

in this case, the marginal likelihood is not completely specified due to an arbitrary constant

involved in the computation [16, 21].

• In high-dimensional or complex models, the use of informative priors can substantially im-

prove the computational efficiency by driving sampling algorithms toward regions of high

posterior probability. Conversely, overly diffuse or improper priors, though sometimes used

for their perceived neutrality, can exacerbate computational challenges and yield unstable

inferences. Therefore, careful prior elicitation is a fundamental step in ensuring a robust

Bayesian analysis.

A possible solution is the use of empirical priors, also called data-driven priors [20, 12, 33]. Note

that this strategy includes the well-established empirical Bayes approach [14, 27, 30]. This strat-

egy reduces the need for subjective and arbitrary prior specification but there are other important

advantages. From a computational point of view, the construction of prior densities that are not in

conflict with the main modes of the likelihood function helps Monte Carlo algorithms to achieve

good performance. That is, this approach can improve the accuracy and robustness of the infer-

ence.

In this work, we introduce an automatic prior construction, that is a data-dependent procedure

which reduces the burden of manual elicitation. We consider the inference problem of a para-

metric model (derived by engineering, physical and/or environment knowledge) by a previous

analysis done a non-parametric model as Gaussian process (GP) technique [3, 23, 32]. More

specifically, we suggest the use of posterior distributions over a GP hyper-parameters as possible

prior densities. The key point is that that posterior distributions derived from non-parametric

models tend to be more diffuse than those obtained from specific parametric models. This prop-

erty facilitates faster and more efficient exploration of the state space by sampling algorithms,

enabling them to identify high-probability regions more readily. Furthermore, we discuss differ-

ent tempering strategy to further spread out the hyper-parameter GP posteriors and minimize the
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impact of the double use of the data.

The proposed approach is then particularly suitable when the analyzed parametric model is highly

sensitive to small variations in one or more parameters, as such sensitivity can yield a markedly

concentrated posterior distribution. Inference on parameters of this nature is especially challeng-

ing and necessitates the use of informative priors to ensure accurate and reliable estimation. Four

numerical experiments, two of which involve real astronomical data, demonstrate the benefits of

the proposed scheme.

The rest of work is structured as follows. In Section 2, we present the required framework and

the main idea. Section 3 introduce the proposed scheme. Section 4 recalls the Gaussian pro-

cesses and the interpretation of the hyper-parameters in different kernel function. The range of

applications is discussed in Section 5. In Section 6, we test the performance of the method on

simulations and real data of different types. Some conclusions are given in Section 7.

2 Framework and main idea

2.1 Problem statement

Let assume a set of M data points formed by pairs inputs-outputs,D = {xi, yi}
M
i=1. We assume the

following observation model,

yi = f (xi) + εi, i = 1, ...,M, (1)

where f (x) : Rdx → R is an unknown function of the independent variable x ∈ Rdx and

εi ∼ N(ε |0, σ2
e) is an indepedent noise perturbation, for all i = 1, ...,M. The variance of the

observation noise, σ2
e is also considered unknown and must be inferred. The observed data vec-

tor is denoted as y = [y1, ..., yM]> and, we also set ε = [ε1, ..., εM]>. The observations yi are

conditional independent given x.

We assume that we can express f (x) with a parametric model (e.g., derived by physical or statisti-

cal knowledge of the specific application and/or phenomenon) with parameters λ = [λ1, ...λDλ
, σe].

The variable subject to the inference is then λ.
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2.2 Main concepts

Here, we formalize the underlying idea of the proposed procedure. We actually consider two type

of models to express f (x):

• as described above, a parametric model with vector of parameters (or hyper-parameters)

λ = [λ1, ...λDλ
] . This first model induces the likelihood function `1(y|λ);

• a non-parametric model over f (x) (e.g., as a GP) with hyper-parameters θ = [θ1, ...θDθ
],

which induces a likelihood function `2(y|θ). More precisely, `2(y|θ) will be the marginal

likelihood in the case of a GP model [32, 23].

In this work, we focus on the scenario where certain components, specifically λ j and θk, are inter-

related or represent analogous physical and mathematical entities. In this scenario, it becomes

feasible to merge insights garnered from one model into the structure of the other. To explain the

main idea, we consider below a simplified case one-dimensional case, as example.

3 Automatic procedure for prior construction

3.1 Best-case scenario

Let Dλ = Dθ, and let the elements contained in the vector λ represent exactly the same magnitude

as θ, in some way that we can directly consider λ = θ. We assume a prior density pθ(θ) over θ.

This prior pθ(θ) could be uninformative and improper (see remark below). In this scenario, we

could build a posterior distribution for θ from the second non-parametric model,

p2(θ|y) ∝ `2(y|θ)pθ(θ) (2)

p2(θ|y) = p2(λ|y)︸ ︷︷ ︸
posterior

∝ `2(y|λ)︸ ︷︷ ︸
likehood

pθ(λ)︸︷︷︸
prior

, (3)

where we set pθ(λ) = pθ(θ) since λ = θ. Within this constrained framework, we can construct

a posterior distribution employing the likelihood `1(y|λ) induced by the parametric model, and

p2(λ|y) obtained in (3) as an informative prior for λ, i.e.,

p1(λ|y)︸ ︷︷ ︸
posterior

∝ `1(y|λ)︸ ︷︷ ︸
likehood

× p2(λ|y)︸ ︷︷ ︸
used-as-prior

. (4)
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Remark. Note that the proposed strategy requires only that the prior pθ(θ) yields a proper poste-

rior distribution p2(θ|y). The impact of this choice on the results is minimal, even in the context of

model selection. Indeed, improper priors may be employed if the likelihood function `2 exhibits

a finite fake-evidence (i.e., the area under the likelihood curve) [21]. See also Eq. (23) below.

Remark. The key point is that posterior distributions obtained from non-parametric models

are often more diffuse/vague than those arising from specific parametric models. This allows a

faster and easier exploration of the state space by the Monte Carlo algorithm, finding the high-

probability regions.

3.2 Handling a more general scenario

Let assume Dλ > 1, Dθ > 1 and possibly Dλ , Dθ. Generally, only certain components, for

instance, θk1 , θk2 are inter-related or represent analogous physical and mathematical entities with

λ1, λ2. For sake of simplicity and without loss of generality, we assume that all the elements of λ

are contained in θ, so that we can write

λ = [λ1, λ2] = [θk1 , θk2]. (5)

In this case, we need to obtain the marginal posterior of θk1 and θk2 ,

p2(λ|y) = p2(θk1 , θk2 |y) =

∫
Θ−k

p2(θ|y)dθ−k, (6)

where

θ−k = [θ1, ..., θk1−1, θk1+1, ..., θk2−1, θk2+1, ..., θDθ
].

We can use the marginal posterior p2(λ|y) = p2(θk1 , θk2 |y) (or its approximation) as a prior

over λ = [λ1, λ2]. A simple alternative is to consider the conditional posterior p2(λ|y, θ̂−k) =

p2(θk1 , θk2 |y, θ̂−k) as prior for λ1, λ2, where θ̂−k is a point-wise estimation of θ−k.

We can compute the integral in (6) using Monte Carlo schemes [7, 6]: we draw samples θ(n),

n = 1, ...,N, from p2(θ|y), and then simply ignore all the components with the exception of the

k1-th and k2-th entries in the generated samples θ(n). More precisely, we draw a vector θ(n) from

p2(θ|y) (by MCMC or IS+R) and then consider only the components k1 and k2, i.e.,

λ(n)
2 = [λ(n)

2,1, λ
(n)
2,2] = [θ(n)

k1
, θ(n)

k2
],
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obtaining an unweighted particle approximation {λ(n)
2 }

N
n=1,

p̂2(λ|y) =
1
N

N∑
i=1

δ(λ − λ(n)
2 ), (7)

of p2(λ|y). Then, in the general setting, we have different possible procedures:

P1 A kernel density estimation (KDE) can be employed obtaining an evaluable function,

p̃2(λ|y) =
1
N

N∑
i=1

Kh(λ − λ(n)
2 ), (8)

where Kh : RDλ → R+ are normalized, positive, non-linear (kernel) function, with (a)∫
Kh(λ)dλ = 1, (b)

∫
λKh(λ)dλ = 0, and where h > 0 represents a bandwidth. The density

p̃2(λ|y) is normalized and evaluable for each λ. Furthermore, h also serves as a parameter

to regulate the degree of dispersion of the prior density p̃2. A kernel density estimation is a

non-parametric approach. Clearly, parametric strategies can be also used for obtaining p̃2,

if desired. Some example is given in Section 6.

P2 Alternatively, an IS approach can be employed:

– To each sample λ(n)
2 , associate the weights

wn = `1(y|λ(n)
2 ), (9)

n = 1, ...,N.

– Resampling N times within the set {λ(1)
2 , ..., λ(N)

2 }, according to the normalized weights

w̄n = wn∑N
i=1 wi

, with i = 1, ...,N, obtaining the se of the resampled particles {λ̄(1)
1 , ..., λ̄(N)

1 }.

Therefore, we directly obtain a particle approximation of p1, i.e.,

p̂1(λ|y) =
1
N

N∑
i=1

δ(λ − λ̄(n)
1 ), (10)

P3 Other more specific alternatives are possible if some formulas/integrals can be computed

analytically, as in the applicative example in Section 5.1.

The IS approach in P2 is theoretically justified, as it is based on the idea of using p̂2(λ|y) not

only as a prior, but also as a proposal density (“deterministically” drawing N samples from this

degenerated mixture [9]), i.e., the weighting function is w =
`1(y|λ)����p̂2(λ|y)

����p̂2(λ|y)
.
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3.3 Benefits of the proposed approach and critical assessment

The described approach offers the significant advantage of incorporating an informative prior,

built from the available data, which is also expected to substantially enhance the efficiency of the

Monte Carlo computation. This consideration is particularly relevant when a parametric model

exhibits high sensitivity to small variations in one or more parameters, as this can result in a no-

tably concentrated posterior distribution. The inference of this kind of parameters is particularly

challenging and requires informative priors to perform a proper inference. Since posterior distri-

butions induced from non-parametric models tend to be wider than those obtained from specific

parametric models, the constructed priors can be easily analyzed by Monte Carlo algorithms,

enabling them to identify high-probability regions more readily. From a purist perspective, the

reuse of data in this manner may be subject to criticism [16, 25]. It is worth noting, however, that

well-known and widely adopted approaches such as empirical Bayes and cross-validation (CV)

are subject to the same concern [3, 14, 27, 30]. Moreover, there are several strategies to minimize

the impact of it on the results. Below, we describe some possible approaches.

Artificial tempering. For simplicity, let assume the framework λ = θ. We can use a tempered

version of the posterior p2(λ|y), i.e.,

p1(λ|y) ∝ `1(y|λ) ([p2(λ|y)
]γ , (11)

∝ `1(y|λ)
[
`2(y|λ)pθ(λ)

]γ , (12)

with 0 < γ ≤ 1. A possible choice of γ is γ = 1
M+1 , where M is the number of data points in the

vector y. This choice comes from the usual hypothesis of conditional independent observations,

which yields likelihoods consisting of products of M terms, i.e., `2(y|λ) =
∏M

m=1 `2(ym|λ), and

`1(y|λ) =
∏M

m=1 `1(ym|λ). In the extreme ideal case of having M equal observations y1 = y2... =

yM, then `i(y|λ) = [`i(y1)|λ)]M, for i = 1, 2. Moreover, the tempering can be included directly in

the approximation of the GP hyper-parameter posterior p2, for instance, in the construction of the

kDE p̃2 in Eq. (8), increasing the bandwidth h of the kernel.

Data tempering. Recall that we are assuming for simplicity λ = θ. Another possibility is to

consider a data-tempering approach dividing the observations into a training data subset and a test

data subset, as in a standard cross-validation (CV) procedure, using `2(yprior|λ) and `1(ypost|λ)
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with y = [y>prior, y
>
post]

>, so that

p1(λ|y) ∝ `1(ypost|λ)`2(yprior|λ)pθ(λ). (13)

Using set-theoretic language, note that the vectors yprior and ypost are disjoint, meaning they

share no common elements. If we desire to keep all the data in the likelihood function `1 (induced

by the parametric model), we could just use a subset of data ysubset (i.e., a smaller vector) for

construction the prior density,

p1(λ|y) ∝ `1(y|λ)`2(ysubset|λ)pθ(λ). (14)

In this case, there is a partial overlap between the data in y and ysubset, meaning that the latter are

effectively used twice [16]. See also the interesting discussion in [25].

4 Gaussian Processes (GPs) for regression

For a non-parametric approach, we assume that f (x) can be represented as a realization of a

Gaussian Process (GP). We defined a kernel function k(t, z|θker) : Rdx × Rdx → R, where θker is a

vector of hyper-parameters of the kernel function. We also build the corresponding kernel matrix

[K]i j := k
(
xi, x j|θker

)
of dimension M ×M containing all kernel entries. Given a generic input x,

we also define the kernel vector as k(x) = [k (x, x1|θker) , . . . , k (x, xM |θker)]> of dimension M × 1.

Given the M inputs and defining the vector f = [ f (x1), ..., f (xM)], the GP prior is represented by

p(f|θker) = N(f|0,K). (15)

Denoting y =
[
y1, . . . , yM

]> the M×1 vector of observed outputs and assumed observation model

in (1), the likelihood function is

p(y|f, θker, σ2
e) = p(y|f, θ) = N(y|f, σ2

eIM), (16)

where IM is the M × M identity matrix, and we have set θ = [θker, σ2
e]. Thus, for a generic

input x (possibly not contained in the training inputs x1:M), GPs also provide a Gaussian poste-

rior/predictive density [32, 23]

p( f (x)|y, x1:M, θ) = N

(
f (x)

∣∣∣∣µGP(x), σ2
GP(x)

)
, (17)
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with predictive mean µGP(x) and variance σ2
GP(x). Considering a GP prior with a zero mean and

kernel function k (t, x). The predictive mean gives us the interpolating function and is given by

µGP(x) = f̂ (x) = k(x)>(K + σ2
eIM)−1y, (18)

= k(x)>α, (19)

=

M∑
i=1

αik (x, xi|θker) , (20)

where f̂ (x) = µGP(x) is an approximation of the unknown function f (x) after observing the data

D = {xi, yi}
M
i=1, and the weight vector α = [α1, . . . , αM]> is given by α = (K + σ2

eIM)−1y, where

σ2
e is the variance of the data. The GP formulation also provides the expression for the predictive

variance,

σ2
GP(x) = k(x, x) − k(x)>(K + σ2

eIM)−1k(x). (21)

Recall that a complete notation should be µGP(x)|θ) and σ2
GP(x)|θ) including the dependence on

the hyper-parameters θ of the kernel functions and the power of the noise σ2
e .

4.1 Marginal likelihood

Recalling the assumed observation model in Eq. (1), i.e., yi = f (xi) + εi, the marginal likelihood

of a GP model is analytically known [32, 17, 23],

p(y) = p(y|θ) =

∫
p(y|f, θker, σ2

e)p(f|θker)df,

= `2(y|θ) = N
(
y|0,K + σ2

eIM

)
,

= N (y|0,Ktot) , (22)

where we have denoted Ktot = K + σ2
eIM. Note that Ktot depends on the choice of the hyper-

parameter vector θ = [θker, σ2
e]. Choosing a prior density over θ, denoted as p(θ), the complete

posterior density is given by

p2(θ|y) ∝ `2(y|θ)pθ(θ) = N (y|0,Ktot) pθ(θ). (23)

The dependence on θ in `2(y|θ) is due to the fact that the covariance matrix Ktot depends on θ.

Tuning of the GP hyper-parameters. A typical approach for learning θ is maximizing the
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so-called marginal likelihood `2(y|θ) of the GP regression model. However, this approach does

only yield point estimates. Here, we are interested in a Bayesian approach in order to obtain

approximations of the posterior density p(θ|y) or the marginal posterior densities p(θk|y) of the

hyper-parameters [32, 17, 23].

4.2 Kernel functions and interpretation of hyper-parameters

The kernel function should encode prior knowledge or belief regarding the smoothness, correla-

tion, and periodicity of the data. Several possible kernel functions can be used. For the purpose

of this work in this section, as an example, we consider two type of kernels:

k(x, z) = v2 exp
(
−
||x − z||α

η

)
, (24)

k(x, z) = v2 exp

−2 sin
(
π
P ||x − z||

)α
η

 , (25)

where the first one has 3 hyper-parameters θker = [v, η, α], and the second one has 4 hyper-

parameters θker = [v, P, η, α]. Considering the more sophisticated kernel, the complete vector

of hyper-parameters is θ = [θker, σe] = [v, P, η, α, σe]. All these hyper-parameters have a clear

interpretation:

• v2 - a-priori signal variance, i.e., the prior variance that the random function f (x) (latent

function) has following the user’s belief, without knowing any data, i.e., v2 = var[ f (x)]. In

regions where there are no data points, the posterior/predictive variance tends to be v2.

• P - fundamental period of the modeled phenomenon.

• η - length-scale of the kernel, i.e., a scale factor that controls the width of the periodic

peaks. This is related to the auto-correlation of the signal f (x). The optimal η becomes

usually smaller as the number of data points grows and becoming closer and closer.

• α - roughness, i.e., this parameter determines the regularity/derivability and the smoothness

associated to f (x).

• σ2
e - noise variance, i.e., power of the additive perturbation variable, i.e., σ2

e = var[ε].
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To ensure the kernel is positive definite, the following conditions are typically required: α ∈ (0, 2]

(this range helps preserve positive definiteness, depending on dimensionality), and v > 0, σe > 0,

η > 0, and P > 0. To understand the difference between v2 and σ2
e , we can come back to our

observation model and compute the variance of each elements. For the independence, we have

var[yi] = var[ f (xi)] + var[εi] = v2 + σ2
e , (26)

since v2 = var[ f (xi)] and σ2
e = var[εi]. Clearly, simpler or even more complicated kernels can be

employed. Some other example is provided in Eqs. (35) and (42), for instance.

5 Examples of applications

5.1 Bayesian regression with non-linear basis functions

Let assume that f (x) = φ(x)>β where φ(x) = [φ1(x), ..., φB(x)]> is a vector of B non-linear

functions and β = [β1, ..., βB]> with B ≤ M. We also denote the M × B design matrix Φ =

[φ(x1)...,φ(xM)]>. The observation model is then

y = Φβ + ε. (27)

It is common to place a (conjugate) Gaussian prior over β, i.e.,

p(β) ∼ N(β|0,Σβ), (28)

with zero mean and the B × B covariance matrix Σβ. We recall that the noise vector is an inde-

pendent Gaussian variable as well, more specifically, ε ∼ N(ε |0, σ2
eIM). In this framework, the

posteriors p(β|y, σe,Σβ) and p( f (x)|y, σe,Σβ) are both Gaussian, analytically known with mean

β̂ =
1
σ2

e

(
1
σ2

e
Φ>Φ + Σβ

)−1

Φ>y, (29)

and f̂ (x) = φ(x)>β̂, respectively (for more details see [23, 32]). Hence, rhe regression function

f̂ (x) = φ(x)>β̂ is completely specified obtaining the estimator of the coefficients, but we need to

choose or estimate the hyper-parameters are the matrix Σβ and σ2
e . Setting f = [ f (x1), ..., f (xM)]>,

note that

var[f] = Σ f = ΦΣβΦ
>. (30)

11



Note that a prior over β induces a prior over f, that is p(f) ∼ N(f|0,ΦΣβΦ>) [23]. The two

priors are related, and we can also fix p(f) and find the corresponding p(β). We can obtain an

approximation of Σβ by the transformation

Σβ ≈ Φp-invΣ fΦ
>
p-inv, (31)

where Φp-inv =
(
Φ>Φ

)−1
Φ> is the pseudo-inverse matrix of Φ. If we assume that Σ f = v2IB, so

that

Σb ≈ v2 Φ>p-invΦp-inv. (32)

Therefore, building a prior over p(v) (using the proposed strategy) corresponds to construct a

prior over Σβ by Eq. (32). Then, the parameters of the model are now λ = [v, σe].

Hierarchical approach. We can consider hierarchically a prior p(λ) over λ, and then approxi-

mate

p(β|y) =

∫
p(β|y, λ)p(λ)dλ ≈

1
N

N∑
n=1

p(β|y, λ(n)
2 ), λ(n)

2 ∼ p(λ). (33)

To automatically build the prior p(λ), we can use a GP over f (x) with kernel

k(x, z) = v2 exp
(
−
||x − z||2

η

)
, (34)

and learn the posterior of the hyper-parameters θ = [v, σe, η]. Note that θ = [λ, η], i.e., the first

two components of θ coincides with the components of λ. Applying a Monte Carlo sampling

method (e.g., MCMC or an IS+R techniques), we can draw samples θ(n) from p2(θ|y) and, then,

marginalizing out over η (just do not considering the last component, of the samples regarding

η as described in Section 3.2). Finally, we have a particle approximation p̂2(λ|y) = 1
N

∑N
i=1 δ(λ −

λ(n)
2 ), of the bi-dimensional marginal posterior p2(λ|y), where λ(n)

2 = [v(n), σ(n)
e ] for n = 1, ...,N.

Note that for each v(n) we have a matrix Σ(n)
b given in (32), and considering also σ(n)

e , we have

N vectors β̂(n) in (29), which are the mean of the Gaussian posteriors p(β|y, λ(n)
2 ) into (33) (the

covariance matrices are also given and known [23]).

5.2 Parametric models involving periodicity

Several applications involving the inference about periodicity and/or parameters in frequency do-

main (specially in astronomy; see Section 6 for some example). In this cases, we are interested
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in studying the marginal posterior of P and σe given the data y (hence, λ = [P, σe]). In this case,

P has the physical meaning of fundamental period of the signal.

Remark. For periodic or cyclic data, the posterior distributions of P are often highly concen-

trated within a narrow region of the parameter space. Consequently, the use of informative priors

becomes essential to mitigate dimensionality issues and computational challenges in the infer-

ence of model parameters.

Remark. Compared to the use of Fourier series or the periodogram (which reveals the frequen-

cies present in the signal/data) the proposed approach enables the construction of a complete

prior density taking into account these frequencies. With complete prior density, we refer to a

full characterization of the function, including its location, overall variance, uncertainty around

the peaks, symmetry (skewness), tail behavior (kurtosis), and other shape-related features. Fur-

thermore, the idea proposed in this work can be readily integrated with the preliminary use of the

periodogram in several ways. For instance, the information obtained from a periodogram can be

employed as a suitable initialization for the proposal densities used for sampling from p2(θ|y).

The marginal posterior of P will present peaks/modes around the frequencies contained in the

signal. The main mode will correspond to the main period. However, we could also generalize

the kernel given in Eq. (25) using, for example,

k(x, z) =

R∑
i

v2
i exp

−2 sin
(
π
Pi
||x − z||

)2

ηi

 , (35)

which is the sum of several kernels with different hyperparameters (for instance, different periods

Pi) to improve the ability of the GP posterior to capture different frequencies in the signal.

6 Numerical experiments

In this section, we test the proposed approach in two experiments with synthetic data. Further-

more, we have applied the methodology to real data from two different sources and typologies.

For the first case, we chose the radial velocity data from the exoplanet host star GJ 3512 [24].

For the second case, we chose photometric data from the All-Sky Automated Survey [ASAS,

31]. We chose a noisy light curve of the binary star HD 112661. With these two examples, we

checked the behaviour of the method with two common scenarios: (a) extremely concentrated

posterior distributions and (b) observations with large uncertainties.
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6.1 First Experiment

We consider a non-linear basis model

yi = φ(xi)>β + εi, (36)

= β1 exp (−|xi − 2|) + β2 exp
(
−

1
2
|xi − 7|

)
+ εi, (37)

where φ(xi) = [exp (−|xi − 2|) , exp (−|xi − 7|)]>, β = [β1, β2]> and εi ∼ N(ε |0, σ2
e). We generate

M = 34 observations yi, i = 1, ..., 34, according to the model above with σe = 0.3. The M inputs

xi are obtained a uniform grid from 0 to 10 with step 0.3. The data vector is then y = [y1, ..., y34]>.

We desire to perfom Bayesian inference on β = [β1, β2]> and σ2
e . The idea is to build automati-

cally a data-driven prior density over σ2
e . Moreover, with respect to β we consider the conjugate

prior density,

p(β) ∼ N(β|0,Σβ), (38)

where

Σβ =

σ2
β,1 ρβ

ρβ σ2
β,2

 , [Σβ]i,i = σ2
β,i, [Σβ]1,2 = [Σβ]2,1 = ρβ,

is a 2×2 covariance matrix. We desire to construct an automatic prior for the matrix Σβ, i.e., over

the three scalar variables σ2
β,1, σ2

β,2, and ρβ. For this purpose, we apply a GP with the kernel in

Eq. (34), i.e. k(x, z) = v2 exp
(
−
||x−z||2

η

)
. Hence, the hyper-parameters of the GP are θ = [v2, σe, η].

For simplicity, we consider uniform priors over the elements of θ, i.e., U([0, var(yi)]) for v2 and

U([0, std(yi)]) for σe and U([0, 10]) for η. We consider the empirical variance for computing

var(yi) and std(yi).

We use an importance sampler with N = 106 particles (using the prior over θ as proposal density),

for drawing samples from the posterior p2(θ|y). The approximations of the marginal posteriors

of the components of θ = [v2, σe, η] are depicted in Figure 1. Note that the marginal posterior

p2(σe|y) (or a more diffuse, spread-out versions) can be used as an informative prior over σe.

Some bidimensional conditional posteriors are also shown in Fig. 2.

Furthermore, given the design matrix Φ = [φ(x1), ...,φ(x34)]> and the expressions (30)-(31)-

(32), we can obtain samples of the matrix Σb ≈ v2 Φ>p-invΦp-inv, having samples of v2. Thus,

the approximations of the marginal densities of the elements into Σb, i.e., σ2
β,1, σ2

β,2, and ρβ are

depicted in Fig. 3. Clearly, at the same time, we have also obtained the approximation of the
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joint density. This joint distribution over the matrix Σb must be employed as prior to ensure the

matrix to be definite positive. The mean Σ̂b and a credible interval (CI) of 90% are given below:

Σ̂β =

 1.14 −0.12

−0.12 0.57

 , CI =

 [0.29, 3.20] [−0.031,−0.34]

[−0.031,−0.34] [0.15, 1.6]

 .
If desired, a more diffuse prior over Σβ can be obtained by adopting a more dispersed density for

v2. This can be forced, for example, by employing a larger bandwidth in the KDE estimation (or,

in some cases, by applying a more diffuse prior over θ).
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Figure 1: Approximation of the marginal posteriors of the hyper-parameters of the employed

GP: (a) of v2, (b) of η, and (c) of σe. Note that the marginal posterior p2(σe|y) (or more diffuse,

spread-out versions) can be used as a prior over σe.
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Figure 2: Conditional bidimensional posteriors, (a) p2(η, σe|y, v2 = 1), (b) p2(η, v2|y, σe = 0.3),

and (c) p2(σe, v2|y, η = 1).
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Figure 3: Marginal densities over the elements of the matrix Σb. The joint distribution over the

matrix Σb must be employed to ensure to be definite positive.

6.2 Second Experiment

In this section, we consider the following model,

yi = b + A sin
(
2π
P

xi + φ

)
+ ei, (39)

where again ei is a normally distributed random variable with standard deviation σe and zero

mean, i.e. ei ∼ N(0, σ2
e). We generate M = 15 observations yi according to the model above

(hence y = [y1, ..., y15]>), setting σe = 0.5, P = 2π ≈ 6.28, A = 1, φ = 0, and b = 0. We randomly

selected M = 15 points xi, uniformly in the interval x ∈ [−4, 4].

6.2.1 Prior construction

In this experiment, we focus on the period parameter P. Our goal is to construct an informative

prior distribution for P making inference on the GP hyper-parameters θker = [v2, P, η] of a pe-

riodic kernel in Eq. (25). The complete vector of hyper-parameters would be θ = [v2, P, η, σe].

However, for simplicity, in this example, σe is kept fixed to the true value so that θ = [v2, P, η].

The posterior distributions of the period P for periodic data are often concentrated in a small

region of the parameter space, so there is a need to use informative priors to avoid dimensionality

issues and computational problems when inferring model parameters. An adaptive importance

sampling (AIS) scheme [7] has been employed to sample from the posterior of the GP hyper-

parameters p2(θ|y), with uniform priors U([0, 100]) over the elements of θ. Gaussian proposal

density is adopted for all components of θ, with its parameters being adaptively updated through-

out the iterations of the AIS scheme. The AIS algorithm provides weighted samples: after a
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resampling step, we obtain the approximations by histograms of the marginal posteriors of v2,

η and P, shown in Fig. 4(a). The continuous, black line denotes the mean of the samples. The

dashed lines are the 90% credibility intervals. Finally, the continuous red lines represent the max-

ima a posteriori of the marginal posteriors: 0.42 for v2, 0.84 for η and 5.47 for P, respectively.

The marginal distribution of the hyper-parameter P shown in Fig. 4(a) (bottom, right panel) can

be used as the prior for the period of the generic sine curve in Eq. (39). We employ the procedure

P1 in Section 3.2, we apply a KDE with Gaussian kernel with the optimal bandwidth suggested

in [4]. The resulting approximated density, p̃2, is depicted in Figure 4(b). A more vague prior

over P can be obtained by employing a larger bandwidth in the KDE estimation.

6.2.2 Bayesian inference for the parametric model

For the sake of simplicity, we consider σe = 0.5 fixed, and we assume uniform priorsU([0, 100])

over the parameters A, φ, and b. For the period P, we consider the constructed prior in Figure

4(b). We run the AIS with N = 105 and 103 iterations, for approximating the posterior p1(λ|y)

where λ = [A, φ, b, P]. Figure 5 shows the particle approximations of the marginal posterior

densities for each model parameter. Note that the posterior distribution of the period P is more

concentrated, compared to that used as the prior. All the marginal posteriors are located around

the true values of the parameters A, φ, b and P.

6.3 Radial velocity model with real data

.

For this example, we consider the radial velocity data from [24]. The data correspond to radial

velocity measurements of the star GJ 3512, which hosts an exoplanetary system [5, 11]. They

were acquired with the CARMENES instrument, a high resolution, optical and near-infrared

spectrograph mounted on the 3.5m telescope at the Calar Alto Observatory [34]. The 158 obser-

vations expand for 900 days. In the present work, only optical data are utilised, without any loss

of generality. The mean value for RV uncertainties is ∼ 2 m s−1 for the optical channel of the

instrument.

Radial velocity (RV) model. The observations can be succinctly modeled as

yi = vi + ei, (40)
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(a) (b)

Figure 4: (a) Approximations of the marginal posterior distribution for the GP hyper-parameters v2, η and

P. The mean and the 90% credibility intervals are depicted with continuous black line and dashed lines,

respectively. The red continuous line represents the estimated maximum a posteriori (MAP). (b) KDE

approximation p̃2 (continuous line) for the marginal posterior of the hyperparameter P (histogram).

Figure 5: Approximations of the marginal posteriors for the parameters A, φ, b and P of the parametric

model in Eq. (39), using the constructed prior in Figure 4(b) for P. The value over each histogram is the

mean and the 90% credibility level (continuous black line and dashed lines, respectively). The continuous

red line represents the estimated MAP.
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where yi is the observation of the star’s radial velocity at time i, which combines the intrinsic

velocity component vi and an additive noise term ξi. The parametric model is defined by Eqs. 40

and

vi = V0 + K [cos (ui + ω) + e cos (ω)] , i = 1, . . . ,M. (41)

where M is the number of observations, V0 is the mean radial velocity of the star, K is the ampli-

tude of the curve, u is the true anomaly, ω is the periastron angle and e is the orbit eccentricity. It

is noteworthy that a period parameter P is encompassed within the parameter u in Eq. (41). See

[18], for a detailed definition of the parametric model. For the standard deviation of the random

variable ei, we used σe = 3.33 m s−1. This value was determined in [18].

Prior construction. The kernel we used for this application is a composition of the periodic

kernel from Sect. 6.2 and a squared exponential kernel,

k(x, z|θker) = v2
1 exp

(
−

2 sin((π/P)‖x−z‖)2

η2
1

)
+ v2

2 exp
(

(|x−z‖)2

2η2
2

)
, (42)

where θker = [v1, v2, η1, η2, P]. For simplicity, again we keep fixed σe (out of the inference),

so that we can write θker = θ. Considering a product uniform priors from 0 to 100 (one for

each hyper-parameter) for building pθ(θ), we apply an AIS scheme for drawing from p2(θ|y)

[22, 19]. Figure 6 shows the results of the GP regression considering the MAP estimation θ̂MAP,

and the full Bayesian solution obtained considering all the weighted particles generated by the

AIS algorithm. Generally, the mean regression function are very similar, but the variance of the

full Bayesian solution is larger in some regions. The approximation the the marginal posterior

p2(P|y) is given in Figure 7(a). Using the generated samples, we also fit a Laplace density for

obtaining p̃2 (i.e., we use a parametric P1 strategy, described in Section 3.2). We use this Laplace

density as prior for the subsequent inference of the orbital period of the planet within the para-

metric model.

Inference of the RV model. We use the Laplace approximation of the marginal posterior

p2(P|y) in Figure 7(a), as prior for the period P in the RV model in Eqs. (40)-(41). The rest of

priors are set as in [18]. We apply again the AIS scheme for sampling from p1(λ|y) [22, 19].

Figure 7(b) shows the approximated marginal posterior distribution of P (using the aforemen-

tioned Laplacian-derived prior). The mean of the posterior distribution is 204.2 days, which can

be compared with 204.5 days obtained in [18] for a single planet model and 203.6 days obtained
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Figure 6: GP regression obtained by using θ̂MAP in dashed line and the full Bayesian GP solution (con-

sidering all the weighted particles from the AIS) with solid red line [23]. We show also two uncertainty

intervals, one corresponding to the GP with θ̂MAP (grey color) and the other one corresponding to the full

Bayesian solution (pink color) [23].The blue points represent the real data from [24].

in [24]. The histogram represents the posterior density of this parameter, which is concentrated

within a narrow interval. In contrast to the findings reported in [18], our approach enabled an ac-

curate approximation of the marginal posterior for the orbital period (computationally speaking,

we obtain more different particles with higher weights). This outcome remarks the importance

of constraining the prior for the parameter P, as such constraints contribute to a more precise

estimation of its posterior distribution.

6.4 Fitting a photometric light curve with real data

In this section, we analyze data from the ASAS source id. 125922-6217.3. This source is the

counterpart of HD 112661, an evolved B star classified as B0/1 III/IV by [13] and B2 IVn by

[28]. The observations expand during approximately nine years for a total of M = 600 data

points. The uncertainties in the magnitude are of the same order of the amplitude of the low

amplitude variations in the light curve.

We consider the same model in Eq. (39) and the procedure described in Sect. 6.2, i.e., the model
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(a) (b)

Figure 7: (a) Approximated marginal posterior p2(P|y) of the GP hyper-parameter P in Eq. (42). We also

obtain a parametric approximation p̃2 fitting a Laplace density. (b) Marginal posterior distribution of the

period in the model obtained from Bayesian inference using the distribution in the left panel as a prior.

is

yi = b + A sin
(
2π
P

xi + φ

)
+ ei. (43)

i = 1, ...,M. First, a GP with a periodic kernel as in Eq. (25) was used to construct the informative

prior over the period parameter in the parametric model. This prior distribution was then used

for fitting the model in Eq. (43) to the data. The priors over the elements θ are uniform from

0 to 200. Figure 8(a) depicts the approximation of marginal posterior distribution of the GP

kernel hyper-parameter P, obtained by an AIS scheme. We employ the strategy P1, considering

a parametric estimation of the density fitting a normal distribution (shown in solid line). We used

this normal distribution as the prior of the period of the parametric model. Figure 8(b) shows the

marginal posterior approximated for the parameter P for the light curve model. As in the previous

example, the support of the marginal posterior distribution for the period in the parametric model

is more concentrated than that of the same kernel hyper-parameter.

The fitted curve is shown in Fig. 9. The data are plotted in phase for clarity. The estimation for

the model parameters is given in Table 1, joinlty with the 90% credibility levels.

Table 1: Estimated model parameters for the light curve of HD 112661.

A φ b P

0.03+0.01
−0.01 −9.51+0.27

−0.38 9.23+0.01
−0.01 2.18+0.01

−0.01
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(a) (b)

Figure 8: (a) Approximated marginal posterior of the hyper-parameter P of the GP regression

for HD-112661. (b) Approximated marginal posterior of the period P in the photometric light

curve model.

Figure 9: Resulting curve fitted for the ASAS data of HD 112661. The light curve is plotted in

phase, for clarity.

7 Conclusions

In this work, we have described a novel methodology to build data-driven prior densities. The

proposed approach constructs automatically informative priors that are particularly necessary for

parameters highly concentrated posterior distributions. Indeed, in these cases, the use of infor-

mative priors becomes essential to mitigate dimensionality issues and computational challenges

in the inference of model parameters. Namely, it helps substantially the computational inference

algorithm employed to approximate the posterior, correctly exploring the parameter space. Fur-

thermore, the constructed prior is particularly well-suited for model selection purposes (being
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both informative, since data-driven, and proper). The novel procedure use posteriors over the

hyper-parameters of a GPs as priors for parameters in parametric physical models. We have pro-

vided several numerical examples, including two astrophysical experiments involving real data,

showing the benefit of the proposed approach.
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