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Abstract

We derive the equations of General Relativity as emergent from
a timeless Euclidean model on E4 with a single fundamental �eld
Φ satisfying ∆E4Φ = 0. Building on the operational reconstruction
of Lorentz transformations for observable transformations M on a
�xed slice, we allow slow variations of the foliation direction nA(x)
and introduce the e�ective metric gAB = −hAB + v−2

maxnAnB with
hAB = δAB−nAnB. The compensation principle δSeff+δSg = 0, under
locality, di�eomorphism invariance, and second order in derivatives,
together with the invariance of the null cone under M on the slice,
uniquely �xes the second-order local density; via the Gauss�Codazzi
identities it is equivalent to the Einstein�Hilbert action with the Gib-
bons�Hawking�York boundary term. Variation of the total action
yields GAB + ΛgAB = 8πGT eff

AB with ∇AT eff
AB = 0; the normaliza-

tion of G is set by the Newtonian limit. The requirement of causal
reconstruction implies the scale hierarchy Lfield ≪ Lfol and the recov-
ery of the Newtonian limit, as well as the universality of gravity: all
e�ective �elds couple minimally through the same g, which renders
�eld-dependent cones observationally inadmissible and ensures falsi�-
ability. In addition, we obtain a local upper bound on the hierarchy
parameter ε = Lfield/Lfol ≤ εmax ≪ 1 that yields testable bounds on
deviations from the SR/GR regime.
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1 Introduction

In the previous work [1] we studied a timeless Euclidean model on E4 with a
real scalar �eld Φ(x) satisfying the Laplace equation

∆E4Φ = 0, ∆E4 := δAB∂A∂B,

on a class of admissible con�gurations de�ned by the observer's operational
constraints. No explicit solutions were constructed; rather, properties of the
class were analyzed. We obtained:

� a foliation together with a mode decomposition gives rise to an opera-
tional inertial frame (IFR) with its own event structure, causality, and
inertia;

� two types of transformations between IFRs were distinguished: direct
(geometric, acting on global con�gurations) and observable (preserving
the event structure in the observer's description);

� a proof that events lying outside the observer's own event structure are
unreachable;

� an operational reconstruction of the postulates of SR: the equivalence
of all IFRs and the existence of a �nite IFR-invariant limiting speed
vmax;

� a demonstration that observable transformations take the Lorentz form
with invariant vmax; the Galilean limit is excluded;

� it was established that, upon changing the IFR, the reconstructed event
set may gain or lose elements; nevertheless, the causal structure remains
internally consistent within each IFR.

In this paper we further develop the model and derive the equations of
General Relativity. We pass from foliations by hyperplanes to the general
case, where the foliation direction n(x) (components nA(x)) may vary slowly
and the slices need not be hyperplanes. The curvature of the foliation arises
as a requirement of operational causal reconstruction: in order for the local
consistency condition (invariance of the null cone under observable transfor-
mations M , see �3.2) to hold between neighboring slices, the geometry must
adapt. In this formulation, the very requirement of consistent reconstruc-
tion serves as the source of curvature, whereas �energy�momentum� is an
emergent quantity of the e�ective description on the slices.
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E�ective metric. We introduce the e�ective metric form

gAB(x) = −hAB(x)+v−2
max nA(x)nB(x), hAB(x) = δAB−nA(x)nB(x), (1)

where nAn
A = 1, and hAB is the projector onto the slice Σs. When Kab = 0

(equivalently, Lnhab = 0; for a precise de�nition see �4.3), the observable
transformations M are strictly Lorentzian; locally the kinematics of SR is
recovered with signature sig(g) = (+,−,−,−) and light cone |r| = vmaxt
(henceforth we identify vmax ≡ c).

Beyond gravity, the model yields e�ective �elds as modal degrees of free-
dom on Σs. Their dynamics is constructed by the principle of minimal cou-
pling via g; the universality of this coupling will be derived from the varia-
tional compensation principle δSeff + δSg = 0 together with the invariance of
the null cone on the slices. The scale hierarchy Lfield ≪ Lfol arises naturally
and ensures the weak-�eld limit (see �5).

1.1 Background and Motivation

Basic setup:

� Euclidean space E4 with no fundamental time;

� a real scalar �eld Φ(x) satisfying the Laplace equation ∆E4Φ = 0 (see
(2));

� events as discrete detections by the observer on the slices of the foliation
Σ

(n)
s .

In the approximation we call the classical regime, the event set Cn is the
same for all observers at rest in a given inertial frame of reference (IFR),
and the observable transformations M between IFRs take the Lorentz form
at �nite vmax [1]. Local variations of the direction nA(x) are operationally
indistinguishable from observer acceleration; the requirement of consistent
reconstruction between neighboring slices (invariance of the null cone on the
slice and under transport; see (24), (25)) imposes geometric constraints on
admissible �elds nA(x).

1.2 From Lorentz Transformations to Curvature

For Kab = 0 (equivalently, ∇AnB = 0) the observable transformations M are
strictly Lorentzian (the SR regime) [1]. When ∇AnB ̸= 0, the normal �eld
nA(x) and the induced geometry on the slices de�ne a local e�ective metric

gAB = −hAB + v−2
maxnAnB, sig(g) = (+,−,−,−),
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see (10). Smooth variations of nA(x) induce curvature of g.
We then show that the local consistency of observable transformations

M on a slice (24) and under transport (25), together with the compensation
principle δSeff + δSg = 0, uniquely �xes the geometric action to the Ein-
stein�Hilbert form and leads to the equations (42). The two-scale structure
with parameter ε := Lfield/Lfol ≪ 1 ensures the Newtonian limit and the
operational exclusion of observable strong-�eld regimes; see �5 and �5.4.

1.3 Goal and Scope

The goal is to rigorously derive the equations for the e�ective metric g[n]
(that is, a metric g locally parameterized by the normal �eld nA) from the
requirement of operational consistency of causal reconstruction, and to show
their equivalence to Einstein's equations with an e�ective source.

Tasks:

� to �x a variational setup that combines the geometric functional for g[n]
with the operational constraints of transport, under explicit assump-
tions: locality, at most second order in derivatives, 3-di�eomorphism
invariance on Σs, invariance under reparametrizations s 7→ f(s), the
SR regime for ∇n = 0, and the absence of extra modes (see �4.2, �4.3);

� to establish the local Lorentz limit and the equivalence principle (see
�3);

� to obtain the Newtonian limit in the weak-�eld, two-scale regime (see
�5).

Absence of extra modes as a consequence. We do not postulate the
number of degrees of freedom. From the operational admissibility criteria
� (i) locality and at most second order in derivatives, (ii) 3-di�eomorphism
invariance on Σs and invariance under reparametrizations s 7→ f(s), (iii) the
SR limit for ∇n = 0 and invariance of the null cone for observable M , (iv)
the absence of kinetic terms for N and Na, (v) closure of the hypersurface
deformation algebra (Dirac�Teitelboim), � it follows that the scalar mode
is excluded and ζ = 1 is �xed. As a result, exactly two tensor polarizations
remain in the linearized spectrum. Details: �4.3; see also [7, 5, 6, 14]. Any
ζ ̸= 1 violates the closure of the algebra or compatibility with the cone,
whereas adding terms beyond second order leads to Ostrogradsky instability
and contradicts (i).

In �2 we formalize the foliation �eld and kinematics; in �3 we establish the
local equivalence principle; in �4 we carry out the variational derivation and
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show equivalence to Einstein's equations; in �5 we analyze the scale hierarchy
and the Newtonian limit; in �6 we discuss limitations and prospects.

In addition, we obtain a strong-�eld ban in observable regions in the form
of the bound ε ≤ εmax ≪ 1 (see �5.4), which follows from invariance of the
null cone and local operational consistency; this simultaneously addresses the
hierarchy problem and ensures falsi�ability of the model.
Notation remark: the symbols Σs, hab, Kab, R

(3)[h], N, Na, α, β, ζ are in-
troduced in �2��4.3; they are used here only to preview the structure.

2 Fundamental Euclidean Model and Foliation

Structure

In this section we �x the basic objects of the model, introduce local folia-
tions and the induced geometry on the slices, and make precise how smooth
variations of the foliation direction give rise to curvature.

2.1 Laplace Equation and Admissible Con�gurations

Let E4 be endowed with the Euclidean metric δAB and global coordinates
xA, A = 0, 1, 2, 3. The Laplacian is de�ned by ∆E4 := δAB∂A∂B. The
fundamental �eld is a real-valued function Φ : E4 → R, Φ ∈ C2, satisfying

∆E4Φ(x) = 0 for all x ∈ E4. (2)

This is the sole fundamental equation of the model. No fundamental varia-
tional or energy functional for Φ is introduced.

When necessary, we restrict to a domain U ⊂ E4 with C1 boundary
∂U and impose well-posed boundary conditions (Dirichlet/Neumann/Robin)
compatible with the local transport law from [1]. No fundamental variational
functional for Φ is introduced.

Conventions. Repeated indices are summed; indices are raised/lowered with
δAB, δAB.

2.2 Local Foliations and Induced Geometry

A smooth �eld of unit normals nA(x) is speci�ed on E4,

nAn
A = 1, nA ∈ C2(E4). (3)

We assume local integrability of the normal �eld: there exists a scalar function
s(x) such that

nA ∝ ∂As, nA∂As = 1, (4)
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equivalently, the Frobenius condition P[A
CPB]

D∇CnD = 0 holds. The level
sets

Σs := {x ∈ E4 | s(x) = const } (5)

form a local foliation. The projector onto the tangent subspace of a slice,

PAB := δAB − nAnB (6)

de�nes the induced three-dimensional metric

hAB := PAB, hABn
B = 0, (7)

and a covariant derivative Da compatible with hab: Dchab = 0. Here and
below,∇ denotes the Levi�Civita connection of the �at metric δAB; hAB is the
four-dimensional projector, and hab is its pullback to Σs. In a neighborhood
of a point we use coordinates (s, ya), where s satis�es (4) and ya parametrize
Σs; any vector decomposes as

V A = (V · n)nA + PA
BV

B ≡ V⊥n
A + V A

∥ , V A
∥ nA = 0. (8)

The extrinsic curvature of a slice is

Kab :=
1
2
Lnhab, K := habKab. (9)

E�ective 4-metric and the SR regime. We introduce the e�ective met-
ric form

gAB(x) := −hAB(x) + v−2
max nA(x)nB(x), sig(g) = (+,−,−,−), (10)

compatible with the local light cone |r| = vmaxt and with the isotropy of the
metric hab on Σs. The operational time is normalized so that a displacement
by length ℓ along nA corresponds to t = ℓ/vmax; henceforth we identify
vmax ≡ c. If nA = const (equivalently, ∇n = 0), then gAB is �at, and
the observable transformations M between IFRs are strictly Lorentzian with
invariant vmax [1].

Observable vs direct transformations. Local consistency conditions
are formulated for the observable transformations M , which by de�nition
preserve the event structure and the null cone (10) (for ∇n = 0 they locally
form the Lorentz group). Direct transformations D rearrange the family of
events {Cs} and are not used for local kinematics.
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Operational motivation for joint reconstruction. Both the events and
the foliation are jointly reconstructed from the same data. On each slice Σs,
events are de�ned as local critical points of the operational sensitivity func-
tional S[Φ; Σs] (see [1]). We start with hyperplanes (∇n = 0) and construct
the events Cs = CritS[Φ; Σs]. We then check the local transport law on Σs

and introduce the transport mis�t

E[Φ; Σs;n, h] := (transfer predicted by the observable law)−(actual linkage of events).

In the general case with ∇n = 0, one obtains E ̸= 0 on a �nite observation
domain Ω ⊂ Σs. We then allow curving of the foliation (slow variations of
nA(x) and hab) and require exact cancellation of the mis�t:

E[Φ; Σs;n, h] = 0 on Ω, (11)

subject to the constraints

nAn
A = 1, Dchab = 0, gAB = −hAB + v−2

maxnAnB,

and preservation of the null cone for the observable transformationsM on Σs.
A solution with Kab ̸= 0 removes the violations of the transport equation.
Thus there is no priority : the events Cs and the geometry (n, h) are deter-
mined jointly as a solution of E = 0; the �slowness� of foliation variations
follows from the stability of consistent reconstruction on �nite domains Ω.

Intuitive explanation. Foliation curvature is introduced as a compensa-
tion for the transport mis�t: gravity is the geometric correction that enforces
the transport law for all e�ective �elds on the slices. Hence: (i) gravity and
other e�ective �elds are of di�erent nature; (ii) gravity acts on all �elds
de�ned on the foliations through a single metric g.

2.3 Curvature from Variations of the Normal Field

Throughout this subsection, ∇ ≡ ∇[g] denotes the Levi�Civita connection
of the metric g, and indices intrinsic to a slice are raised/lowered with hab.

Let the normal �eld nA(x) satisfy (3) and vary smoothly. In the gauge
N = 1, Na = 0 the extrinsic curvature of the slices

Kab := Pa
APb

B ∇AnB = 1
2
Lnhab, K := habKab, (12)

induces curvature of the e�ective metric gAB from (10). For nA = const (i.e.,
∇n = 0) we have Kab = 0, R[g] = 0, and the observable transformations M
between IFRs are strictly Lorentzian with invariant vmax [1].
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Gauss�Codazzi decomposition. The relation between the curvature of
g and (hab, Kab) is given by the identities

R
(4)
abcd[g] = R

(3)
abcd[h] +KacKbd −KadKbc, (13)

DbK
b
a −DaK = Pa

AnBR
(4)
AB[g], (14)

R[g] = R(3)[h] +KabK
ab −K2 + 2∇A

(
nAK − nBK

AB
)
. (15)

Hence any smooth variation of nA (∇n ̸= 0) produces RABCD[g] ̸= 0 through
Kab and its derivatives.

Cone consistency for observable transformations. Local consistency
of causal reconstruction on a �xed slice Σs is formulated as preservation of
the null cone of the metric g under a change of the observational chart:

(∆x)AgAB(Σs)(∆x)
B = 0 =⇒ (∆x′)AgAB(Σs)(∆x

′)B = 0, (16)

where (∆x′) =M(∆x) for an observable transformationM within Σs. Trans-
port between neighboring slices is described by a separate evolution operator
U(s+ds, s) and is not part of M .

Adiabatic regime and curvature scale. We de�ne the foliation curva-
ture radius Lfol by the estimates

∥Kab∥ ∼ O(L−1
fol ), ∥DcKab∥ ∼ O(L−2

fol ), (17)

with norms induced by hab on a local observation domain. For ε := Lfield/Lfol ≪
1 gravitational corrections to local SR kinematics are suppressed, and in
terms of orders

R(3)[h] = O(L−2
fol ), R[g] = O(L−2

fol ). (18)

A detailed analysis of the two-scale asymptotics is given in �5; there it
is shown that the causal reconstruction requirement implies the hierarchy
Lfield ≪ Lfol, ensuring the Newtonian limit and excluding observable strong-
�eld regimes (ε ∼ 1).

Summary.

∇n = 0 ⇒ Kab = 0, R[g] = 0, and M is strictly Lorentzian; ∇n ̸= 0 ⇒ Kab ̸= 0, R[g] ̸= 0,

that is, curvature of g is a direct consequence of variations of the normal �eld
nA(x).
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3 Operational Consistency and the Equivalence

Principle

In this section:

� we introduce the minimally required de�nition of e�ective �elds on the
slices and their local evolution;

� we formulate the local consistency of observable transformations M as
preservation of the null cone under a change of the observational chart
on a �xed slice;

� we derive an operational form of the equivalence principle.

3.1 E�ective Fields as Operational Degrees of Freedom

Let {φ(n)
α (y; s)} be an admissible local modal basis on Σs (see [1, �3.2]). We

de�ne e�ective �elds as local functionals of the fundamental �eld:

ψI(s, y) = ΨI [Φ; Σs](y), ψI = WI
α(s, y) a(n)α (s) +O

(
Da,DW

)
, (19)

where a
(n)
α (s) are the modal coe�cients, D is the covariant derivative on Σs,

and WI
α(s, y) are locally invertible on the working subspace.

Their evolution along the foliation is speci�ed by a local operator

a(n)α (s+ds) = Aα
β[Φ; s] a

(n)
β (s)+O(ds2), ψI(s+ds, y) = UI

J(s, y)ψJ(s, y)+O
(
ds2, Dψ,DW

)
,

(20)
where U := WAW−1 is de�ned pointwise in (s, y). The equivalence of the
descriptions via aα and ψI is discussed in Appendix B.

We require the representation R(M) of observable transformations M on
ψ to be �nite-dimensional; to the working order,

R(M)U = U R(M) +O(ε), ε :=
Lfield

Lfol

(see �5). (21)

Minimal conditions (as consequences of the model). From locality
on Σs, transport invariance, and the adiabaticity of the foliation it follows
that:

1. Locality and second order in ya: no terms beyond two D-derivatives
appear at the working order.

2. M-covariance and 3-di�eomorphism invariance on Σs; compatibility is
expressed by (21).
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3. Adiabaticity: dependences on Kab and DKab enter as O(L−1
fol ) and

higher.

4. Reality of observables: for complex ψ, the action and observables are
Hermitian. For the present discussion it is immaterial whether the
e�ective �elds are real or complex.

Optional complexi�cation. When needed we introduce complex combi-
nations of real �elds:

ψc =
1√
2
(ψ1 + iψ2), (ψ1, ψ2) 7→

(
cos θ − sin θ
sin θ cos θ

)(
ψ1

ψ2

)
, (22)

i.e., an e�ective U(1) phase is equivalent to an internal SO(2) rotation on
a pair of real �elds. The on-slice evolution is speci�ed pointwise in y by an
orthogonal operator U ∈ O(N); a unitary form appears only after complexi-
�cation and is not required for the derivations in Secs. 4�5.

E�ective action and source. We adopt the minimal local form

Seff [g, ψ] =

∫
d4x

√
|g| Leff(ψ,∇ψ; g), T eff

AB := − 2√
|g|

δSeff

δgAB
. (23)

In the SR regime (∇n = 0, g = η) (20) is equivalent to the Euler�Lagrange
equations, and T eff

AB coincides with the symmetrized Noether tensor. In the
curved case, the Bianchi identity implies ∇AT eff

AB = 0.

Su�ciency for deriving GR. The de�nitions (19)�(23) su�ce to: (i) jus-
tify minimal coupling of the e�ective degrees of freedom to g; (ii) obtain T eff

AB

as the unique compatible source in (42); (iii) recover energy and momentum
in the SR limit via Noether charges.

3.2 Local Consistency of Observable Transformations

on a Slice

De�nition. Let p ∈ Σs. An observable transformation M is a linear change
of the observational chart at p, i.e., a linear operatorM : TpE4 → TpE4 acting
on coordinates (t, r) adapted to g(p), and on observables ψI 7→ RI

J(M)ψJ .
The consistency requirement is

(∆x)AgAB(p) (∆x)
B = 0 =⇒ (∆x′)AgAB(p) (∆x

′)B = 0, ∆x′A :=MA
B ∆xB, ∆x ̸= 0,

(24)
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i.e., M preserves the null cone in TpE4. We additionally assume preservation
of spatial and temporal orientation. Evolution in s is governed by the trans-
port operator U(s+ds, s) from (20) and is not part of M . When ∇n = 0,
the class of admissible M locally coincides with SO+(1, 3).

Cone consistency under transport. Let ΠA
B(s+ds, s) : TpU → Tp+U

be the linear transport operator induced by the joint reconstruction proce-
dure between neighboring slices Σs → Σs+ds. We require preservation of the
null cone under transport:

(∆x)AgAB(Σs)(∆x)
B = 0 ⇒ (∆x+)

AgAB(Σs+ds)(∆x+)
B = 0, ∆xA+ := ΠA

B(s+ds, s)∆x
B+O(ds2).

(25)
Here Π acts on tangent vectors and does not coincide with U from (20),
which acts on e�ective �elds; M acts on TpU on a �xed slice, see (24).

By admissible transformations we henceforth mean those observable M
which (i) preserve the null cone of g; (ii) preserve spatial orientation (detM >
0); (iii) preserve the chosen time orientation determined by nA; (iv) preserve
the time-scale gauge t = ℓ/vmax (equivalently, (Mn)A(Mn)A = nAnA = 1).

In the SR regime (∇n = 0) such M are locally of Lorentz form; thus the
set of admissible M is isomorphic to the proper orthochronous component
of the Lorentz group (SO+(1, 3)) in the sense of local structure. Here the
notation SO+(1, 3) is used as a shorthand, rather than as a pre-established
global group classi�cation.

Theorem 1 (SR regime for M). If ∇n = 0, then g = η, and the set of
all admissible M in a neighborhood of any point p coincides with the proper
orthochronous Lorentz group SO+(1, 3) with invariant vmax [11].

Proof. Work at the point p with g(p) = η. An admissibleM is linear on TpE4

and preserves the null cone: ηABx
AxB = 0 ⇒ ηAB(Mx)A(Mx)B = 0. Hence

MTηM = λ η for some λ ̸= 0. Condition (iv) (preservation of the gauge/norm
of n) gives λ = 1, therefore M ∈ O(1, 3). Preservation of orientations yields
M ∈ SO+(1, 3).

3.3 Acceleration as a Tilt of the Foliation and the Equiv-

alence Principle

The projector is PA
B = δAB − nAnB, with hAB = PAB. The operational

acceleration along an integral curve of nA is

aA := PA
B (nC∇̄CnB) = PA

B LnnB, (26)
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where ∇̄ is the Levi�Civita connection of the �at metric δAB. The equality
follows from LnnB = nC∇̄CnB + nC∇̄Bn

C and nC∇̄Bn
C = 1

2
∇̄B(nCn

C) = 0.
The extrinsic curvature is Kab =

1
2
Lnhab; the Gauss�Codazzi decomposi-

tions relate Kab to the curvature of g [11, 13].

Theorem 2 (Operational Equivalence Principle). For any point p there ex-
ists a su�ciently small neighborhood and a local gauge in which

gAB(p) = ηAB, ∂CgAB(p) = 0, nA = const, Kab(p) = 0.

In this neighborhood, all results of local experiments de�ned by a �xed on-slice
evolution operator are indistinguishable from those in a uniformly accelerated
system in �at space. The trajectories of free test bodies satisfy

uB∇Bu
A = 0, (27)

where ∇ is the Levi�Civita connection of g. In this gauge the observable
transformations M act as local Lorentz transformations and preserve the null
cone.

Sketch of the proof of Theorem 2. In Riemann normal coordinates for g at
p one has gAB(p) = ηAB and ∂CgAB(p) = 0 [11]. By parallel transport
with ∇̄ choose nA so that ∇̄CnB(p) = 0. Then Lnhab(p) = 0 and hence
Kab(p) = 1

2
Lnhab(p) = 0. The null cone of g at p coincides with that of

η, therefore admissible M are locally Lorentz and preserve the cone. The
geodesic equation gives uB∇Bu

A = 0; it follows that in a su�ciently small
neighborhood the results of local experiments are indistinguishable from
those in a uniformly accelerated system in �at space.

Remark. Locally, curvature of the foliation is a smooth tilt/rotation of the
normal nA; uniform acceleration is the same tilt considered in a locally iner-
tial gauge with gAB(p) = ηAB and ∂CgAB(p) = 0.

4 Variational Derivation of Einstein's Equations

The goal is to derive the geometric action and the equations for the e�ective
metric gAB (10) from: (i) the local consistency of observable transforma-
tions M (preservation of the null cone on the slices), and (ii) the foliation
structure (Σs, hab, Kab), understood as a joint reconstruction of events and
geometry: variations of g are chosen so as to cancel the event transport mis�t
E[Φ; Σs;n, h] (see �2, Eq. (11)). In the model there is a single fundamental
equation ∆E4Φ = 0; all other �elds are e�ective degrees of freedom on Σs,
minimally coupled via g.

13



4.1 Constraints and Symmetries of the Variational Setup

We work within the class of con�gurations satisfying (3), (7), (12), and (10);
here hab := ι∗(hAB) is the pullback of hAB to Σs, and ι : Σs ↪→ E4 is the
natural embedding. The covariant derivative on a slice is denoted Da and is
compatible with hab (Dchab = 0).

We require:

1. Locality and second order. The geometric Lagrangian is local on
Σs, contains at most two D-derivatives with respect to ya, and depends
on hab and Kab at most quadratically.

2. Invariances. Invariance under three-dimensional di�eomorphisms on
Σs and under reparametrizations s 7→ f(s); observable transformations
M preserve the light cone |r| = vmaxt (which �xes the normalization of
vmax).

3. SR regime. When ∇n = 0 (Kab = 0), the metric g is �at (R[g] = 0),
the action yields no dynamics, and observableM are strictly Lorentzian
with invariant vmax.

4. Absence of extra degrees of freedom. In the linear regime only
two tensor polarizations are present.

Adiabatic regime. By the adiabatic regime we mean a slow variation of
the foliation:

ε :=
Lfield

Lfol

≪ 1, ∥Kab∥ ∼ O(L−1
fol ), ∥DcKab∥ ∼ O(L−2

fol ),

and we expand in powers of ε. Here Da is the covariant derivative compatible
with hab.

Regularity and observational scale. We assume n, h ∈ C2 and small-
ness estimates on the observation scale Lobs:

∥K∥Lobs ≪ 1, ∥DK∥L2
obs ≪ 1,

and we neglect terms of order O(L2
obs/L

2
fol).
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4.2 Compensation Principle and Variational Setup

On the equations-of-motion shell for the e�ective �elds ψ (i.e., with δψ = 0)
the variation of their action with respect to the metric is

δSeff

∣∣∣
δψ=0

= −1

2

∫
U
d4x

√
|g|T eff

AB δg
AB. (28)

The joint reconstruction of events and foliation is formulated as the vanishing
of the transport mis�t E[Φ; Σs;n, h] = 0 (see �2, Eq. (11)). Then, for all
variations δg compatible with the parametrization g[h, n] and the gauge N =
1, Na = 0, we require the compensation

δSeff + δSg = 0, (29)

which is equivalent to
δSg
δgAB

=
1

2

√
|g|T eff

AB. (30)

In other words, Sg is chosen so that δStot[g, ψ] = δ(Sg + Seff) = 0 for all
admissible δg is equivalent to the condition E = 0.

Set

EAB[g] :=
2√
|g|

δSg
δgAB

.

Di�eomorphism invariance of Sg implies the identity ∇AEAB ≡ 0. Together
with (30) this yields ∇AT eff

AB = 0. (After determining the form of Sg in
Lemma 1, this also follows immediately from the Bianchi identity.)

theorem 1 (Universality of the Gravitational Action). Let a set of e�ective
�elds {ψi} on the slices have local Lagrangians compatible with 3-di�eomorphisms
on Σs, with reparametrizations of the foliation parameter s 7→ f(s), with adi-
abaticity, and with preservation of the null cone by observable transformations
M (24) as well as under transport (25). Then the compensation (29) on the
class of metrics g[h, n] is achievable only with a universal minimal coupling
of all {ψi} through one and the same metric g:

Seff [g, {ψi}] =
∫ √

|g| Leff({ψi},∇{ψi}; g) d4x,

and therefore

δSg
δgAB

=
1

2

√
|g|

∑
i

T
eff(i)
AB ⇐⇒ δSg

δgAB
=

1

2

√
|g|T eff

AB, T eff
AB :=

∑
i

T
eff(i)
AB .
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Proof. If di�erent �elds were assigned di�erent metrics g(i), then

δSeff

∣∣∣
δψ=0

= −1

2

∑
i

∫ √
|g(i)|T eff(i)

AB δg(i)AB.

The compensation (29) requires a single gravitational functional Sg depend-
ing on one metric variation. Since g is parametrized by (h, n), and preser-
vation of the null cone (24), (25) �xes a unique cone both on a slice and
under transport, independent variations of several g(i) are incompatible with
the class g[h, n]. Hence only universal minimal coupling via a single g is

admissible, which leads to summing the contributions T
eff(i)
AB in (30).

Corollary 1 (Falsi�ability of Universality). If in a causally accessible region
one observes robust e�ects that require �eld-dependent light cones or metrics
(for example, di�erent front velocities for di�erent �elds under joint detec-
tion, or di�erent free-fall trajectories all else being equal), then the conditions
(24), (25) are violated and the model is ruled out.

Remark 1 (Comparison with GR). In General Relativity the universality
of gravitational action is taken as part of the equivalence principle and the
postulate of minimal coupling. In the present model the same universality
is derived from the compensation principle (29) and from the uniqueness of
the class of metrics g[h, n] compatible with cone preservation. The empirical
consequences coincide with GR, but the justi�cation is constructive rather
than axiomatic.

Corollary 2 (Local Equivalence Principle). Under universal minimal cou-
pling (Prop. 1) and in the SR regime at a point there exists a local inertial
coordinate system (Fermi/Riemann normal) along any timelike worldline in
which

gAB(p) = ηAB, ∂CgAB(p) = 0, gAB = ηAB +O(R · x2).

Localized wave packets of e�ective �elds and test detectors with the minimal-
length action Sdet = −m

∫
ds

√
gABẋAẋB obey the equation of motion

D2xA

dτ 2
+ ΓABC

dxB

dτ

dxC

dτ
= 0,

and, in the eikonal limit of wave equations, phase fronts propagate along
(null) geodesics of g. It follows that free fall is independent of internal struc-
ture and mass at order O(ε0); di�erences appear only through tidal terms
O(R · L2

obs).
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Remark 2 (Equivalence of Gravity and Acceleration). In the neighborhood
of a worldline with 4-acceleration ai, the Rindler metric in �at space and
a weak gravitational �eld with potential ϕ from (58) yield equivalent local
physics: g00 ≃ 1 + 2ϕ/v2max ≃ 1 + 2 aix

i/v2max up to O(R · x2). Gravitational
redshift and free-fall acceleration follow from ∇ig00.

theorem 1 (Uniqueness of Sg under Locality and Invariances). Suppose Sg is
local, di�eomorphism invariant, yields equations of at most second order, has
an SR limit when ∇n = 0, and introduces no extra modes in the linearized
spectrum. Then from (30) it follows that GAB + ΛgAB = 8πGT eff

AB, and
Sg =

1
16πG

∫√
|g| (R− 2Λ) d4x up to boundary terms.

Sketch of the proof. From (29) we have δSg =
1
2

∫√
|g|T eff

AB δg
AB.Hence EAB :=

2√
|g|

δSg

δgAB is symmetric and satis�es ∇AEAB ≡ 0 (di�eomorphism invariance).

In 4D, by Lovelock's theorem [10], under locality and second order in deriva-
tives, EAB = c1GAB + c2 gAB. The existence of the SR limit excludes other
combinations and �xes the action to Sg =

c1
2

∫√
|g| (R−2Λ) d4x up to bound-

ary terms. The normalization c1 =
1

8πG
is determined in the weak-�eld (New-

tonian) limit [11, 12], whence GAB + ΛgAB = 8πGT eff
AB.

Alternatively, in the ADM representation [7] the general local second-
order Lagrangian

√
hN

[
α(KabK

ab−ζK2)+βR(3)−2Λ
]
together with closure

of the hypersurface deformation algebra (Dirac�Teitelboim) [5, 6, 14] and
the absence of extra modes yields ζ = 1 and α = β = 1

16πG
. With the

Gauss�Codazzi identities this is equivalent to the Einstein�Hilbert action
plus the Gibbons�Hawking�York boundary term [8, 9].

4.3 General Form of the Lagrangian on the Foliation

Foliation decomposition. In coordinates (s, ya) with nA∂As = 1 the met-
ric takes the form

ds2 = v2maxN
2 ds2 − hab

(
dya +Nads

)(
dyb +N bds

)
, (31)

where N is the lapse and Na the shift; they are gauge functions (with no
kinetic terms). In the gauge aligned with nA and with the normalization of
the cone |r| = vmaxt,

N ≡ 1, Na ≡ 0, (32)

and
gAB = −hAB + v−2

maxnAnB, sig(g) = (+,−,−,−). (33)

Henceforth we identify vmax ≡ c.
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Lemma (joint reconstruction ⇒ gauge �xing). Preservation of the null
cone for observable transformations M on the slices and the normalization
t = ℓ/vmax in the mis�t-cancellation problem E = 0 imply N ≡ 1, Na ≡ 0 in
the chart with nA∂As = 1. Proof: if N ̸= 1 the local cone is deformed and
event transport consistency is violated; if Na ̸= 0 the cone tilts in the (s, ya)
coordinates, producing an inconsistency E ̸= 0.

Kinematic invariants on a slice. De�ne the extrinsic curvature

Kab =
1
2
Lnhab, K := habKab, (34)

and the scalar curvature of the slice R(3)[h]. We write
√
h :=

√
dethab. In

the adiabatic regime only local invariants with at most two D-derivatives are
admissible.

Most general local Lagrangian. Assuming 3-di�eomorphism invariance
on Σs and reparametrizations s 7→ f(s), the general form of the geometric
density is

Lg =
√
hN

[
α
(
KabK

ab − ζK2
)
+ β R(3)[h]− 2Λ

]
, (35)

and in the gauge (32)�(33)

Lg =
√
h
[
α
(
KabK

ab − ζK2
)
+ β R(3)[h]− 2Λ

]
. (36)

Linearization about the SR limit shows the appearance of an extra scalar
mode when ζ ̸= 1; requiring its absence �xes

ζ = 1 (details: Appendix A).

Why the coe�cients are �xed. The generators of normal and tan-
gential deformations (H⊥,Ha) must close to the Dirac�Teitelboim algebra
with structure function hab, as determined by the geometry of embeddings
[5, 6, 7, 14]. Closure {H⊥,H⊥} ∼ Ha[h

ab(· · · )] eliminates the scalar mode
and selects the unique quadratic combination KabK

ab − K2. Then (i) an
exact SR regime for ∇n = 0 (�at g, no dynamics), (ii) isotropy on the slice,
and (iii) matching of normalizations in the deformation algebra �x the overall
scale:

α = β = 1
16πG

,
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where G is determined from the Newtonian limit in the linear regime (see
�4.8). Thus

Lg =
√
h

16πG

[
(KabK

ab −K2) +R(3)[h]− 2Λ
]
, (37)

which is equivalent to the 4D density
√

|g|R[g] up to a boundary term (see
�4.4).

Comments. (i) R(3) is the only local second-order scalar on Σs. (ii) Any
other local second-order terms are either reducible to a boundary term or
violate the deformation algebra. (iii) Higher-than-second-order terms are
suppressed by adiabaticity. All requirements in this subsection pertain to
observable transformations M , which preserve event structure and the null
cone; direct transformations D rearrange {Cs} and are not used in construct-
ing the local Lagrangian.

4.4 Gauss�Codazzi Decomposition and the Passage to

the Einstein�Hilbert Action

We work in the gauge (32)�(33). Let U ≃
⋃
sΣs be a 4D region, and let

∂U be its smooth boundary with induced metric γij. The Gauss�Codazzi
identities yield√

|g|R[g] =
√
h
(
R(3) +KabK

ab −K2
)
+ ∂AVA, (38)

where VA is a total divergence depending on nA, Kab, hab [8, 9]. Integrating
over U and applying Stokes' theorem, we obtain∫
ds d3y

√
h

16πG

(
R(3)+KabK

ab−K2
)
=

1

16πG

∫
U

√
|g|R[g] d4x− 1

8πG

∫
∂U

√
|γ| εK d3x,

(39)
where K is the trace of the extrinsic curvature of ∂U (with outward-pointing
unit normal), and ε = +1 for a timelike boundary and ε = −1 for a spacelike
boundary.

To make the variation with respect to gAB well-posed for �xed γij on ∂U ,
we add the Gibbons�Hawking�York boundary functional [8, 9]

SGHY =
1

8πG

∫
∂U

√
|γ| εK d3x, (40)

which cancels the boundary contribution in (39). As a result,

Sg[g] =
1

16πG

∫
U

√
|g|

(
R[g]− 2Λ

)
d4x + SGHY. (41)
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Remarks. (i) For non-smooth boundaries, additional �corner� terms (Hay-
ward) must be included; this does not a�ect the variational calculation in the
text. (ii) We assume variations with compact support inside U while keeping
γij �xed on ∂U . (iii) The decomposition (38) is geometric and independent
of the chosen gauge; the choice (32)�(33) serves to align notation.

4.5 Variations and Equations

Take Sg from (41). The joint reconstruction condition E = 0 (see (11)) �xes
the gauge N = 1, Na = 0 and the class of admissible variations, but does
not add dynamical equations. The variational derivation is performed with
respect to the metric gAB with γij �xed on ∂U .

Consider the total action

Stot[g, ψ] = Sg[g] + Seff [g, ψ],

where Seff and T eff
AB are given in (23). The variations δgAB have compact

support in U ; boundary contributions are canceled by SGHY. We vary with
respect to g as an independent variable; the parametrization g[h, n] = h −
v−2
maxnn is a subsequent reconstruction and imposes no restrictions on the
variations.

Using the de�nition of the energy�momentum tensor and the Bianchi
identity,

δSg =
1

16πG

∫
U

√
|g| (GAB+ΛgAB) δg

AB d4x, δSeff = −1

2

∫
U

√
|g|T eff

AB δg
AB d4x,

and from δStot = 0 for all δgAB we obtain

GAB[g] + ΛgAB = 8πGT eff
AB. (42)

From ∇AGAB ≡ 0 it follows that ∇AT eff
AB = 0.

4.6 Noether Energy�Momentum Currents in the SR Regime

Let ∇n = 0, so that gAB = ηAB and the observable transformations M are
strictly Lorentzian. For an e�ective �eld (or a set of �elds) ψ the action

Seff [η, ψ] =

∫
d4xLeff(ψ, ∂ψ; η)

is invariant under translations xA 7→ xA + ϵA. By Noether's theorem there
exists the canonical tensor [2]

ΘA
B =

∂Leff

∂(∂Aψ)
∂Bψ − δAB Leff , ∂AΘ

A
B = 0 (on shell). (43)
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Symmetrizing �a la Belinfante�Rosenfeld [3, 4] yields Θsym
AB , which coincides

with the metric de�nition under minimal coupling:

T eff
AB

∣∣
g=η

= − 2√
|η|

δSeff

δηAB
= Θsym

AB . (44)

(For spinors one uses the tetrad and spin connection; the equality holds with
the usual improvement terms.)

Choose nA as the four-velocity of a rest observer and PA
B := δAB−nAnB

as the projector onto Σs. The local energy and momentum densities are

ρeff = T eff
AB n

AnB, πa = −T eff
AB n

APB
a. (45)

Let τA be a timelike Killing vector and eA(i) form a basis of spatial Killing

vectors in (R1,3, η). Then the integral charges

E =

∫
Σs

d3y
√
h T eff

AB τ
AnB, Pi =

∫
Σs

d3y
√
h T eff

AB e
A
(i)n

B, (46)

are independent of the choice of slice in the absence of �ux through the
boundary (or with su�cient fallo� at in�nity), since ∂A(T

eff A
Bξ

B) = 0 for
any Killing vector ξA. In the gauge τA = v−1

maxn
A and in an orthonormal basis

eA(i) on Σs,

E =

∫
Σs

d3y
√
h ρeff , Pi =

∫
Σs

d3y
√
h πi.

4.7 Energy�Momentum from T eff
AB: Densities and Killing

Charges

Let ∇AT eff
AB = 0. For any vector �eld ξA de�ne the current

JA[ξ] := T eff A
B ξ

B. (47)

If ξA is a Killing vector
(
∇(AξB) = 0

)
, then ∇AJ

A[ξ] = 0, and the integral
charge

QΣ[ξ] :=

∫
Σs

d3y
√
h JAnA =

∫
Σs

d3y
√
h T eff

AB ξ
AnB (48)

is independent of the choice of slice Σs in the absence of �ux through ∂Σs

(or with su�cient fallo� at in�nity).

21



Energy and momentum (SR regime). When ∇n = 0 and g = η, there
exist global Killing vectors: a timelike τA and three spatial eA(i). Then

E = QΣ[τ ] =

∫
Σs

d3y
√
h T eff

AB τ
AnB, (49)

Pi = QΣ[e(i)] =

∫
Σs

d3y
√
h T eff

AB e
A
(i)n

B. (50)

In the gauge τA = v−1
maxn

A and in an orthonormal basis eA(i) on Σs, the formulas

(49)�(50) reduce to (45).

Curved case. If there are no global Killing vectors, then: (i) local measure-
ments are speci�ed by (45) for a chosen observer four-velocity uA (typically
uA = nA); (ii) quasi-charges are de�ned via (48) for conformal or approx-
imate Killing vectors, or via �uxes of JA through the boundary; (iii) the
on-slice stress tensor Sab := T eff

CDP
C
aP

D
b describes momentum �ux within

Σs.

Consistency with Noether. In the �at case, the canonical Noether ten-
sor symmetrized �a la Belinfante�Rosenfeld coincides with the metric tensor:
T eff
AB

∣∣
g=η

= Θsym
AB , which ensures that (49)�(50) agree with the standard ex-

pressions.

4.8 Checks: SR Regime and Newtonian Limit

SR. For ∇n = 0 (Kab = 0) the metric is �at, g = η, the observable M are
strictly Lorentzian, and (42) with T eff

AB = 0 is identically satis�ed.
Weak �eld (Newtonian limit). Assume: (i) a weak �eld |ϕ|/v2max ≪ 1;

(ii) slow motion of sources |v| ≪ vmax; (iii) quasistaticity ∂tϕ ≈ 0; (iv) small
pressure p≪ ρeffv

2
max. In the gauge

g00 = 1 +
2ϕ

v2max

, g0i = 0, gij = −
(
1− 2ϕ

v2max

)
δij, (51)

where i, j = 1, 2, 3, and δij is the Euclidean metric on the slice Σs, the
equations (42) reduce to

∇2ϕ = 4πGρeff , ρeff := T eff
00 , (52)

with ∇2 := δij∂i∂j the three-dimensional Laplacian on Σs. This �xes G: we
require the coe�cient in (52) to be 4π.
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EEP check. In view of Corollary 2, at any point there exists a local IFR
with g = η +O(Rx2); any gravitational e�ects can be eliminated locally by
choosing an inertial frame, up to tidal corrections. This is consistent with
(58) and with the Newtonian limit (59).

4.9 Section Summary

Taken together, the premises of this section�locality and at most second
order in derivatives, 3-di�eomorphism invariance and reparametrizations of
s, the SR regime for∇n = 0, and the absence of extra modes�combined with
the compensation principle δSeff + δSg = 0 and the gauge N = 1, Na = 0
(preservation of the cone forM) uniquely �x the geometric density (37). Via
the Gauss�Codazzi identities this is equivalent to the 4D Einstein�Hilbert
action with the Gibbons�Hawking�York boundary term, see (41). Variation
of the total action Sg + Seff with respect to gAB at �xed γij on ∂U yields
Einstein's equations (42) with emergent T eff

AB and the condition ∇AT eff
AB = 0.

The normalization of G is �xed in the weak-�eld limit as in �4.8.

5 Scale Hierarchy and the Weak-Field Regime

Introduce the small parameter of the two-scale asymptotics

ε :=
Lfield

Lfol

≪ 1,

where Lfol is the characteristic curvature radius of the foliation, and Lfield is
the coherence length of the e�ective-�eld modes on the slice Σs. For ε ≪ 1
the geometry varies slowly while the e�ective �elds on the slices vary rapidly;
to leading order one obtains the Newtonian limit, with corrections suppressed
by powers of ε.

5.1 Two-Scale Separation

De�nitions of scales. Let Ω ⊂ Σs be a compact set with smooth bound-
ary. De�ne

L−2
fol ∼ max

{
∥KabK

ab∥ , |R(3)[h]|
}
, L−2

field ∼ sup
ψ

∫
Ω

√
h |Dψ|2∫

Ω

√
hψ2

, (53)

where norms are taken with respect to hab, and the supremum is over those
modes ψ admitted by Leff with boundary conditions on ∂Ω compatible with
the setup. Then Dψ = O(L−1

field) and D
2ψ = O(L−2

field).
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Power counting. In the regime (53) we have

Kab = O(L−1
fol ), DcKab = O(L−2

fol ), Daψ = O(L−1
field), D2ψ = O(L−2

field), D2 := habDaDb.
(54)

Accordingly, the Lagrangian densities scale as

LR(3) ∼ O
(
L−2
fol

)
, LK2 ∼ O

(
L−2
fol

)
, Leff ∼ O

(
L−2
field

)
. (55)

Mixed terms of the type K |Dψ|2 give

Lmix ∼ K |Dψ|2 ∼ 1

Lfol L2
field

. (56)

To compare dimensionless orders we use the coordinate rescaling ỹa :=
ya/Lfield on Ω (or, equivalently, coarse-graining on the scale Lfield). Then

Lmix

Leff

= O(ε) , ε =
Lfield

Lfol

. (57)

Adiabatic expansion. For a �xed observational scale Lobs ≪ Lfol, solu-
tions and functionals admit expansions

gAB = g
(0)
AB + ε g

(1)
AB + ε2g

(2)
AB + · · · , ψ = ψ(0) + ε ψ(1) + · · · ,

where g(0) is a locally �at metric on scales Lfield, consistent with Sec. 3.2; the
corrections g(k) vary slowly on Lfol.

5.2 Weak Field and the Newtonian Limit

Weak-�eld gauge. Let

gAB = ηAB + γAB, |γAB| ≪ 1,

and choose the harmonic gauge

∂Aγ̄AB = 0, γ̄AB := γAB − 1
2
ηABγ, γ := ηCDγCD.

In the Newtonian regime we assume: slow sources |v| ≪ vmax, quasistaticity
∂0γAB ≈ 0, weak �eld |ϕ|/v2max ≪ 1, and small pressure p ≪ ρeffv

2
max. We

use the gauge

g00 = 1 +
2ϕ

v2max

, g0i = 0, gij = −
(
1− 2ϕ

v2max

)
δij, (58)

where i, j = 1, 2, 3, and δij is the Euclidean metric on Σs.
Then from (42) in harmonic gauge and under quasistaticity it follows that

∇2ϕ = 4πGρeff , ρeff := T eff
00 , ∇2 := δij∂i∂j, (59)

which reproduces the Newtonian limit.
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Estimate of corrections. Corrections to (59) due to �nite foliation cur-
vature and slow nonstationarity are estimated as

δ(∇2ϕ) = O
(

ϕ

L2
fol

)
+O

(
∂20ϕ

v2max

)
, (60)

and for an experiment with spatial scale Lobs and duration Tobs, given a
characteristic metric-variation time LT , one has

|δ(∇2ϕ)|
|∇2ϕ|

= O
(
L2
obs

L2
fol

)
+O

(
T 2
obs

L2
T

)
. (61)

5.3 Structural Origin of the Hierarchy

Operational consistency. Let Lobs be the characteristic spatial size of
a measurement procedure on Σs (detector aperture, interferometer baseline,
etc.). The joint conditions of preserving the null cone on the slice and under
transport (see (24) and (25), �3.2) yield the estimates

∥Kab∥L∞(Ω) Lobs ≪ 1, ∥DcKab∥L∞(Ω) L
2
obs ≪ 1, (62)

where norms are taken with respect to hab on a chosen domain Ω ⊂ Σs,
Kab = 1

2
Lnhab, and Dc is the covariant derivative compatible with hab; we

assume regularity nA, hab ∈ C2. Setting Lobs ∼ Lfield gives

ε :=
Lfield

Lfol

≪ 1, (63)

i.e., small ε is a consequence of operational consistency rather than parameter
�ne-tuning (see also the upper bound (64)).

Physical content. Under (63): (i) the geometric sector is described by
Sg and provides a quasi-static background metric on the scale Lfield; (ii)
the e�ective �elds evolve on the background g with minimal coupling and
source T eff

AB; (iii) the observable transformations M realize SR kinematics
with corrections of order O(L2

obs/L
2
fol).

5.4 Ban on Strong Fields in Observable Regions

The requirements of preserving the null cone on the slice and under transport
(24), (25) for a �xed class of transport and observation procedures on a
domain Ω ⊂ Σs entail the existence of an upper bound

ε ≤ εmax(δcone, Creg) ≪ 1, (64)
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where ε := Lfield/Lfol, δcone is the admissible threshold for cone mis�t, and
Creg encodes the regularity constants nA, hab ∈ C2 and the norms ∥Kab∥L∞(Ω),
∥DcKab∥L∞(Ω) (with norms taken with respect to hab). This is a local estimate
within a causally accessible region, not a universal constant of nature.

Consequently, strong-�eld regimes with ε = O(1) are excluded in observ-
able regions: all corrections to SR/GR kinematics are suppressed by at least
O(ε2) for Lobs ∼ Lfield (see �5.1).

Falsi�ability. The observation of reproducible e�ects that require ε ∼ 1 in
a causally accessible region under controlled transport contradicts the model.

6 Discussion and Outlook

Summary. We have shown that

� the Einstein�Hilbert action and the equations (42) follow from the op-
erational consistency of observable transformationsM and the foliation
structure (Σs, hab, Kab);

� Lorentzian kinematics for M is exactly recovered when ∇n = 0 (the
SR regime);

� a natural scale hierarchy Lfield ≪ Lfol arises, ensuring the Newtonian
limit;

� in observable regions there exists an operational upper bound on the
hierarchy parameter ε of the form ε ≤ εmax ≪ 1 (see (62), (63), (64)),
which renders corrections to the SR/GR regime parametrically small
and ensures falsi�ability;

� the source T eff
AB is emergent and satis�es ∇AT eff

AB = 0.

Interpretation. The compensation principle of �4.2 yields δSeff + δSg =
0 for admissible variations; thus GAB is interpreted as the variational re-
sponse that compensates δSeff under transport U(s+ds, s) between neigh-
boring slices. Curvature is associated not with fundamental matter, but
with the condition of operational reconstruction. The energy and momen-
tum of e�ective �elds arise as Noether charges in the SR regime and extend
covariantly via T eff

AB when ∇n ̸= 0.
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Domain of applicability and operational hierarchy. The emergent
geometry g is applicable as long as

ε :=
Lfield

Lfol

≪ 1, ∥Kab∥Lfield ≪ 1, ∥DcKab∥L2
field ≪ 1,

which is equivalent to preservation of the null cone under transport U(s+ds, s)
between neighboring slices (see (24), (25)). Regimes where ε approaches the
local bound εmax < 1 (64) mark the end of applicability of the e�ective the-
ory g; beyond this one requires a description in terms of the fundamental
variables (Φ, n).

Strong �elds: black holes. Solutions of (42) with a horizon are admissi-
ble and describe strong curvature of g. Singularities of curvature invariants
(e.g., RABCDR

ABCD) pertain to the e�ective metric g, whereas the funda-
mental �eld Φ satis�es (2). Inside the horizon, ε approaches εmax < 1; the
transport U(s+ds, s) is then inapplicable and one needs a description at the
level of (Φ, n). Outside the horizon, where ε ≪ 1, the transport U(s+ds, s)
is consistent and the emergent description g is applicable.

Strong �elds: cosmology. For homogeneous�isotropic foliations Lfol ∼
H−1; looking back to early epochs, ε(s) grows toward the operational bound-
ary εmax < 1. The FRW singularity is interpreted as the boundary of appli-
cability of the emergent e�ective theory g, while Φ remains a smooth solution
of (2). The e�ective description is valid in late-time regimes with ε≪ 1.

Testable consequences. Corrections to the Newtonian limit are suppressed
as O(L2

obs/L
2
fol) for experiments of scale Lobs. In the linear regime only ten-

sor modes are excited; the absence of a scalar mode follows from �4.3 and
Appendix A. Quasi-charges and boundary �uxes are speci�ed via JA[ξ] =
T eff A

Bξ
B given appropriate boundary conditions on the integration domain.

Falsi�ability: upper bounds on ε can be extracted from weak lensing,
dynamics of binary systems, time delays, Einstein rings, pulsar timing arrays
(PTA), and gravitational-wave detectors.

Universality of gravity. The absence of �eld-dependent cones/metrics is a
strict result of the model (see Prop. 1); its violation under joint observations
falsi�es the model. Unlike GR, where universality (the equivalence principle)
is postulated, here it follows from the condition of operational consistency of
transport.

Equivalence principle. In GR, universality and local inertia are postu-
lated; here they follow from the compensation principle and the uniqueness
of the class g[h, n] (Prop. 1, Cor. 2).
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Relation to alternative approaches. In contrast to entropic and induced-
gravity schemes, the proposed construction derives the geometric action from
operational transport-consistency conditions rather than from statistical as-
sumptions, while the SR regime forM is exactly maintained at ∇n = 0. The
origin of the cosmological constant remains open; a possible link to the �nite
spectral sensitivity of the observer is a topic for future work.

7 Conclusion

We have shown that the Einstein�Hilbert action (41) and the equations
(42) arise in a timeless Euclidean model with foliation (Σs, hab, Kab) and
a single fundamental �eld Φ as a consequence of the compensation principle
δSeff + δSg = 0 under locality, di�eomorphism invariance, and second order
in derivatives, together with preservation of the null cone on slices for observ-
able transformations M . The e�ective degrees of freedom couple minimally
to the metric g.

In the SR regime (∇n = 0) the kinematics is strictly Lorentzian; under
slow variation of the foliation the Newtonian limit is recovered with correc-
tions O(L2

obs/L
2
fol), and the normalization of G is �xed in this limit. The

Einstein tensor is interpreted as the variational response compensating the
contribution δSeff ; from the Bianchi identity it follows that ∇AT eff

AB = 0. In
the linearized regime only tensor polarizations are present; the extra scalar
mode is absent.

Universality of gravity is derived as a consequence of the uniqueness of
the class of metrics g[h, n] and of the compensation principle (see Prop. 1):
all e�ective �elds use the same metric g. An observed �eld-dependent cone
structure falsi�es the model.

The variational principle is formulated with the induced metric γij �xed
on the boundary ∂U ; the Gibbons�Hawking�York boundary functional en-
sures a well-posed variation. The working assumptions�locality and second
order, smoothness n, h ∈ C2, and the hierarchy Lfield ≪ Lfol�are treated
as consequences of operational transport consistency between neighboring
slices rather than external postulates. This yields a local upper bound
ε = Lfield/Lfol ≤ εmax ≪ 1; robust observations with ε ∼ 1 in causally
accessible regions, or violations of cone preservation, lead to rejection of the
model.

These results indicate the consistency and testability of the timeless ap-
proach with operational reconstruction of geometry; open questions include,
in particular, the origin of Λ and the description beyond the domain of ap-
plicability of the emergent metric g.
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A Hypersurface-Deformation Algebra and Fix-

ing the Coe�cients

Conventions. Signature (+,−,−,−). On the foliation {Σs}: hab is the
induced metric, nA the unit normal, Kab :=

1
2
Lnhab, and Da is compatible

with hab. The gauge N=1, Na=0 is �xed in �4.3 and is not varied here.

A.1 Geometry of deformations

A local deformation of a slice speci�ed by the pair (N,Na) acts as

δ(N,Na)hab = 2NKab + LNhab, (65)

δ(N,Na)Kab = −DaDbN +N
(
R

(3)
ab +KKab − 2KacK

c
b

)
+ LNKab. (66)

The commutator of deformations is again a deformation:

[(N1, N
a
1 ), (N2, N

a
2 )] =

(
N̂ , N̂a

)
, N̂ = N b

1∂bN2−N b
2∂bN1, N̂

a = N1D
aN2−N2D

aN1+[N1, N2]
a,

(67)
which yields the kinematical deformation algebra (Dirac�Teitelboim).

A.2 Canonical variables and constraints

The most general 3D local second-order Lagrangian in the gauge N=1, Na=0
is

Lg =
√
h
[
α
(
KabK

ab − ζK2
)
+ β R(3)[h]− 2Λ

]
. (68)

The canonical momentum is

πab :=
∂Lg
∂ḣab

=
√
hα (Kab − ζKhab). (69)

The smeared constraints are

H⊥ =
1√
h

(
πabπ

ab − ζ

1− 3ζ
π2

)
−
√
hβ R(3) + 2Λ

√
h, (70)

Ha = −2Dbπ
b
a. (71)

A.3 Closure of the algebra and �xing the coe�cients

We require the Poisson brackets of the constraints to realize (67):

{H⊥[N ],H⊥[M ]} = Ha

[
hab(N∂bM −M∂bN)

]
, (72)

{Ha[V
a],H⊥[N ]} = H⊥[LVN ], {Ha[V

a],Hb[W
b]} = Ha[LVW a]. (73)
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A standard calculation (see [5, 7, 6, 14]) gives:

ζ = 1 ⇒ πabπ
ab − 1

2
π2, α = β =

1

16πG
.

The resulting density is

Lg =
√
h

16πG

[
(KabK

ab −K2) +R(3)[h]− 2Λ
]
. (74)

By the Gauss�Codazzi identities, the s-integration is equivalent to the 4D
density

√
|g|R[g] with the Gibbons�Hawking�York boundary term [8, 9].

Role of the observable transformations M . Preservation of the null
cone for observable M and the time normalization �x the gauge N=1, Na=0
(see �3.2, �4.3); direct transformations D do not preserve event structure and
do not participate in the algebra (67).

B Equivalence of Descriptions via Modes and

E�ective Fields

theorem 2 (Local equivalence of evolutions). Let a local mode basis {φα}
be given on Σs, and suppose there exists an operator WI

α(s, y) that is local
in y and C1 in s such that

ψI = WI
α(s, y) aα(s) +O(∂ya, ∂yW ).

If the transport of modes is local,

aα(s+ds) = Aα
β(s) aβ(s) +O(ds2),

then the evolution of ψ is local and has the form

ψI(s+ds, y) = UI
J(s, y)ψJ(s, y)+O(ds2, ∂y), U = WAW−1+Γ ds, Γ := (∂sW )W−1.

If W and A are covariant under the observable transformations M to the
working order, then [R(M), U ] = O(ε).

Sketch of proof. ψ(s+ds) = W (s+ds) a(s+ds) = [W + ∂sW ds][Aa] +
· · · = (WAW−1 + Γds)ψ + · · ·. Locality of U follows from the locality of
W,A; covariance yields commutation with R(M) up to O(ε).
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