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Abstract

We derive the equations of General Relativity as emergent from
a timeless Euclidean model on E* with a single fundamental field
® satisfying Aga® = 0. Building on the operational reconstruction
of Lorentz transformations for observable transformations M on a
fixed slice, we allow slow variations of the foliation direction n(z)
and introduce the effective metric gap = —hap + v;liannB with
hap = dap—nanp. The compensation principle 0Scg+9S; = 0, under
locality, diffeomorphism invariance, and second order in derivatives,
together with the invariance of the null cone under M on the slice,
uniquely fixes the second-order local density; via the Gauss—Codazzi
identities it is equivalent to the Einstein—Hilbert action with the Gib-
bons-Hawking—York boundary term. Variation of the total action
yields Gap + Agap = SWGTj% with VATE% = 0; the normaliza-
tion of G is set by the Newtonian limit. The requirement of causal
reconstruction implies the scale hierarchy Lgeq < Lgo and the recov-
ery of the Newtonian limit, as well as the universality of gravity: all
effective fields couple minimally through the same g, which renders
field-dependent cones observationally inadmissible and ensures falsifi-
ability. In addition, we obtain a local upper bound on the hierarchy
parameter € = Lgela/Lio] < €max < 1 that yields testable bounds on
deviations from the SR/GR regime.
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1 Introduction

In the previous work [I] we studied a timeless Euclidean model on E* with a
real scalar field ®(x) satisfying the Laplace equation

AEALq) - O, AE4 = 5AB(9A83,

on a class of admissible configurations defined by the observer’s operational
constraints. No explicit solutions were constructed; rather, properties of the
class were analyzed. We obtained:

e a foliation together with a mode decomposition gives rise to an opera-
tional inertial frame (IFR) with its own event structure, causality, and
inertia;

e two types of transformations between IFRs were distinguished: direct
(geometric, acting on global configurations) and observable (preserving
the event structure in the observer’s description);

e a proof that events lying outside the observer’s own event structure are
unreachable;

e an operational reconstruction of the postulates of SR: the equivalence
of all IFRs and the existence of a finite IFR-invariant limiting speed

Umaxa

e a demonstration that observable transformations take the Lorentz form
with invariant v,,,,; the Galilean limit is excluded;

e it was established that, upon changing the IFR, the reconstructed event
set may gain or lose elements; nevertheless, the causal structure remains
internally consistent within each IFR.

In this paper we further develop the model and derive the equations of
General Relativity. We pass from foliations by hyperplanes to the general
case, where the foliation direction n(z) (components n4(x)) may vary slowly
and the slices need not be hyperplanes. The curvature of the foliation arises
as a requirement of operational causal reconstruction: in order for the local
consistency condition (invariance of the null cone under observable transfor-
mations M, see to hold between neighboring slices, the geometry must
adapt. In this formulation, the very requirement of consistent reconstruc-
tion serves as the source of curvature, whereas “energy—momentum” is an
emergent quantity of the effective description on the slices.



Effective metric. We introduce the effective metric form
gap(r) = —hap(r)+vgacna(@)np(@),  hap(x) = dap—na(z)np(z), (1)

where n n = 1, and hup is the projector onto the slice ¥,. When K, = 0
(equivalently, £,hq = 0; for a precise definition see §4.3)), the observable
transformations M are strictly Lorentzian; locally the kinematics of SR is
recovered with signature sig(g) = (4, —, —, —) and light cone |r| = vpaxt
(henceforth we identify vyax = ).

Beyond gravity, the model yields effective fields as modal degrees of free-
dom on ¥,. Their dynamics is constructed by the principle of minimal cou-
pling via g; the universality of this coupling will be derived from the varia-
tional compensation principle 0Seg + 05, = 0 together with the invariance of
the null cone on the slices. The scale hierarchy Lgoq << L, arises naturally
and ensures the weak-field limit (see §7)).

1.1 Background and Motivation
Basic setup:

e Euclidean space E* with no fundamental time;

e a real scalar field ®(z) satisfying the Laplace equation Aga® = 0 (see

2));

e cvents as discrete detections by the observer on the slices of the foliation
.

In the approximation we call the classical regime, the event set C, is the
same for all observers at rest in a given inertial frame of reference (IFR),
and the observable transformations M between IFRs take the Lorentz form
at finite vyay [I]. Local variations of the direction n4(z) are operationally
indistinguishable from observer acceleration; the requirement of consistent
reconstruction between neighboring slices (invariance of the null cone on the
slice and under transport; see , ) imposes geometric constraints on
admissible fields n(z).

1.2 From Lorentz Transformations to Curvature

For K., = 0 (equivalently, V ang = 0) the observable transformations M are
strictly Lorentzian (the SR regime) [I]. When V4 np # 0, the normal field
na(z) and the induced geometry on the slices define a local effective metric

9ap = —hap + Vo nang, siglg) = (+,—, =, ),
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see ([10). Smooth variations of n4(z) induce curvature of g.

We then show that the local consistency of observable transformations
M on a slice and under transport (25)), together with the compensation
principle 6Se¢ + 05, = 0, uniquely fixes the geometric action to the Ein-
stein—Hilbert form and leads to the equations . The two-scale structure
with parameter € := Lgeq/Li < 1 ensures the Newtonian limit and the
operational exclusion of observable strong-field regimes; see §5 and §5.4]

1.3 Goal and Scope

The goal is to rigorously derive the equations for the effective metric g[n]
(that is, a metric g locally parameterized by the normal field n4) from the
requirement of operational consistency of causal reconstruction, and to show
their equivalence to Finstein’s equations with an effective source.

Tasks:

e to fix a variational setup that combines the geometric functional for g[n]
with the operational constraints of transport, under explicit assump-
tions: locality, at most second order in derivatives, 3-diffeomorphism
invariance on X, invariance under reparametrizations s — f(s), the

SR regime for Vn = 0, and the absence of extra modes (see §, ;

e to establish the local Lorentz limit and the equivalence principle (see
§3);

e to obtain the Newtonian limit in the weak-field, two-scale regime (see

§).

Absence of extra modes as a consequence. We do not postulate the
number of degrees of freedom. From the operational admissibility criteria
— (i) locality and at most second order in derivatives, (ii) 3-diffeomorphism
invariance on 3, and invariance under reparametrizations s — f(s), (iii) the
SR limit for Vn = 0 and invariance of the null cone for observable M, (iv)
the absence of kinetic terms for N and N®, (v) closure of the hypersurface
deformation algebra (Dirac—Teitelboim), — it follows that the scalar mode
is excluded and ¢ = 1 is fixed. As a result, exactly two tensor polarizations
remain in the linearized spectrum. Details: see also |7, B 6, 14]. Any
¢ # 1 violates the closure of the algebra or compatibility with the cone,
whereas adding terms beyond second order leads to Ostrogradsky instability
and contradicts (i).

In §2) we formalize the foliation field and kinematics; in §3we establish the
local equivalence principle; in §4| we carry out the variational derivation and



show equivalence to Einstein’s equations; in §5| we analyze the scale hierarchy
and the Newtonian limit; in §6| we discuss limitations and prospects.

In addition, we obtain a strong-field ban in observable regions in the form
of the bound & < g, < 1 (see §, which follows from invariance of the
null cone and local operational consistency; this simultaneously addresses the
hierarchy problem and ensures falsifiability of the model.

Notation remark: the symbols X, hay, Ku, R [h], N, N%, a, B, ¢ are in-
troduced in §2}-§4.3} they are used here only to preview the structure.

2 Fundamental Euclidean Model and Foliation
Structure

In this section we fix the basic objects of the model, introduce local folia-
tions and the induced geometry on the slices, and make precise how smooth
variations of the foliation direction give rise to curvature.

2.1 Laplace Equation and Admissible Configurations

Let E* be endowed with the Euclidean metric 645 and global coordinates
24, A = 0,1,2,3. The Laplacian is defined by Ags := §489,05. The
fundamental field is a real-valued function ® : E* — R, ® € C?, satisfying

Api®(x) =0 for all z € E% (2)

This is the sole fundamental equation of the model. No fundamental varia-
tional or energy functional for ® is introduced.

When necessary, we restrict to a domain U C E* with C' boundary
OU and impose well-posed boundary conditions (Dirichlet/Neumann/Robin)
compatible with the local transport law from [I]. No fundamental variational
functional for @ is introduced.

Conventions. Repeated indices are summed; indices are raised /lowered with
§4B.
; VAB-

2.2 Local Foliations and Induced Geometry
A smooth field of unit normals n4(z) is specified on E4,
nan =1, ny € C*(EY). (3)

We assume local integrability of the normal field: there exists a scalar function
s(z) such that
ng X 048, n40ss = 1, (4)



equivalently, the Frobenius condition P[ACPB]D Venp = 0 holds. The level
sets
Y, = {x € E*| s(x) = const } (5)

form a local foliation. The projector onto the tangent subspace of a slice,
Pap :=0ap —nang (6)
defines the induced three-dimensional metric
hap == Pag, hapn® =0, (7)

and a covariant derivative D, compatible with hg: D.h.,, = 0. Here and
below, V denotes the Levi—Civita connection of the flat metric d45; hap is the
four-dimensional projector, and hg, is its pullback to ;. In a neighborhood
of a point we use coordinates (s,y®), where s satisfies and y® parametrize
Ys; any vector decomposes as

VA= (Ven)n + PApVP =Vint + Vi Vi'ng=0. (8)
The extrinsic curvature of a slice is

Kab = %ﬁnhaby K = habKab. (9)

Effective 4-metric and the SR regime. We introduce the effective met-
ric form

gAB<x) = _hAB(x) + U;éx nA(:L‘)TLB(ZL‘), Sig(g) = <+7 IR _)7 (10)
compatible with the local light cone |r| = v.xt and with the isotropy of the
metric hg, on X, The operational time is normalized so that a displacement
by length ¢ along n corresponds to t = {/Uyay; henceforth we identify
Umax = ¢. If ng = const (equivalently, Vn = 0), then gsp is flat, and
the observable transformations M between [FRs are strictly Lorentzian with
invariant vy., [1.

Observable vs direct transformations. Local consistency conditions
are formulated for the observable transformations M, which by definition
preserve the event structure and the null cone (for Vn = 0 they locally
form the Lorentz group). Direct transformations D rearrange the family of
events {Cs} and are not used for local kinematics.



Operational motivation for joint reconstruction. Both the events and
the foliation are jointly reconstructed from the same data. On each slice X,
events are defined as local critical points of the operational sensitivity func-
tional S[®; 3] (see [1]). We start with hyperplanes (Vn = 0) and construct
the events Cs = Crit S[®; Xs]. We then check the local transport law on X
and introduce the transport misfit

E[D; Xg; n, h] := (transfer predicted by the observable law)—(actual linkage of events).

In the general case with Vn = 0, one obtains € # 0 on a finite observation
domain Q C ;. We then allow curving of the foliation (slow variations of
na(z) and hy) and require exact cancellation of the misfit:

E[D; Xg;n,h] =0 on Q, (11)
subject to the constraints
nAnA =1, D hay = 0, gaB = —hap + v;iannBy

and preservation of the null cone for the observable transformations M on ;.
A solution with K, # 0 removes the violations of the transport equation.
Thus there is no priority: the events Cs and the geometry (n,h) are deter-
mined jointly as a solution of & = 0; the “slowness” of foliation variations
follows from the stability of consistent reconstruction on finite domains €.

Intuitive explanation. Foliation curvature is introduced as a compensa-
tion for the transport misfit: gravity is the geometric correction that enforces
the transport law for all effective fields on the slices. Hence: (i) gravity and
other effective fields are of different nature; (ii) gravity acts on all fields
defined on the foliations through a single metric g.

2.3 Curvature from Variations of the Normal Field

Throughout this subsection, V = V][g] denotes the Levi-Civita connection
of the metric g, and indices intrinsic to a slice are raised /lowered with hy.

Let the normal field n4(x) satisfy and vary smoothly. In the gauge
N =1, N* = 0 the extrinsic curvature of the slices

Ky = PaAPbB Vang = %Enhab, K = habKaba (12)

induces curvature of the effective metric gap from (L0)). For ny = const (i.e.,
Vn = 0) we have K, = 0, R[g] = 0, and the observable transformations M
between IFRs are strictly Lorentzian with invariant vp,, [1].
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Gauss—Codazzi decomposition. The relation between the curvature of
g and (hgp, Kgp) is given by the identities

R lg] = RE) 1] + KoeKpg — Koalpe, (13)
DyK’, — DK = P,*nBR%.[g], (14)

Rlg] = RO[h] + KoK — K+ 2VA(n* K —npK*P) . (15)
Hence any smooth variation of n4 (Vn # 0) produces Ragcplg] # 0 through

K, and its derivatives.

Cone consistency for observable transformations. Local consistency
of causal reconstruction on a fixed slice > is formulated as preservation of
the null cone of the metric g under a change of the observational chart:

(A)%gap(E:)(Ax)” =0 = (Aa')"gap(S,)(A2)" =0, (16)

where (Az’) = M (Ax) for an observable transformation M within X,. Trans-
port between neighboring slices is described by a separate evolution operator
U(s+ds, s) and is not part of M.

Adiabatic regime and curvature scale. We define the foliation curva-
ture radius Lg, by the estimates

K| ~ O(Lg))s DKl ~ O(Lid), (17)

with norms induced by hg;, on a local observation domain. For e := Lgeq/ Lt <
1 gravitational corrections to local SR kinematics are suppressed, and in
terms of orders

RO = O(Lg),  Rlg) = O(Lgi). (18)

A detailed analysis of the two-scale asymptotics is given in §5} there it
is shown that the causal reconstruction requirement implies the hierarchy
Lgelqg < Liop, ensuring the Newtonian limit and excluding observable strong-
field regimes (¢ ~ 1).

Summary.
Vn=0 = K, =0, R[g] =0, and M is strictly Lorentzian; Vn#0 = K #0, R[g] #0,

that is, curvature of ¢ is a direct consequence of variations of the normal field
na(x).



3 Operational Consistency and the Equivalence
Principle

In this section:

e we introduce the minimally required definition of effective fields on the
slices and their local evolution;

e we formulate the local consistency of observable transformations M as
preservation of the null cone under a change of the observational chart
on a fixed slice;

e we derive an operational form of the equivalence principle.

3.1 Effective Fields as Operational Degrees of Freedom

Let {¢4" (y; )} be an admissible local modal basis on 3, (see [I, §3.2]). We
define effective fields as local functionals of the fundamental field:

w1<87 y) = ‘ij[q); ZS](y)v wl = Wfa(sv y) agzn)(‘S) + O(Da’ DW)’ (19)

where a&n)(s) are the modal coefficients, D is the covariant derivative on X,
and W;%(s,y) are locally invertible on the working subspace.

Their evolution along the foliation is specified by a local operator

0l (s+ds) = A7 (1] af (5)+O(ds?),  r(stds,y) = Ur’(s,y) v (s,y)+O(ds®, D, DV,
(20)
where U := WAW ™! is defined pointwise in (s,y). The equivalence of the
descriptions via a, and 9y is discussed in Appendix [B]
We require the representation R(M) of observable transformations M on
1 to be finite-dimensional; to the working order,

R(MYU =UR(M)+ O(e), &:= LLﬁe“ (see §B). (21)

fol

Minimal conditions (as consequences of the model). From locality
on Y, transport invariance, and the adiabaticity of the foliation it follows
that:

1. Locality and second order in y*: no terms beyond two D-derivatives
appear at the working order.

2. M-covariance and 3-diffeomorphism invariance on Y4; compatibility is

expressed by .
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3. Adiabaticity: dependences on K, and DK,, enter as (’)(Lf’oll) and
higher.

4. Reality of observables: for complex v, the action and observables are
Hermitian. For the present discussion it is immaterial whether the
effective fields are real or complex.

Optional complexification. When needed we introduce complex combi-
nations of real fields:

ve=lonriv, oo (g o) (). @)

i.e., an effective U(1) phase is equivalent to an internal SO(2) rotation on
a pair of real fields. The on-slice evolution is specified pointwise in y by an
orthogonal operator U € O(N); a unitary form appears only after complexi-
fication and is not required for the derivations in Secs. {5

Effective action and source. We adopt the minimal local form

2 0Seq

_\/E5QAB'

In the SR regime (Vn =0, g =n) (20) is equivalent to the Euler-Lagrange
equations, and TSL coincides with the symmetrized Noether tensor. In the
curved case, the Bianchi identity implies VATSE = 0.

Sutlg, ] = / B 9] Lo, Viig), TS = (23)

Sufficiency for deriving GR. The definitions (19)—(23) suffice to: (i) jus-
tify minimal coupling of the effective degrees of freedom to g; (ii) obtain T5%
as the unique compatible source in (42)); (iii) recover energy and momentum
in the SR limit via Noether charges.

3.2 Local Consistency of Observable Transformations
on a Slice

Definition. Let p € X,. An observable transformation M is a linear change

of the observational chart at p, i.e., a linear operator M : T,E* — T,E* acting

on coordinates (¢,r) adapted to g(p), and on observables v; — Ry’ (M)1;.
The consistency requirement is

(Az) gap(p) (Az)P =0 = (A2)gap(p) (AZ)E =0, Az’ = M2 AxB, Az #0,
(24)
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i.e., M preserves the null cone in T,E*. We additionally assume preservation
of spatial and temporal orientation. Evolution in s is governed by the trans-
port operator U(s+ds, s) from and is not part of M. When Vn = 0,
the class of admissible M locally coincides with SO*(1,3).

Cone consistency under transport. Let [I'5(s+ds,s) : T,U — T,,U
be the linear transport operator induced by the joint reconstruction proce-
dure between neighboring slices ¥, — Y. 4,. We require preservation of the
null cone under transport:

(A2)*gap(2:)(A2)P =0 = (Azy)*gap(Seras)(Ar )P =0, Azt :=T11"p(s+ds, s) AxP+O(d
(25)

Here IT acts on tangent vectors and does not coincide with U from (0],

which acts on effective fields; M acts on T,U on a fized slice, see .

By admissible transformations we henceforth mean those observable M
which (i) preserve the null cone of g; (ii) preserve spatial orientation (det M >
0); (iii) preserve the chosen time orientation determined by n?; (iv) preserve
the time-scale gauge t = {/vyax (equivalently, (Mn)4(Mn)s = nny = 1).

In the SR regime (Vn = 0) such M are locally of Lorentz form; thus the
set, of admissible M is isomorphic to the proper orthochronous component
of the Lorentz group (SO™(1,3)) in the sense of local structure. Here the
notation SOT(1,3) is used as a shorthand, rather than as a pre-established
global group classification.

Theorem 1 (SR regime for M). If Vn = 0, then g = 1, and the set of
all admissible M in a neighborhood of any point p coincides with the proper
orthochronous Lorentz group SO™(1,3) with invariant vmay [11].

Proof. Work at the point p with g(p) = 7. An admissible M is linear on T,E*
and preserves the null cone: niprz? = 0 = nap(Mz)4(Mx)? = 0. Hence
MTnM = X\nfor some A # 0. Condition (iv) (preservation of the gauge /norm

of n) gives A = 1, therefore M € O(1,3). Preservation of orientations yields
M € SO*(1,3). O

3.3 Acceleration as a Tilt of the Foliation and the Equiv-
alence Principle

The projector is PAg = 45 — nng, with hap = Pag. The operational
acceleration along an integral curve of n? is

ap = PAB (nC?CnB) = PAB ,CnTLB, (26)

12



where V is the Levi-Civita connection of the flat metric 645. The equality

follows from L,np = n°Veng +neVen® and neVent = %vB(ncno) =0.
The extrinsic curvature is Ky, = %L’nhab; the Gauss—Codazzi decomposi-

tions relate K, to the curvature of ¢ |11}, [13].

Theorem 2 (Operational Equivalence Principle). For any point p there ex-
ists a sufficiently small neighborhood and a local gauge in which

9as(p) = NaB, dcgap(p) =0, n4 = const, Kap(p) = 0.

In this neighborhood, all results of local experiments defined by a fixed on-slice
evolution operator are indistinguishable from those in a uniformly accelerated
system in flat space. The trajectories of free test bodies satisfy

PV gut =0, (27)

where V is the Levi-Chivita connection of g. In this gauge the observable
transformations M act as local Lorentz transformations and preserve the null
cone.

Sketch of the proof of Theorem[d In Riemann normal coordinates for ¢ at
p one has gap(p) = nap and Ocgap(p) = 0 [1I]. By parallel transport
with V choose n4 so that Veng(p) = 0. Then L,ha(p) = 0 and hence
Ku(p) = %Enhab(p) = 0. The null cone of g at p coincides with that of
7, therefore admissible M are locally Lorentz and preserve the cone. The
geodesic equation gives u?Vgu? = 0; it follows that in a sufficiently small
neighborhood the results of local experiments are indistinguishable from
those in a uniformly accelerated system in flat space. O]

Remark. Locally, curvature of the foliation is a smooth tilt/rotation of the
normal n4; uniform acceleration is the same tilt considered in a locally iner-

tial gauge with gap(p) = nap and dcgap(p) = 0.

4 Variational Derivation of Einstein’s Equations

The goal is to derive the geometric action and the equations for the effective
metric gap from: (i) the local consistency of observable transforma-
tions M (preservation of the null cone on the slices), and (ii) the foliation
structure (g, hap, Kap), understood as a joint reconstruction of events and
geometry: variations of g are chosen so as to cancel the event transport misfit
E[D; 3,5 n, k] (see §2] Eq. (11)). In the model there is a single fundamental
equation Aga® = 0; all other fields are effective degrees of freedom on 3,
minimally coupled via g.

13



4.1 Constraints and Symmetries of the Variational Setup

We work within the class of configurations satisfying (3), (7)), (12), and (10);
here hy, := t*(hap) is the pullback of hap to X, and ¢ : ¥, — E? is the

natural embedding. The covariant derivative on a slice is denoted D, and is
compatible with hg, (D.hep = 0).
We require:

1. Locality and second order. The geometric Lagrangian is local on
Y, contains at most two D-derivatives with respect to y®, and depends
on hgy, and K, at most quadratically.

2. Invariances. Invariance under three-dimensional diffeomorphisms on
Y and under reparametrizations s — f(s); observable transformations
M preserve the light cone |r| = vyt (which fixes the normalization of

Umax) .

3. SR regime. When Vn = 0 (K, = 0), the metric g is flat (R[g] = 0),
the action yields no dynamics, and observable M are strictly Lorentzian
with invariant vy.x.

4. Absence of extra degrees of freedom. In the linear regime only
two tensor polarizations are present.

Adiabatic regime. By the adiabatic regime we mean a slow variation of
the foliation:
_ Lfeaa

=1 Kl ~ O], 1Dl ~ O,

and we expand in powers of . Here D, is the covariant derivative compatible
with hab-

Regularity and observational scale. We assume n,h € C? and small-
ness estimates on the observation scale Ls:

[ K Lobs < 1, |DK]| L}, < 1,

obs

and we neglect terms of order O(L2,./L%)).

14



4.2 Compensation Principle and Variational Setup

On the equations-of-motion shell for the effective fields ¢ (i.e., with d¢) = 0)
the variation of their action with respect to the metric is

5Seff

1
=——[d TS 5g5. 28
o™ =5 [ e VIaITH b (28)

The joint reconstruction of events and foliation is formulated as the vanishing
of the transport misfit €[®;X;n,h] = 0 (see §2] Eq. (11)). Then, for all
variations dg compatible with the parametrization glh, n] and the gauge N =
1, N* =0, we require the compensation

0Se 4+ 0S, = 0, (29)

which is equivalent to

5S, 1 .
soin = 5 VT, (30)

In other words, S, is chosen so that dSint[g,¢] = d(S; + Sex) = 0 for all
admissible dg is equivalent to the condition € = 0.

Set
2 05,

Eaply] = gl 0g7F

Diffeomorphism invariance of S, implies the identity VAE4p = 0. Together
with this yields VATSEL = 0. (After determining the form of S, in
Lemma (1}, this also follows immediately from the Bianchi identity.)

theorem 1 (Universality of the Gravitational Action). Let a set of effective
fields {1);} on the slices have local Lagrangians compatible with 3-diffeomorphisms
on X, with reparametrizations of the foliation parameter s — f(s), with adi-
abaticity, and with preservation of the null cone by observable transformations
M as well as under transport . Then the compensation on the

class of metrics glh,n] is achievable only with a universal minimal coupling
of all {1;} through one and the same metric g:

Serr[g, {3 }] :/\/@Eeﬁ<{¢i}7v{wi};g> d*z,

and therefore

55 ]‘ eff (4 53 ]' e e eff (1
5959 ZQVIQIZTAB() — 5gAgB :§V‘9‘TA%> T35 3:ZTAB()-
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Proof. If different fields were assigned different metrics ¢, then

1 / ; eff (7 I3

The compensation (29) requires a single gravitational functional S, depend-
ing on one metric variation. Since g is parametrized by (h,n), and preser-
vation of the null cone , fixes a unique cone both on a slice and
under transport, independent variations of several ¢ are incompatible with
the class glh,n]. Hence only universal minimal coupling via a single g is

admissible, which leads to summing the contributions ng(i) in (30). O

0Seft

Corollary 1 (Falsifiability of Universality). If in a causally accessible region
one observes robust effects that require field-dependent light cones or metrics
(for example, different front velocities for different fields under joint detec-
tion, or different free-fall trajectories all else being equal), then the conditions

, are violated and the model is ruled out.

Remark 1 (Comparison with GR). In General Relativity the universality
of gravitational action s taken as part of the equivalence principle and the
postulate of minimal coupling. In the present model the same universality
s derived from the compensation principle and from the uniqueness of
the class of metrics g[h,n| compatible with cone preservation. The empirical
consequences coincide with GR, but the justification is constructive rather
than axiomatic.

Corollary 2 (Local Equivalence Principle). Under universal minimal cou-
pling (Prop. and in the SR regime at a point there exists a local inertial
coordinate system (Fermi/Riemann normal) along any timelike worldline in

which

948(p) = Nas, dcgan(p) =0, 9ap = Nap + O(R - 2°).

Localized wave packets of effective fields and test detectors with the minimal-

length action Saee = —m [ds \/gap@AiP obey the equation of motion

D2?z4 LA dzB dx®
dr? BC ar dr

=0,

and, in the eikonal limit of wave equations, phase fronts propagate along
(null) geodesics of g. It follows that free fall is independent of internal struc-
ture and mass at order O(g°); differences appear only through tidal terms

OR-L%).

obs
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Remark 2 (Equivalence of Gravity and Acceleration). In the neighborhood
of a worldline with {-acceleration a', the Rindler metric in flat space and
a weak gravitational field with potential ¢ from yield equivalent local
physics: goo =~ 1+ 2¢/v2,. =~ 1+ 2a;x"/v2, . up to O(R - z?). Gravitational
redshift and free-fall acceleration follow from V;goo.

theorem 1 (Uniqueness of S, under Locality and Invariances). Suppose S, is
local, diffeomorphism invariant, yields equations of at most second order, has
an SR limit when Vn = O and introduces no extra modes in the linearézed
spectrum Then from it follows that Gap + Agap = STGTSL, and
Sy = 1o [lg] (R - 2A d4x up to boundary terms.

Sketch of the proof. From we have 05, = 2f 9| TSE 6948 . Hence Eap =

58, . :
\/2_ 5545 is symmetric and satisfies VAE4p = 0 (diffeomorphism invariance).

In 4D, by Lovelock’s theorem [10], under locality and second order in deriva-
tives, Eap = ¢1 Gap + ¢2 gap. The existence of the SR limit excludes other
combinations and fixes the action to S, = < [\/|g] (R—2A) d*z up to bound-
ary terms. The normalization ¢; = ﬁ is determmed in the weak-field (New-
tonian) limit [IT, 12], whence Gap + Agap = 87G TSE.

Alternatively, in the ADM representation [7] the general local second-
order Lagrangian vh N[ (K, K® —(K?)+BR® —2A] together with closure
of the hypersurface deformation algebra (Dirac-Teitelboim) |5 6, [14] and
the absence of extra modes yields ( = 1 and o = g = ﬁ. With the
Gauss—Codazzi identities this is equivalent to the Einstein—Hilbert action
plus the Gibbons-Hawking—York boundary term [8, ©]. O

4.3 General Form of the Lagrangian on the Foliation

Foliation decomposition. In coordinates (s, y*) with n94s = 1 the met-
ric takes the form

ds® = v} N? ds® — hgy (dy* + N%ds) (dy® + N°ds), (31)

where N is the lapse and N® the shift; they are gauge functions (with no
kinetic terms). In the gauge aligned with n? and with the normalization of
the cone |r| = vmaxt,
N =1, N® =0, (32)
and
gap = —hap + v 2 nang, sig(g) = (+,—, —, —). (33)

Henceforth we identify v, = c.
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Lemma (joint reconstruction = gauge fixing). Preservation of the null
cone for observable transformations M on the slices and the normalization
t = {/Umax in the misfit-cancellation problem € = 0 imply N =1, N* =0 in
the chart with n?04s = 1. Proof: if N # 1 the local cone is deformed and
event transport consistency is violated; if N® # 0 the cone tilts in the (s, y®)
coordinates, producing an inconsistency €& # 0.

Kinematic invariants on a slice. Define the extrinsic curvature
Koy = 2 Lohap, K = h"K,, (34)

and the scalar curvature of the slice R®[h]. We write v/h := v/det hg. In
the adiabatic regime only local invariants with at most two D-derivatives are
admissible.

Most general local Lagrangian. Assuming 3-diffeomorphism invariance
on Y; and reparametrizations s — f(s), the general form of the geometric
density is

L, =VhN [ (KK — CK?) + B RO [h] — QA] , (35)
and in the gauge f
L,=Vh [a(KabKab — CK?) + BR[h] — 2A] . (36)

Linearization about the SR limit shows the appearance of an extra scalar
mode when ¢ # 1; requiring its absence fixes

(=1 (details: Appendix[A).

Why the coefficients are fixed. The generators of normal and tan-
gential deformations (H,,#H,) must close to the Dirac—Teitelboim algebra
with structure function h®, as determined by the geometry of embeddings
5, 16, [7, 14]. Closure {H,,H.1} ~ Ha[h®(---)] eliminates the scalar mode
and selects the unique quadratic combination K, ,K® — K2 Then (i) an
exact SR regime for Vn = 0 (flat g, no dynamics), (ii) isotropy on the slice,
and (iii) matching of normalizations in the deformation algebra fix the overall
scale:

_ _ 1
Q_B_IGWG’
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where G is determined from the Newtonian limit in the linear regime (see

§4.8). Thus

_Vh
9 167G

which is equivalent to the 4D density /|g| R[g] up to a boundary term (see

4.

Comments. (i) R® is the only local second-order scalar on Y. (ii) Any
other local second-order terms are either reducible to a boundary term or
violate the deformation algebra. (iii) Higher-than-second-order terms are
suppressed by adiabaticity. All requirements in this subsection pertain to
observable transformations M, which preserve event structure and the null
cone; direct transformations D rearrange {Cs} and are not used in construct-
ing the local Lagrangian.

[(Kabmb — K?)+ R®[n] — 2A], (37)

4.4 Gauss—Codazzi Decomposition and the Passage to
the Einstein—Hilbert Action
We work in the gauge f. Let U ~ |J, X, be a 4D region, and let

OU be its smooth boundary with induced metric 7;;. The Gauss-Codazzi
identities yield

Vgl Rlgl = VR (R®) + K K — K?) + 04V, (38)

where V4 is a total divergence depending on n, Ky, hay [8, 9]. Integrating
over U and applying Stokes’ theorem, we obtain

vh .
/dsd?’ym(R@JrKabK b-K?) = 16 % \/|g R[g x—m/ \/]’y e K d’z,

39)

where K is the trace of the extrinsic curvature of U (with outward- pomtlng
unit normal), and € = +1 for a timelike boundary and € = —1 for a spacelike
boundary.

To make the variation with respect to g*Z well-posed for fixed ~;; on OU,
we add the GibeDS*HaWkng*YOI‘k boundary functional [8] 9]

SGHY = \/ ”}/ €’Cd3 (40)
8T G
which cancels the boundary contribution in . As a result,
Sg[ 16 G \/ |g ( — 2A> d4ZL' —I— SGHY~ (41)
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Remarks. (i) For non-smooth boundaries, additional “corner” terms (Hay-
ward) must be included; this does not affect the variational calculation in the
text. (ii) We assume variations with compact support inside & while keeping
7;; fixed on OU. (iii) The decomposition is geometric and independent
of the chosen gauge; the choice f serves to align notation.

4.5 Variations and Equations

Take S, from (41)). The joint reconstruction condition € = 0 (see (L1))) fixes
the gauge N = 1, N® = 0 and the class of admissible variations, but does
not add dynamical equations. The variational derivation is performed with
respect to the metric gap with ~;; fixed on oU.

Consider the total action

Stot[gaqvb] = Sg[g] + Seff[gaw]a

where S.g and TSL are given in (23). The variations §gZ have compact
support in U; boundary contributions are canceled by Sgpy. We vary with
respect to g as an independent variable; the parametrization g[h,n| = h —

v2 nn is a subsequent reconstruction and imposes no restrictions on the

variations.
Using the definition of the energy-momentum tensor and the Bianchi
identity,

1 1
05g = —/ V09l (Gapt+Agap) 69" d'w,  6Se = ——/ Vgl TS 6948 d*a,
167G Jy, 2/

and from §S;,; = 0 for all §¢*F we obtain
GAB[Q] + AgAB = 87TGT§%. (42)
From VAG4p = 0 it follows that VATSE = 0.

4.6 Noether Energy—Momentum Currents in the SR Regime

Let Vn = 0, so that gap = nap and the observable transformations M are
strictly Lorentzian. For an effective field (or a set of fields) ) the action

Seff [na @/J} = / d4$ Eeff(¢7 81/J, 77)

is invariant under translations z# — x4 + 4. By Noether’s theorem there
exists the canonical tensor [2]

aL:eff
(0av)

@AB = aBiﬂ — 5AB £eﬁ, 8A®AB =0 (OH Shell) (43)
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sym

Symmetrizing a la Belinfante-Rosenfeld [3], 4] yields ©% 5", which coincides
with the metric definition under minimal coupling:

off 2 08 sym

Tablyy = = prspae = @an-

(For spinors one uses the tetrad and spin connection; the equality holds with
the usual improvement terms.)

Choose n* as the four-velocity of a rest observer and P45 := 645 —n‘np
as the projector onto ;. The local energy and momentum densities are

(44)

pet = TS5 nn®, To = — T5EnA P8, (45)

Let 74 be a timelike Killing vector and e*é) form a basis of spatial Killing
vectors in (R 7). Then the integral charges

E = /E &y vh TS 7407, P = /2 Py vh TS 66)7137 (46)

are independent of the choice of slice in the absence of flux through the
boundary (or with sufficient falloff at infinity), since d4(TT45¢8) = 0 for

any Killing vector €. Tn the gauge 74 = v n and in an orthonormal basis
A

€(;) on s,

E=/ &y Vh pe, Hz/ d*y vh .
ZS s

4.7 Energy—Momentum from 7T¢%: Densities and Killing
Charges

Let VATSE = 0. For any vector field £ define the current
JAE] = T A5 €5, (47)

If ¢4 is a Killing vector (V(4&p) = 0), then V4J4[¢] = 0, and the integral
charge

Qx[é] = / PyvVh JAn, = / d*yV'h TS, €4n” (48)

s

is independent of the choice of slice ¥, in the absence of flux through 0%,
(or with sufficient falloff at infinity).
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Energy and momentum (SR regime). When Vn =0 and g = n, there
exist global Killing vectors: a timelike 74 and three spatial eé). Then

E=Qslr) = | dyVhT i, (49)
Xs
P, = Qslew)] = /E d*y Vh TG echn®. (50)
In the gauge 7 = v;! n and in an orthonormal basis eé) on Y, the formulas

[“9)-([B0) reduce to (45).

Curved case. If there are no global Killing vectors, then: (i) local measure-
ments are specified by for a chosen observer four-velocity u (typically
u? = n4); (ii) quasi-charges are defined via for conformal or approx-
imate Killing vectors, or via fluxes of J# through the boundary; (iii) the
on-slice stress tensor Sy, := TB%PCQPDI, describes momentum flux within
Y-

Consistency with Noether. In the flat case, the canonical Noether ten-
sor symmetrized a la Belinfante—Rosenfeld coincides with the metric tensor:
TS o=y = OUp, which ensures that ([9)-(B0) agree with the standard ex-

pressions.

4.8 Checks: SR Regime and Newtonian Limit

SR. For Vn = 0 (K, = 0) the metric is flat, g = 7, the observable M are
strictly Lorentzian, and with TSL = 0 is identically satisfied.
Weak field (Newtonian limit). Assume: (i) a weak field |¢|/v2, < 1;

(ii) slow motion of sources |v| < vnmay; (iil) quasistaticity dy¢ ~ 0; (iv) small
pressure p < pegv2,... In the gauge

max*

2¢ 2¢
Goo =1+ —<—, 9oi = 0, 9ij = —<1 - U2_>5ija (51)
where 4,7 = 1,2,3, and J;; is the Euclidean metric on the slice ¥, the

equations reduce to

V20 =47G per,  pe = Tog (52)
with V2 := §%0,0; the three-dimensional Laplacian on Y. This fizes G: we
require the coefficient in to be 4.
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EEP check. In view of Corollary |2, at any point there exists a local IFR
with g = n + O(Rz?); any gravitational effects can be eliminated locally by
choosing an inertial frame, up to tidal corrections. This is consistent with

and with the Newtonian limit (59).

4.9 Section Summary

Taken together, the premises of this section—locality and at most second
order in derivatives, 3-diffeomorphism invariance and reparametrizations of
s, the SR regime for Vn = 0, and the absence of extra modes—combined with
the compensation principle 0Seg + 05, = 0 and the gauge N =1, N* =0
(preservation of the cone for M) uniquely fix the geometric density . Via
the Gauss—Codazzi identities this is equivalent to the 4D Einstein—Hilbert
action with the Gibbons-Hawking-York boundary term, see . Variation
of the total action S, + Seg with respect to g% at fixed ~;; on OU yields
Einstein’s equations with emergent T5% and the condition VATSE = 0.
The normalization of G is fixed in the weak-field limit as in §4.8]

5 Scale Hierarchy and the Weak-Field Regime

Introduce the small parameter of the two-scale asymptotics

where Lg, is the characteristic curvature radius of the foliation, and Lgeyg is
the coherence length of the effective-field modes on the slice ¥;. For ¢ < 1
the geometry varies slowly while the effective fields on the slices vary rapidly;
to leading order one obtains the Newtonian limit, with corrections suppressed
by powers of ¢.

5.1 Two-Scale Separation

Definitions of scales. Let 2 C X be a compact set with smooth bound-
ary. Define

h |D|?
Lt ~ max{ KoK, [ROR) L, Lgd, ~ Supfﬂf\/_T’h@/jﬁ’
¥ Q

where norms are taken with respect to hy, and the supremum is over those
modes ¥ admitted by L.g with boundary conditions on 0€) compatible with
the setup. Then Dy = O(Lgl,) and D% = O(Lg2,).

, (53)
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Power counting. In the regime we have
Koy = O(Lgy), DeKay = O(Lgi), Datp = O(Lgaq), D™= O(Lgi),

Accordingly, the Lagrangian densities scale as
Lo ~O(Lid),  Lio~O(Li).  La~O(Li). ()
Mixed terms of the type K |Di|? give
1

Lot L

To compare dimensionless orders we use the coordinate rescaling y® :=

y?*/ Lgeia on §2 (or, equivalently, coarse-graining on the scale Lgeq). Then
Lomix
Lefr

Luix ~ K|Dy)? ~ (56)

—O), = Lhad (57)

Adiabatic expansion. For a fixed observational scale L, < Lg,, solu-

tions and functionals admit expansions
0 1 2
gAB:gﬂx;*’fgféJrang;er, ¢:¢(0)+5¢(D+~-~,

where g(©) is a locally flat metric on scales Lgeq, consistent with Sec. the
corrections ¢'*) vary slowly on L.

5.2 Weak Field and the Newtonian Limit
Weak-field gauge. Let
gAB = 1AB + 7AB, |vas| < 1,
and choose the harmonic gauge
O*Yap = 0, Yap = Yap — nasv, 7 :=n""vep.

In the Newtonian regime we assume: slow sources |v| < vpax, quasistaticity
doyap ~ 0, weak field |¢|/v2, < 1, and small pressure p < pegv?,. . We
use the gauge

2 2
Goo =1+ ;b ; 90i = 0, 9ij = —(1 — Ug—gb)%’, (58)

where ¢,7 = 1,2, 3, and §;; is the Euclidean metric on X.
Then from in harmonic gauge and under quasistaticity it follows that

V2¢ = 4rG Peff Peft = T(%f? VQ = 5ijaiaj’ (59)

which reproduces the Newtonian limit.
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Estimate of corrections. Corrections to due to finite foliation cur-
vature and slow nonstationarity are estimated as

5(V2¢) = O(i) + O(@> : (60)

2 2
L fol Umax

and for an experiment with spatial scale L,,s and duration Ty, given a
characteristic metric-variation time Ly, one has

‘5(V2¢)’ _ L(2>bs To2bs
Ve O(%) ! O(L_%) ' (61)

5.3 Structural Origin of the Hierarchy

Operational consistency. Let L, be the characteristic spatial size of
a measurement procedure on X, (detector aperture, interferometer baseline,
etc.). The joint conditions of preserving the null cone on the slice and under

transport (see and (25)), §3.2) yield the estimates
[ Kall @) Lobs < 1. | Deapll (o) Lops < 1, (62)

where norms are taken with respect to hy on a chosen domain Q C X,
Ky = %Enhab, and D, is the covariant derivative compatible with h.; we
assume regularity na, hay € C2. Setting Lops ~ Lgeq gives

~ Lgeq

€= < 1, 63
Lfol ( )

i.e., small £ is a consequence of operational consistency rather than parameter
fine-tuning (see also the upper bound (64))).

Physical content. Under (63): (i) the geometric sector is described by
Sy and provides a quasi-static background metric on the scale Lgeaq; (ii)
the effective fields evolve on the background g with minimal coupling and
source T5L; (iii) the observable transformations M realize SR kinematics
with corrections of order O(L?,./L%)).

5.4 Ban on Strong Fields in Observable Regions

The requirements of preserving the null cone on the slice and under transport
24), for a fixed class of transport and observation procedures on a
domain €2 C X, entail the existence of an upper bound

€ S gmax(éconea Oreg) << 17 (64)
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where € := Lgea/Liol, Ocone i the admissible threshold for cone misfit, and
Cheg €ncodes the regularity constants na, hq, € C? and the norms || Kup || (0,
| DeKap|| oo () (with norms taken with respect to hgp). This is a local estimate
within a causally accessible region, not a universal constant of nature.
Consequently, strong-field regimes with ¢ = O(1) are excluded in observ-
able regions: all corrections to SR/GR kinematics are suppressed by at least

O(e?) for Lops ~ Lgea (see §5.1).

Falsifiability. The observation of reproducible effects that require € ~ 1 in
a causally accessible region under controlled transport contradicts the model.

6 Discussion and Outlook

Summary. We have shown that

e the Einstein—Hilbert action and the equations follow from the op-
erational consistency of observable transformations M and the foliation
structure (X, hap, Kap);

e Lorentzian kinematics for M is exactly recovered when Vn = 0 (the
SR regime);

e a natural scale hierarchy Lgaq < Ly, arises, ensuring the Newtonian
limit;

e in observable regions there exists an operational upper bound on the
hierarchy parameter ¢ of the form & < e, < 1 (see (62), (63), (64)),
which renders corrections to the SR/GR regime parametrically small
and ensures falsifiability;

e the source TS} is emergent and satisfies VATSE = 0.

Interpretation. The compensation principle of §4.2] yields 0.Sex + 0S5, =
0 for admissible variations; thus G4p is interpreted as the variational re-
sponse that compensates 0S.g under transport U(s+ds, s) between neigh-
boring slices. Curvature is associated not with fundamental matter, but
with the condition of operational reconstruction. The energy and momen-
tum of effective fields arise as Noether charges in the SR regime and extend
covariantly via TS5 when Vn # 0.
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Domain of applicability and operational hierarchy. The emergent
geometry ¢ is applicable as long as

L
£ = Lﬁeld <1, 1Koyl Leerd < 1, || DeKap|| L2y < 1,
fol

which is equivalent to preservation of the null cone under transport U(s+ds, s)
between neighboring slices (see , ) Regimes where ¢ approaches the
local bound e, < 1 mark the end of applicability of the effective the-
ory g; beyond this one requires a description in terms of the fundamental
variables (®,n).

Strong fields: black holes. Solutions of with a horizon are admissi-
ble and describe strong curvature of g. Singularities of curvature invariants
(e.g., RapcpRAPCP) pertain to the effective metric g, whereas the funda-
mental field ® satisfies . Inside the horizon, € approaches e, < 1; the
transport U(s—+ds, s) is then inapplicable and one needs a description at the
level of (®,n). Outside the horizon, where ¢ < 1, the transport U(s+ds, s)
is consistent and the emergent description ¢ is applicable.

Strong fields: cosmology. For homogeneous—isotropic foliations L, ~
H~1; looking back to early epochs, £(s) grows toward the operational bound-
ary €max < 1. The FRW singularity is interpreted as the boundary of appli-
cability of the emergent effective theory g, while ® remains a smooth solution
of ([2). The effective description is valid in late-time regimes with ¢ < 1.

Testable consequences. Corrections to the Newtonian limit are suppressed
as O(L?,./L2)) for experiments of scale Lops. In the linear regime only ten-
sor modes are excited; the absence of a scalar mode follows from §4.3] and
Appendix Quasi-charges and boundary fluxes are specified via JA[¢] =
T AP given appropriate boundary conditions on the integration domain.

Falsifiability: upper bounds on ¢ can be extracted from weak lensing,
dynamics of binary systems, time delays, Finstein rings, pulsar timing arrays
(PTA), and gravitational-wave detectors.

Universality of gravity. The absence of field-dependent cones/metrics is a
strict result of the model (see Prop. ; its violation under joint observations
falsifies the model. Unlike GR, where universality (the equivalence principle)
is postulated, here it follows from the condition of operational consistency of
transport.

Equivalence principle. In GR, universality and local inertia are postu-
lated; here they follow from the compensation principle and the uniqueness
of the class g[h,n] (Prop. [l Cor. [2).
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Relation to alternative approaches. In contrast to entropic and induced-
gravity schemes, the proposed construction derives the geometric action from
operational transport-consistency conditions rather than from statistical as-
sumptions, while the SR regime for M is exactly maintained at Vn = 0. The
origin of the cosmological constant remains open; a possible link to the finite
spectral sensitivity of the observer is a topic for future work.

7 Conclusion

We have shown that the Einstein—Hilbert action and the equations
arise in a timeless Euclidean model with foliation (X, hap, Kgp) and
a single fundamental field ¢ as a consequence of the compensation principle
dSeft + 0S5, = 0 under locality, diffeomorphism invariance, and second order
in derivatives, together with preservation of the null cone on slices for observ-
able transformations M. The effective degrees of freedom couple minimally
to the metric g.

In the SR regime (Vn = 0) the kinematics is strictly Lorentzian; under
slow variation of the foliation the Newtonian limit is recovered with correc-
tions O(L%,/L%,), and the normalization of G is fixed in this limit. The
Einstein tensor is interpreted as the variational response compensating the
contribution §S.g; from the Bianchi identity it follows that VAT fff =0. In
the linearized regime only tensor polarizations are present; the extra scalar
mode is absent.

Unwversality of gravity is derived as a consequence of the uniqueness of
the class of metrics g[h,n| and of the compensation principle (see Prop. :
all effective fields use the same metric g. An observed field-dependent cone
structure falsifies the model.

The variational principle is formulated with the induced metric v;; fixed
on the boundary dU; the Gibbons-Hawking—York boundary functional en-
sures a well-posed variation. The working assumptions—locality and second
order, smoothness n,h € C?, and the hierarchy Lgaq < Lg—are treated
as consequences of operational transport consistency between neighboring
slices rather than external postulates. This yields a local upper bound
€ = Lgea/Ltor < €max < 1; robust observations with € ~ 1 in causally
accessible regions, or violations of cone preservation, lead to rejection of the
model.

These results indicate the consistency and testability of the timeless ap-
proach with operational reconstruction of geometry; open questions include,
in particular, the origin of A and the description beyond the domain of ap-
plicability of the emergent metric g.
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A Hypersurface-Deformation Algebra and Fix-
ing the Coefficients

Conventions. Signature (+,—, —, —). On the foliation {¥}: hg, is the
induced metric, n* the unit normal, K, := %Enhab, and D, is compatible
with hg. The gauge N=1, N*=0 is fixed in and is not varied here.

A.1 Geometry of deformations

A local deformation of a slice specified by the pair (N, N*) acts as
v Noyhay = 2N Koy + Lnhay, (65)
Sivve Kap = —DaDyN + N (RS + K Koy — 2K0 K% ) + LK. (66)

The commutator of deformations is again a deformation:

(N1, N{), (Na, N§)] = (N,N%), N = N}9yNo—N39, N1, N® = NyD*No—N;D*Ni+[Ny, No)*,
(67)
which yields the kinematical deformation algebra (Dirac—Teitelboim).

A.2 Canonical variables and constraints

The most general 3D local second-order Lagrangian in the gauge N=1, N*=0
is

L,=vh [a(KabKab — CK?) + BRO[h] — 2A]. (68)

The canonical momentum is
oo 0L _ Vha (K® — CKh™). (69)

ahab
The smeared constraints are
1 )

H, = — [ mupm® — 7r2> ~VhBR® + 2A\/E, 70
- ( - 8 (70)
Ho = —2D,7°,. (71)

A.3 Closure of the algebra and fixing the coefficients

We require the Poisson brackets of the constraints to realize (67)):

{H L [N], 7. [M]} = H,[n*(NOM — MO,N)] (72)
{Hao [V, HLIN]} = Hi[Lv N, {Ha[V], Ho[W*)} = Ha[Lo W) (73)
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A standard calculation (see [5] [7, [6, 14]) gives:

1 1
— 1 o ab _ 2 — — .
¢ = Twmt o om, a=0=1em
The resulting density is
h
Vh (K K® — K?) + R®[h] — 2A|. (74)
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By the Gauss—Codazzi identities, the s-integration is equivalent to the 4D
density /|g| R[g] with the Gibbons-Hawking—York boundary term [8] [9].

Role of the observable transformations M. Preservation of the null
cone for observable M and the time normalization fix the gauge N=1, N*=0
(see §4.3); direct transformations D do not preserve event structure and
do not participate in the algebra (67)).

B Equivalence of Descriptions via Modes and
Effective Fields

theorem 2 (Local equivalence of evolutions). Let a local mode basis {4}
be given on X, and suppose there exists an operator Wi®(s,y) that is local
iny and C in s such that

Y =Wi%(s,y) aa(s) + O(0ya, 0,W).
If the transport of modes is local,
aq(s+ds) = AL (s) ag(s) + O(ds?),
then the evolution of Y is local and has the form
Yr(s+ds,y) = U/ (s,y) ¥s(s,9)+0(ds?,0,), U=WAW '+I'ds, T := (O,W) WL

If W and A are covariant under the observable transformations M to the

working order, then [R(M),U] = O(e).

Sketch of proof. (s+ds) = W(s+ds)a(s+ds) = [W + 0;W ds][Aa] +
<o = (WAW™! + T'ds) ¢ + - --. Locality of U follows from the locality of
W, A; covariance yields commutation with R(M) up to O(e).
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