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Abstract

Likelihood-approximation methods and contrastive learning (CL) are two
prominent approaches for inference in models with unknown partition function. In
this work, we provide a detailed comparison between the likelihood approximation
by Geyer’s approach (GA) and CL. Rather than increasing the complexity of Geyer’s
method to enable comparison, as proposed in [1], we adopt the opposite strategy
by simplifying CL. We introduce a class of IS-within-CL schemes that estimate the
partition function via importance sampling (IS) and reduce the optimization problem
to the original parameter space. This perspective motivates the development of
novel variants, whose theoretical properties are analyzed and empirically compared
in a replicable experimental study. The described IS-within-CL schemes yield
an entire approximation of the partition function, so enabling a possible efficient
Bayesian inference. An optimal independent proposal density for IS-within-CL
methods and the GA is also introduced. Overall, this work contributes to a clearer
unification of likelihood-approximation and CL approaches, offering both theoretical
understanding and practical tools for inference in energy-based and non-normalized
models. Related MATLAB and R codes are also made freely available to help the
reproducibility of the results.

1 Introduction

Non-normalized models, also known as energy-based models, define probability
distributions only up to an unknown normalizing function Ztr(θ), commonly



referred to as the partition function, where the parameter vector θ ∈ Θ ⊆ Rdθ

is the object of interest for inference. In this framework, the model is defined

as ψ(y|θ, Ztr) = φ(y|θ)
Ztr(θ)

where y are the observed data [2, 3, 4, 5, 6]. Hence, the

probability of an observation is specified through the numerator function φ(y|θ),
that captures the compatibility between the data and the model parameters,
while normalization is implicitly handled by integrating (or summing) over the
entire sample space. This formulation provides remarkable modeling flexibility
and has been successfully applied across a wide range of domains, including
statistical physics, spatial statistics, computer vision, and modern machine
learning [7, 8, 9, 10, 11]. In Bayesian inference, these models generate the so-
called doubly intractable posteriors [12, 13, 14, 15]. However, the intractability
of the partition function in high-dimensional settings poses significant challenges
for likelihood-based inference, parameter estimation, and model comparison.

A variety of alternative estimation strategies have been developed to enable
practical inference for this kind of models. The main approaches can be
broadly organized into four major families. A first class consists of likelihood
approximation-based approaches, which approximate the intractable likelihood
or partition function, as originally proposed by C. J. Geyer [16, 17, 18]. The main
idea is to use importance sampling (IS) estimators to approximate Z(θ) [19, 20].
Hereafter, we refer to it as Geyer’s approach (GA). A second family is formed
by the score matching method, which bypasses the computation of the unknown
normalization function designing a proper cost function involving the first and
second derivatives of the numerator φ(y|θ) [21, 22]. A third class includes the
contrastive learning (CL) approach, more precisely noise-contrastive estimation,
which reformulates parameter estimation as a classification or discrimination
problem between observed data and artificially generated samples [23, 24]. Finally,
the fourth class is formed by the pseudo-likelihood methods which replace the
full likelihood with products of conditional distributions, thereby avoiding direct
evaluation of the partition function at the cost of introducing approximation bias
[7, 25].

In this work, we focus on the Geyer’s and CL approaches. First of all, we provide
an exhaustive description and comparison between the two methodologies. In the
literature, the authors in [1] compare GA and CL within an asymptotic framework,
considering the joint increase of the number of observed and artificial data. Since
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Geyer’s approach optimizes only over the parameter space Θ, whereas CL operates
in the higher-dimensional space Θ×R, the authors reformulate Geyer’s method by
introducing an additional parameter. This modification increases the complexity
of the GA enabling the comparison between the two methods in the common
(greater) space Θ× R. However, this strategy may be regarded as questionable,
since it renders Geyer’s approach more complex than its original formulation.
In this work, we adopt the opposite strategy by simplifying the CL approach:
we estimate the partition function using IS estimators within CL schemes and
reduce the optimization problem to the space Θ (lower-dimensional with respect
to Θ×R). We refer to them as IS-within-CL schemes. Moreover, the theoretical
comparison of Geyer’s and CL cost functions motivates the development of novel
variants and schemes. We discuss their potential benefits and compare all the
proposed approaches through a replicable experimental study. The associated
MATLAB and R code is provided to facilitate the reproducibility of the results.1

Furthermore, we theoretically derive the optimal proposal density for the GA and
all IS-within-CL schemes, and we discuss and design an algorithm for its practical
implementation. Both GA and the IS-within-CL schemes yield an approximation
Ẑ(θ) of the entire partition function Ztr(θ). In this sense, they can be employed
for a pre-Bayesian analysis, providing information about high-probability regions
of the parameter space as well as a full approximation of Ztr(θ).

2 Problem statement

2.1 Energy-based models (EBMs)

Let φ(y|θ) = e−E(y|θ) ≥ 0 is a function parametrized by a vector of parameters
θ taking values in Θ ⊆ Rdθ . The non-negative function E(y|θ) = − log φ(y|θ)
defined is often called energy function. We assume that φ(y|θ) is analytically
known and we can evaluate it. Thus, an energy-based model is represented by a
parametrized family of density functions ψ(y|θ, Ztr), defined for each θ as

ψ(y|θ, Ztr) =
φ(y|θ)

Ztr(θ)
, (1)

1Related code is given at http://www.lucamartino.altervista.org/PUBLIC_CODE_ISCL.zip
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Generally, for given θ, the following integral cannot be evaluated analytically (or
its computational cost is prohibitively high):

Ztr(θ) =

∫
D
φ(y|θ)dy. (2)

Namely, Ztr(θ) is unknown because the integral above cannot be solved
analytically in closed form, i.e., is intractable.2 The subindex tr stands for “true”
function in this case (and true value when referred to θ, as shown in Table 1).
Hence, the normalizing constant Ztr(θ), often called partition function, cannot
be evaluated point-wise. This represents a challenge for making inference on θ,
as we discuss in the rest of the work.

2.2 Observed data and goal

Let us assume that we have an observed dataset y = y1:N = {y1, . . . ,yN} ∈ DN ,
that contains i.i.d. realizations distributed as the the EBM in Eq. (1) for a specific
unknown vector of parameters θtr (true vector of parameters), i.e.,

yn ∼ ψ(y|θtr, Ztr) =
φ(y|θtr)

Ztr(θtr)
, n = 1, ..., N. (3)

Note that Ztr(θtr) is a scalar normalizing constant, i.e., the true partition function
evaluated at θtr. As a consequence, ψ(y|θtr, Ztr) can be regarded as the true
model, in the sense that it represents the model generating the observed data.
Table 1 summarizes the main notation of the work. The aim of this work is to
infer the parameter vector θ and, possibly, to approximate the function Z(θ). We
focus on a frequentist approach. However, all the algorithms in this work can be
employed for a pre-Bayesian analysis.

3 Likelihood function in EBMs

The most straightforward approach to perform inference in EBMs is through
maximum likelihood estimation (MLE). In order to estimate the parameter of the

2We assume that y is a continuous vector, although several considerations are also valid for the discrete case.
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Table 1: Main notation of the work and energy-based models (EBMs).

Notation Description

θtr True vector of parameters

Ztr(θ) =
∫
D φ(y|θ)dy True partition function

ψ(y|θtr, Ztr) =
φ(y|θtr)
Ztr(θtr)

Generating EBM (true model that generates the observed data y1:N )

yn ∼ ψ(y|θtr, Ztr) n-th observed data

Ztr(θtr) Normalizing constant of the true model

ψ(y|θ, Ztr) =
φ(y|θ)
Ztr(θ)

EBM with true partition function but with a generic θ

Z(θ) Generic partition function

Ẑ(θ) Approximated/estimated partition function

IS-based CL
q(x) Proposal density Reference density

xm ∼ q(x) Auxiliary data Reference data
y = y1:N = {y1, ...,yN} Set of true observed data
x = x1:N = {x1, ...,xM} Set of auxiliary/reference data

u = y ∪ x Union of the two sets above: observed and auxiliary/reference data
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distribution, the likelihood function of θ given y is given by

L(y|θ, Ztr) = p(y1,y2, . . . ,yN |θ) =
N∏
n=1

ψ(yn|θ, Ztr) =
1

Ztr(θ)N

N∏
n=1

φ(yn|θ), (4)

and the corresponding log-likelihood is

logL(y|θ, Ztr) =
N∑
n=1

logψ(yn|θ, Ztr), (5)

= −
N∑
n=1

E(yn|θ)−N logZtr(θ), (6)

where E(yn|θ) = − log φ(yn|θ). The ML estimation of θ is often reformulated as
the minimization of a cost function defined as the negative log-likelihood function
(NLL), i.e.,

JNLL(θ|Ztr,y) = − logL(y|θ, Ztr) =
N∑
n=1

E(yn|θ) +N logZtr(θ), (7)

so that θ̂ML = argθ∈Θ maxL(y|θ, Ztr) = argθ∈Θ min JNLL(θ|Ztr,y). Generally, a
standard widely-used optimization approach is based on the so called gradient-
descent, where the information of the gradient ∇θJNLL(θ̂t−1|Ztr,y) is required.

Remark 1. However, Ztr(θ) is unknown for any θ, and cannot be computed
in closed form. As a consequence, we cannot compute ∇θJNLL(θ|Ztr,y) neither.
Therefore, suitable strategies must be adopted for approximating Ztr(θ) (or, at
least, its gradient).

4 IS estimators for Ztr(θ)

Theoretically speaking, the simplest approaches rely on applications of some
numerical method for computing Ztr(θ). One way to obtain this approximation is
based on importance sampling (IS) [20]. Let q(x) be a known normalized density
(
∫
D q(x)dx = 1) that we are able to draw from. This density is chosen by the user
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and that does not depend on θ. Let x = {x1, . . . ,xM}, be a sample of size M
generated from q(x), i.e.,

xm ∼ q(x), xm ∈ D ⊆ Rd m = 1, ...,M.

In this context, q(x) is referred to as the proposal density, and the samples xm are
often called auxiliary or artificial data [17]. In this case, the IS estimator is given
by

Ẑ(θ) =
1

M

M∑
m=1

φ(xm | θ)

q(xm)
, xm ∼ q(x), (8)

which is unbiased and consistent for every θ, even when the same set of samples
x1, . . . ,xM is employed. A potentially more efficient estimator is

Ẑθ(θ) =
1

M

M∑
m=1

φ(x
(θ)
m | θ)

q(x
(θ)
m | θ)

, x(θ)
m ∼ q(x|θ), (9)

where the proposal depends on θ, and a different set {x(θ)
1 , . . . ,x

(θ)
M } is generated

for each value of θ. In this scenario, the optimal proposal is q(x|θ) ∝ φ(x|θ) [20].

Hence, for a fixed θ, the estimator Ẑθ(θ) can be generally more efficient than Ẑ(θ).

The quality (i.e., the variance) of Ẑ(θ) changes with θ: the proposal q(x) may
be well suited for some values of θ and inadequate for others [20]. Nevertheless,

Ẑ(θ) provides an approximation that is valid for all θ. Moreover, note that once

the known part φ, the proposal q, and the auxiliary samples xm are fixed, Ẑ(θ)
becomes a deterministic, analytically known, and easily evaluable function of θ.

4.1 Geyer’s approach (GA)

In [17], the first IS approximation (8) is substituted directly into Eq. (7):

JGA(θ) = JNLL(θ|Ẑ,y) =
N∑
n=1

E(yn|θ) +N log Ẑ(θ),

=
N∑
n=1

E(yn|θ) +N log

[
1

M

M∑
m=1

φ(xm|θ)

q(xm)

]
, xm ∼ q(x).

(10)
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By IS arguments, we have JGA(θ) ≈ JNLL(θ|Ztr,y). The idea is then to minimize

this function [17], i.e., θ̂GA = arg min JGA(θ). Clearly, as M →∞,

Ẑ(θ) −→ Ztr(θ), ∀θ,
JGA(θ) = JNLL(θ|Ẑ,y) −→ JNLL(θ|Ztr,y) and, as a consequence,

θ̂GA −→ θ̂ML. (11)

Furthermore, an approximation of the gradient can be also directly computed as

1

N
∇θJGA(θ) =

1

N

N∑
i=1

∇θE(yn|θ)−
M∑
m=1

w̄(θ)
m ∇θE(xm|θ), (12)

where we have defined the normalized importance weights, w̄
(θ)
m = w

(θ)
m∑M

j=1 w
(θ)
j

where

w
(θ)
m = φ(xm|θ)

q(xm) . See Appendix A for the derivation.

Remark 2. JGA(θ) is a random function depending on the generated samples
xm’s. However, given the known part φ of the model, the proposal q and fixing the
auxiliary samples xm, then JGA(θ) becomes a deterministic, analytically known,
and evaluable function of θ.

Remark 3. In Geyer’s approach, the same set of auxiliary samples x =
{x1, . . . ,xM} ∼ q(x) is used for every θ. As a consequence, Ẑ(θ) may provide
an accurate estimate for some values of θ, while performing poorly for others.
Namely, the quality of the estimator (i.e., its variance, since it is unbiased) varies
with θ [20]. There are two main strategies to reduce the variance of JGA(θ): (a)
increasing the sample size M ; or (b) for a fixed M , selecting a proposal q(x) that
performs well for a broad range of θ values.

5 Contrastive learning (CL)

From a statistical perspective, contrastive learning (CL) is an alternative
framework where the inference is driven by comparing samples from the observed
data distribution against samples from a reference/noise distribution. More
specifically, the idea in CL is to learn θ by designing a suitable binary classification
problem. Let us define a generic input vector u ∈ Rd and a binary label a ∈ {0, 1},
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more specifically, yn ∼ p(u|a = 1) and xm ∼ p(u|a = 0). Note that the framework
considered so far can be rewritten as

yn ∼ ψ(u|θtr, Ztr) =
φ(u,θtr)

Ztr(θtr)
, n = 1, ..., N,

and
xm ∼ q(u), m = 1, ...,M,

i.e., p(u|a = 1) = ψ(u|θtr, Ztr) and again p(u|a = 0) = q(u) is a density chosen
by the user. Thus, we have M +N labelled inputs ui, i.e., {ui, ai}M+N

i=1 , set as

u1 = y1, . . . ,uN = yN︸ ︷︷ ︸
a=1

,uN+1 = x1, . . . ,uN+M = xM ,︸ ︷︷ ︸
a=0

. (13)

Namely, the first N inputs are labelled with a = 1, and the rest M inputs are
labelled with a = 0. In the CL context, the xm’s samples are usually called
reference data and q is often referred as reference density. The vectors x1, ...,xM
are called reference/noise data.

Thus, we can consider a binary classification problem with the entire dataset
{ui, ai}M+N

i=1 , formed by the union of the two sets of vectors of y’s and x’s. Then,
we can apply a binary classifier in order to estimate the unknown variables θtr
and Ztr(θtr), comparing the two sets of data. The marginal (prior) probabilities
of the labels can be approximated as p(a = 1) ≈ N

N+M , p(a = 0) ≈ M
N+M . Setting

ν = p(a=0)
p(a=1) ≈

M
N and ξ = [θ, Z], the posterior probabilities are

p(a = 1|u) = η(u, ξ) = η(u,θ, Z) =
p(u|a = 1)p(a = 1)

p(u|a = 1)p(a = 1) + p(u|a = 0)p(a = 0)

=
ψ(u|θ, Z)

ψ(u|θ, Z) + νq(u)
, (14)

=
φ(u,θ)

φ(u,θ) + νZ(θ)q(u)
, (15)

Clearly, we also have p(a = 0|u) = 1 − η(u;θ, Z). Note that η depends on the
analytic form of φ and q and on the unknown values of θ and Z(θ), i.e., the
parameter vector ξ = [θ, Z].

Remark 4. Note that here we are considering a generic vector θ and a generic
function Z(θ).
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The goal is to learn a classification rule c(u) that, for a generic input u, yields
a label prediction/estimation â = c(u) ∈ {0, 1}. It is possible to show that the
optimal rule c∗(u) that achieves the largest classification accuracy is the Bayes
classification rule,

â = c∗(u) =

{
1 if η(u) ≥ 0.5,

0 if η(u) < 0.5,
. (16)

The classification literature provides a wealth of methods to learn (directly or
indirectly) an approximation of c∗(u). Considering the parametric family η(u, ξ),
a common approach to find a good approximation η̂(u) consists in minimizing an
empirical risk:

JCL(ξ) =
N∑
n=1

V (η(yn; ξ)) +
M∑
m=1

V (1− η(xm; ξ)), (17)

where V (η) : [0, 1] → [0, 1] is a given is a non-increasing function in [0, 1] (called
loss function).3 Therefore, for each possible input u, the procedure is to obtain

ξ̂ = arg min
ξ
JCL
(
ξ
)
, and set: η̂(u) = η(u, ξ̂), ∀u. (18)

CL cost function. Perhaps, the most common loss function is log-loss,

V (η) = − log(η). (19)

With this loss, the risk V (η) above coincides with the negative log-likelihood
function assuming a Bernoulli model, and with the so-called cross-entropy.
Namely, the empirical risk becomes
JCL
(
ξ
)

= JCL(θ, Z) = −
N∑
n=1

log (η (yn,θ, Z))−
M∑
m=1

log (1− η (xm,θ, Z)) , with

η(u,θ, Z) =
ψ(u|θ, Z)

ψ(u|θ, Z) + νq(u)
, 1− η(u,θ, Z) =

νq(u)

ψ(u|θ, Z) + νq(u)
.

(20)

3The idea above is to penalize when η(yn, ξ) = p(a = 1|u = yn) is small (i.e., close to zero), since yn has label
a = 1 and η(yn, ξ) should be close to 1. Whereas, we should penalize the small values of 1− η(xm, ξ) since xm has
label a = 0 and η(xm, ξ) should be close to 0 (so that 1− η(xm, ξ) should be close to 1).
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Recall that ν = M
N . Hence, the final cost function to minimize is

JCL(θ, Z) = −
N∑
n=1

log

[
ψ(yn|θ, Z)

ψ(yn|θ, Z) + νq(yn)

]
−

M∑
m=1

log

[
νq(xm)

ψ(xm|θ, Z) + νq(xm)

]
,

(21)

= −
N∑
n=1

log

[
φ(yn,θ)

φ(yn,θ) + νZ(θ)q(yn)

]
−

M∑
m=1

log

[
νZ(θ)q(xm)

φ(xm,θ) + νZ(θ)q(xm)

]
.

(22)

We can minimize JCL(θ, Z) with respect to θ and Z, i.e.,

[θ̂CL, ẐCL] = arg min JCL(θ, Z), (23)

where θ̂CL −→ θtr and

ẐCL −→ Ztr(θtr), (24)

is a scalar value, that is the approximation of Ztr in one specific point, θtr. The
method above is also called noise contrastive estimation (NCE).

Remark 5. A CL scheme is completely defined by the choice of: (a) the loss
function V , (b) the number M of reference points and (c) the choice of reference
density q. Regarding the optimal choice if the reference density in CL, see [26, 27].

Remark 6. Let us consider Eq. (22). The cost function JCL is a random function,
but fixing q and the reference samples xm, JCL becomes a deterministic function
of θ and Z, like in the Geyer’s approach.

6 On the relationship between GA and CL

In this section, we emphasize similarities, connections but also differences between
GA and CL. More precisely, the main aspects comparing GA and CL are
summarized below:

1. In both techniques, we use two datasets, (a) the observed data and (b) the
auxiliary/reference data generated by a proposal/reference density q.
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2. In both cases, we obtain two cost functions JGA and JCL that, fixing the M
auxiliary/reference samples xm, become deterministic functions.

3. In both cases, the choice of the proposal/reference density q strongly affects
the overall performance. However, the optimal density q generally differs
across the two schemes. Regarding the optimal proposal q in IS, see [20];
whereas, regarding the optimal reference density, see [26, 27].

4. The cost function JCL takes values in a higher-dimensional space, i.e.,
JCL : Rdθ+1 → R, whereas JGA : Rdθ → R. In other words, JCL depends
on one additional input, so its support domain has one higher dimension
than that of JGA. This difference arises because, in the GA scheme, Z(θ)
is pre-approximated using importance sampling. Furthermore, in standard
CL, the scalar value Ztr(θtr) is considered as an additional parameter to be
estimated.

5. Using GA, we obtain an approximation of the full partition function Ztr(θ),
whereas with CL we only obtain a point-wise approximation of the specific
value Ztr(θtr): this represents just a value, the function form remains
unknown.

Moreover, recalling that ν = M
N , we can rewrite Eq. (21) as

JCL(θ, Z) = −
N∑
n=1

log

[
Nψ(yn|θ, Z)

Nψ(yn|θ, Z) +Mq(yn)

]
−

M∑
m=1

log

[
Mq(xm)

Nψ(xm|θ, Z) +Mq(xm)

]
,

= −
N∑
n=1

log

[
N

N+M
ψ(yn|θ, Z)

N
N+M

ψ(yn|θ, Z) + M
N+M

q(yn)

]
−

M∑
m=1

log

[
M

N+M
q(xm)

N
N+M

ψ(xm|θ, Z) + M
N+M

q(xm)

]
,

= −
N∑
n=1

log

[
α1ψ(yn|θ, Z)

α1ψ(yn|θ, Z) + α2q(yn)

]
−

M∑
m=1

log

[
α2q(xm)

α1ψ(xm|θ, Z) + α2q(xm)

]
,

where we have multiplied numerators and denominators of the fractions (inside
the log) by 1

M+N , and we have also defined α1 = N
M+N and α2 = M

M+N (note that
α1+α2 = 1). Furthermore, using the property log(ab) = log(a)+log(b), we obtain

JCL(θ, Z) = −
N∑
n=1

log

[
ψ(yn|θ, Z)

α1ψ(yn|θ, Z) + α2q(yn)

]
−

M∑
m=1

log

[
q(xm)

α1ψ(xm|θ, Z) + α2q(xm)

]
−N logα1 −M logα2,

= −
N∑
n=1

log

[
ψ(yn|θ, Z)

α1ψ(yn|θ, Z) + α2q(yn)

]
−

M∑
m=1

log

[
q(xm)

α1ψ(xm|θ, Z) + α2q(xm)

]
+ C0,
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where we have set C0 = −N logα1−M logα2, that is a constant value independent
from θ and Z. Denoting the mixture in the denominators as

MIX(u|θ, Z) = α1ψ(u|θ, Z) + α2q(u),

and, using again the properties of the logarithm, then we have

JCL(θ, Z) = −
N∑
n=1

log [ψ(yn|θ, Z)] +
N∑
n=1

log [MIX(yn|θ, Z)] +

−
M∑
m=1

log [q(xm)] +
M∑
m=1

log [MIX(xm|θ, Z)] + C0,

= JNLL(θ|Z,y) +
N∑
n=1

log [MIX(yn|θ, Z)] +
M∑
m=1

log [MIX(xm|θ, Z)] + C1,

= JNLL(θ|Z,y)︸ ︷︷ ︸
term 1

+
N+M∑
i=1

log [MIX(ui|θ, Z)]︸ ︷︷ ︸
term 2

+C1, (25)

where we have set C1 = C0 −
∑M

m=1 log [q(xm)] and used Eq. (13).

Remark 7. The first term in Eq. (25), i.e., JNLL(θ|Z,y), coincides with ML
approach when Ztr(θ) is known, and/or with the Geyer’s scheme when the

estimator Ẑ(θ) is employed. Therefore, focusing on the inference of θ, the essential
difference between JGA and JCL lies in the second term of Eq. (25).

Note that, with the second term,
∑N+M

i=1 log [MIX(ui|θ, Z)], we are applying the
deterministic mixture idea [28, 29, 30].

Remark 8. Let us focus on the inference of θ. The first term, JNLL(θ|Z,y),
corresponds to the negative log-likelihood in Eq. (7), which must be minimized
to estimate θ, providing or approximating Ztr(θ). The second term, instead,
is the (positive) log-likelihood associated with fitting the mixture MIX(u|θ, Z) =
α1ψ(u|θ, Z) + α2q(u) to the data u1, . . . ,uM+N ; in this case, the maximization
provides an estimator of θtr. Thus, assuming that Ztr(θ) is known, both terms
separately yield consistent estimators of θtr, the first through minimization,
the second through maximization. Surprisingly, however, their sum (despite
combining a minimization and a maximization objective) still defines a suitable
cost function to minimize, also leading to a consistent estimator of θtr.
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7 Possible alternative techniques

Given the previous considerations, we may formulate and evaluate various
alternative cost functions. The performance of the novel functions can be
compared with JGA and JCL. Table 2 presents six functional forms under
consideration, four of which, up to our knowledge, are novel in the context of
EBMs. Note that standard CL is also denoted as CL-1 in Table 2. We denote by
CL-2 the method based on a cost function identical to the standard CL, except for
the sign reversal of the second term (associated with the mixture), so that both
terms contribute to a single cost function to be minimized for estimating θtr. The
cost function referred to as CL-3 almost coincides again with that of the standard
CL, but considers only the true observed data, {yn}Nn=1, in the second (mixture)
term. Finally, the two techniques denoted as Mixture-1 and Mixture-2 rely solely
on the mixture component. Mixture-1 uses all available data {un}N+M

n=1 , whereas
Mixture-2 considers only the observed samples {yn}Nn=1.

Furthermore, from the same functional form, different procedures can be derived
depending on whether Z is treated: (a) as a variable to optimize or (b) replaced
by an estimation. For instance, we can include IS estimators of Ztr(θ) and use
the cost functions only to find an estimator of θtr, exactly as in the GA. In this
case, we have two possibilities:

1. Use the same samples xm’s as artificial and reference data, hence a unique
q(·) playing both roles: proposal and reference densities. Thus, the estimator
of Ztr(θ) is

Ẑ(θ) =
1

M

M∑
m=1

φ(xm|θ)

q(xm)
, xm ∼ q(x). (26)

2. Alternatively, we may employ a different density q2(·) as proposal, and
generate M2 different samples sm’s, which are used exclusively to obtain
an estimator of Ztr(θ), i.e.,

ẐS(θ) =
1

M2

M2∑
k=1

φ(sk|θ)

q2(sk)
, sk ∼ q2(x), (27)

with k = 1, ...,M2.
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The computational cost in terms of evaluation of the model numerator, φ(·|θ),
is clearly different. Indeed, in the first case, only M auxiliary/reference samples
are drawn, whereas in the second case M +M2 samples are generated: M serving
as reference points (i.e., xm), and M2 as auxiliary data (i.e., sj) for obtaining

ẐS. Note that the first case can be recovered as a special case of the second one,
setting M2 = M and sm = xm. Thus, we can assert that, in the first scenario, we
are recycling the samples xm to obtain also an estimator of Ztr(θ).
Combining the functional forms in Table 2 and the two alternative estimators, we
obtain the Geyer’s approach, the standard CL, and several possible sub-methods,
that are summarized in Table 3. Note that all the cost functions (representing
the different techniques) in Table 3 can be easily and fairly compared since they
must be minimized only with respect to θ. The only technique can work in the
extended space (θ, Z) is standard CL (denoted also as CL-1).

Table 2: Functional forms of different possible cost functions. Several procedures can be derived
from the same functional form, depending on whether the variable Z is included in the optimization
or replaced by an estimate. We have removed constants, useless in term of optimization.

Z included
Method Variable Cost function in the opt. New

GA approach

Max. Likelihood θ JNLL(θ|Z,y) = −
∑N

n=1 log [ψ(yn|θ, Z)] —– %

Standard CL

CL-1 (θ, Z) JCL-1(θ, Z) = JNLL(θ|Z,y) +
∑N+M

i=1 log [MIX(ui|θ, Z)] " %

CL-2 (θ, Z) JCL-2(θ, Z) = JNLL(θ|Z,y)−
∑N+M

i=1 log [MIX(ui|θ, Z)] % "

CL-3 (θ, Z) JCL-3(θ, Z) = JNLL(θ|Z,y) +
∑N

n=1 log [MIX(yn|θ, Z)] % "

Mixture-1 (θ, Z) JMIX-1(θ, Z) = −
∑N+M

i=1 log [MIX(ui|θ, Z)] % "

Mixture-2 (θ, Z) JMIX-2(θ, Z) = −
∑N

n=1 log [MIX(yn|θ, Z)] % "

Remark 9. Ideally, if we set Z(θ) = Ztr(θ), the cost functions of CL-3, Mixture-
2, and the maximum likelihood approach do not depend on the reference samples
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Table 3: Techniques using IS estimators of Ztr(θ): recycling the same xm ∼ q(x) and creating

the IS estimators Ẑ(θ) = 1
M

∑M
m=1

φ(xm,θ)
q(xm)

, or generating other auxiliary samples sm ∼ q2(x) and

building an independent estimator ẐS(θ) = 1
M2

∑M2

m=1
φ(sm,θ)
q2(sm)

. With the exception of Standard CL,

all the methods provide a an estimation of the full function Ztr(θ). Standard CL gives only the
approximation in one point, Ztr(θtr).

Method Variable Cost function Notes Estim. of Ztr

Geyer’s approach (GA) θ JGA(θ) = JNLL(θ|Ẑ,y) all funct. Ztr(θ)

Standard CL (CL-1) (θ, Z) JCL-1(θ, Z) only Ztr(θtr)

IS-within-CL-j
IS-Rec-CL-j

θ
JCL-j(θ, Ẑ) recycling xm ∼ q(x)

all funct. Ztr(θ)

j = 1, 2, 3 IS-CL-j JCL-j(θ, ẐS) using sk ∼ q2(x)

IS-Rec-Mix-j
θ

JMIX-j(θ, Ẑ) recycling xm ∼ q(x)
all funct. Ztr(θ)IS-within-Mixture-j

j = 1, 2 IS-Mix-j JMIX-j(θ, ẐS) using sk ∼ q2(x)

x1, ...,xM . However, the cost functions of CL-3 and Mixture-2, even in the ideal
case Z(θ) = Ztr(θ), still depend on the proposal/reference density q(x), but
evaluated at the observed data y1, ...,yN .

In Table 3, IS-within-CL-1 represents the standard CL but using inside an IS
estimator of Z(θ) and estimating only θ. Hence, we have 3 methods using the
functional JCL-1(θ, Z). More generally, considering also CL-2 and CL-3, we have:

• Standard CL (denoted also as CL-1), where we obtain an estimation of θ
and of the value Ztr(θtr).

• IS-Rec-CL-1, IS-Rec-CL-2 and IS-Rec-CL-3, using the estimator Ẑ(θ) =
1
M

∑M
m=1

φ(xm|θ)
q(xm) built recycling the reference points xm ∼ q(x).

• IS-CL-1, IS-CL-2 and IS-CL-3, but using the estimator ẐS(θ) =
1
M2

∑M2

k=1
φ(sk|θ)
q2(sk)

, where sk ∼ q2(x), k = 1, ...,M2.
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8 Optimal independent proposal density

8.1 Related theory

For a given fixed value of θ, we know that qopt(x|θ) = ψ(x|θ) [20]. However,

in our search for θ̂ML, e.g., using a gradient descent, we consider several densities
ψ(x|θ) associated to different θ-values. Thus, our goal is to select an independent
proposal density qopt(x) that performs adequately for different parameter values
(e.g., θ1,θ2, . . .), and, if possible, for the entire parameter space Θ. For this
reason, a possible idea is to consider the following quantity,

Z̄ =

∫
Θ

Ztr(θ)dθ =

∫
Θ

(∫
D
φ(x|θ)dx

)
dθ, (assuming Z̄ <∞), (28)

and try to minimize the variance of its estimation. Note that we are assuming
that Z̄ is a finite value. Let consider a finite set Θsub ⊂ Θ with |Θsub| <∞, such

that θ̂ML ∈ Θsub. Hence, we can draw uniformly in Θsub, i.e.,

θi ∼ U(Θsub),

where i = 1, ..., Q. Then, we can write

Z̄ ≈ 1

Q

Q∑
i=1

[∫
D
φ(x|θi)dx

]
=

1

Q

Q∑
i=1

Ztr(θi), (29)

where Ztr(θi) =
∫
D φ(x|θi)dx is a scalar value. It is possible to show that for

minimizing the variance of the finite sum
∑Q

i=1 Ztr(θi) (estimating each Ztr(θi)
by IS), we have to use

qopt(x) ∝
√

[φ(x|θ1)]2 + [φ(x|θ2)]2 + ...+ [φ(x|θQ)]2, (30)

as proposal density. For a proof see [20]. The optimal density above is relevant
from a theoretical point of view, since generally we cannot evaluate it point-wise
and we cannot draw from it. However, these considerations above can drive the
construction of an adaptive proposal density (e.g., using variational inference).
Namely, this result is useful for designing adaptive schemes.
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8.2 Practical use

Generally, a widely-used optimization approach is based on a gradient-descent
method. We can consider a set of possible initial nodes θ1, ...,θQ ∼ U(Θsub).
This set can be also used for selecting a good starting points for the gradient
descent trying to ensure the convergence to the global minimum. Then, to obtain
a suitable set of artificial data, we can apply a IS plus resampling scheme:

1. Draw M0 >> M samples from a initial proposal density,

x̄1, ..., x̄M0
∼ q0(x). (31)

2. Assign the weights

ρi =
qopt(x̄i)

q0(x̄i)
, (32)

=

√
[φ(x̄i|θ1)]2 + [φ(x̄i|θ2)]2 + ...+ [φ(x̄i|θQ)]2

q0(x̄i)
, (33)

where qopt is given in Eq. (30).

3. Resample M times within {x̄1, ..., x̄M0
} according to the probability mass

ρ̄i = ρi∑M0
k=1 ρk

, i = 1, ...,M0, obtaining a new set {x1, ...,xM}, where xk ∈
{x̄1, ..., x̄M0

} for all k = 1, ...,M .

4. Compute

Copt =
1

M0

M0∑
k=1

ρk.

5. Return {x1, ...,xM} or directly

Ẑ(θ) =
Copt

M

M∑
m=1

φ(xm|θ)√
[φ(xm|θ1)]2 + [φ(xm|θ2)]2 + ...+ [φ(xm|θQ)]2

. (34)

The algorithm above returns Ẑ(θ) that will be used within JGA(θ), for instance,
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or any other IS-within-CL scheme JCL-j(θ). We can also update the estimation

Ẑ(θ) incorporating θ-points selected by the gradient-descent. For instance, let us
consider a finite sequence of estimates {θQ+1, ...,θQ+T}, obtained starting from
the last point θQ drawn from q0 above, according to the gradient-descent rule

θ̂t = θ̂t−1 − αt−1∇θJGA(θ̂t−1), (35)

= θ̂t−1 − αt−1∇θJNLL(θ̂t−1|Ẑ,y), (36)

with t = Q + 1, ..., Q + T and with suitable choices of the step value αt. Hence,
we have the first Q starting points, i.e., θ1, ...,θQ and the new T points, i.e.,

θQ+1, ...,θQ+T . Then, we can recompute the weights ρi and improve Ẑ(θ) before
continuing with the gradient descent:

1. Given the samples drawn as in Eq. (31), i.e., x̄1, ..., x̄M0
∼ q0(x), assign the

weights

ρi =

√∑Q+T
k=1 φ(x̄i|θk)2

q0(x̄i)
. (37)

2. Resample M times within {x̄1, ..., x̄M0
} according to the probability mass

ρ̄i = ρi∑M0
k=1 ρk

, i = 1, ...,M0, obtaining a new set {x1, ...,xM}, where xk ∈
{x̄1, ..., x̄M0

} for all k = 1, ...,M .

3. Compute Copt = 1
M0

∑M0

k=1 ρk.

4. Return {x1, ...,xM} or directly

Ẑ(θ) =
Copt

M

M∑
m=1

φ(xm|θ)√∑Q+T
k=1 φ(xm|θk)2

. (38)

The gradient descent and the procedure above can be iterated several times until
convergence, i.e., ||θ̂t − θ̂t−1|| < ε with ε > 0 (clearly, we expect θ̂t ≈ θ̂ML if
ε ≈ 0 and the convergence is on a global mode). All the considerations above are
valid for any methodology using an IS estimator of Ztr(θ) with an independent
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proposal density q(x).

9 Numerical experiments

The numerical study in this section focuses on comparing the different schemes,
previously described. We consider a simple one-dimensional Gaussian setting with
an instructive purpose. First of all, the Gaussian configuration ensures analytical
tractability: both the partition function Ztr is known in closed form, allowing
theory and simulation to be matched precisely. Moreover, the presentation is
clearer and more pedagogically effective. Hence, clearly the goal of the example
is not to demonstrate performance on a complex model, but rather to illustrate
the performance under controlled conditions and to help the reproducibility.4

9.1 Settings

More specifically, we consider a target distribution of type

ψ(y|θ, Ztr) =
1√

2πθ2
exp

(
− y2

2θ2

)
, (39)

φ(y|θ) = exp

(
− y2

2θ2

)
, Ztr(θ) =

√
2πθ2, (40)

E(y|θ) =
y2

2θ2
. (41)

We also assume that the observed data y1, ..., yN are generated from the model
above with θtr = 1.5, i.e.,

yn ∼ ψ(y|θtr, Ztr) =
1

Ztr(θtr)
exp

(
− y2

2θ2tr

)
, Ztr(θtr) =

√
2πθ2tr, (42)

with n = 1, ..., N . We also consider a Gaussian proposal/reference density,

xm ∼ q(x) =
1√

2πσ2p

exp

(
−(x− µp)2

2σ2p

)
, (43)

4Related Matlab and R code is given at http://www.lucamartino.altervista.org/PUBLIC_CODE_ISCL.zip
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drawing clearly M artificial data {x1, ..., xM} from q(x). For simplicity, we keep
fixed µp = 0. We test the different techniques considering different cases varying
N , M , and σp. The goal is to estimate the ground-truth value θtr = 1.5, hence
we focus on the parameter estimation problem (i.e., estimating θ). Moreover, we
design different scenarios where:

• Scenario 1: since the ground-truth is known in the described experiment,
we replace Z(θ) in the different functionals with the true function Ztr(θ).

• Scenario 2: We replace Z(θ) with Ẑ(θ) = 1
M

∑M
m=1

φ(xm,θ)
q(xm) employing the

same M points {x1, ..., xM} used also as reference/noise data.

• Scenario 3: We replace Z(θ) with ẐS(θ) = 1
M2

∑M2

m=1
φ(sm|θ)
q2(sm) employing

other M2 points {s1, ..., sM} generated from another proposal sm ∼ q2(x),
with m = 1, ...,M2. We set q2(x) = N (x|0, 25). Note that we could also
choose q2(x) = q(x).

Note that Scenario 1 is a extreme special case of Scenario 3 with M2 → ∞.
There would be a “scenario 4” that consists on the joint estimating of [θ̂, Ẑ(θ̂)]

where Ẑ(θ̂) approximates a single value Ztr(θtr). However, the only procedure
able to do that is the standard CL (also denoted as CL-1). For comparing all
the techniques, we compute the mean square error (MSE) in the estimation of
θtr = 1.5. Hence, we do not consider the error in estimation of Z(θ).

We compute the MSE in estimation of θtr and, in all scenarios, we keep fixed
µp = 0 and vary σp.

9.2 Results for Scenario 1 – Scenario 3 with M2 →∞
In all the techniques, inside the cost functions, we are using the true function
Ztr(θ). This setting can be considered as an extreme case of using ẐS(θ) with

M2 →∞,

(or M → ∞ in GA). For this reason, GA coincides perfectly with the maximum
likelihood approach and the solution does not depends on σp. Since we are using
the ground-truth Ztr(θ) directly in the cost function, this “ideal” GA does not
depend on the proposal q. We set N = 10 and M = 10 for the reference points
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x1, ..., xM (used for building the corresponding cost functions). The results are
shown in Figure 1. We also test and compare standard CL working in the extended
bidimensional space (θ, Z). We split the figure into two plots due to the large
number of curves. Looking at Figure 1, we can observe the following relevant
points:

• The maximum likelihood approach (i.e., the “ideal” GA) is the best method
for all the σp values, except at σp = 1.5, where IS-CL-3 provides the best
results. Very close results have been obtained by IS-CL-2, that is the second
best technique close to the “ideal” GA.

• IS-CL-1 and standard CL-1 (considering only the error in θ) provide results
far to the best ones.

• IS-CL-3 always outperforms IS-CL-1. IS-CL-2 also outperforms IS-CL-1 and
standard CL1.

• IS-CL-3, IS-CL-1 and standard CL-1 perform particularly bad for small
values of σp. Moreover, IS-CL-3 and IS-CL-1 seems to suffer high values of
σp.

• The two methods based on fitting the mixture, IS-Mix-1 and IS-Mix-2, do
not provide particularly good results. They seems to work better for small
values of σp but also for great values of σp. They suffer in the range of
intermediate values of σp.

• IS-CL-3 and IS-CL-1 present a best value of σp where they seem to reach a
minimum MSE.

• Both IS-Mix-j schemes perform well for values of σp below θtr = 1.5
(the standard deviation of the true model). However, their performance
deteriorates for intermediate values of σp

9.3 Results for Scenario 2

In this framework, we employ the M points {x1, ..., xM} drawn from q(xm)

for both (a) as ‘reference noise data’, and (b) building the estimator Ẑ(θ) =
1
M

∑M
m=1

φ(xm,θ)
q(xm) . Namely, the reference points {x1, ..., xM} are recycled to build
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Figure 1: MSE versus the standard deviation σp of the proposal density in Scenario
1, with N = 10 and M = 10. We split the figure into two plots due to the
large number of curves. The considered setting is particularly challenging for
mixture-based cost functions since the two pdfs (target and proposal) have the
same locations, µp = 0.

Ẑ(θ). The results are given in Figure 2. We depict only the curves corresponding
to IS-Rec-CL-1, IS-Rec-CL-2, GA, and the standard CL. The curve for IS-Rec-
CL-3 is not shown because it is completely overlapped by those of IS-Rec-CL-1,
IS-Rec-CL-2 and GA, while the mixture schemes yield substantially higher MSE
values. Hence, IS-Rec-CL-1, IS-Rec-CL-2, IS-Rec-CL-3 and GA provide very
similar (good) results, generally outperforming the standard CL except for the
value σp = 3. Therefore, this experiment suggests that there is no advantage in
optimizing over the higher-dimensional space (θ, Z), that is, in using the standard
CL. However, these results have been obtained with high value of M = 5000 that
allows a good estimation of Z(θ). It is possible to show that, with small values of

M , the estimation of Z(θ) provided by Ẑ(θ) is poor and the standard CL provides
better results.
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Figure 2: MSE versus the standard deviation σp, obtained with some recycling
schemes and the standard CL with N = 10 and M = 5000. We report only the
curves corresponding to IS-Rec-CL-1, IS-Rec-CL-2, GA, and the standard CL. The
curve for IS-Rec-CL-3 is not shown because it is completely overlapped by those
of IS-Rec-CL-1 and IS-Rec-CL-2, while the mixture schemes yield substantially
higher MSE values.

9.4 Summary of the results

Focusing mainly on the inference of θ, we can summarize the main conclusions as
follows:

• Without computational restrictions on the evaluation of the numerator
φ(x,θ), the estimation Z(θ) with an IS estimator seems to be a better
strategy (using M2 → ∞ samples), and then apply the GA or IS-within-
CL-2 scheme.

• Considering the cost of evaluating φ(x,θ), we should compare with the IS-
recycling schemes (IS-Rec-CL-j). from the results:

– the standard CL is preferable for small values of M ,

– while the IS-Rec-CL-j methods, with j = 1, 2, 3, are preferable for
greater values of M .
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Moreover, focusing only on θ, the IS-within-CL-2 scheme seems to
work better than standard CL. For some specific values of the proposal
parameters, the IS-within-CL-3 schemes could outperform even the “ideal”
GA (i.e., the classical maximum likelihood approach). More generally, the
IS-RC-CL-j techniques seem to be more robust than Stand-CL when the
scale parameter of the proposal is smaller of target density (i.e., σp < σtrue).

Regarding Z(θ), we can remark that:

• With GA and the IS-RC-CL-j schemes, we obtain the complete
approximation Z(θ), i.e., Ẑ(θ). With the standard CL, we only obtain
an approximation of Ztr(θtr).

Once the entire partition function Z(θ) has been approximated by Ẑ(θ), Bayesian
inference can be carried out straightforwardly. Consequently, the GA and IS-
within-CL-j schemes can be employed for a pre-Bayesian analysis. Moreover,
the pointwise estimator θ̂ can also be useful for designing an efficient Bayesian
analysis. Finally recall that the use of the optimal independent proposal density
qopt(x) can improve the performance of the IS-RC-CL-j schemes.

10 Conclusions

In this work, we have provided a comprehensive analysis of Geyer’s approach and
contrastive learning (CL) for inference in non-normalized models, clarifying their
theoretical connections and practical differences. By adopting a complementary
perspective to existing asymptotic comparisons [1], we have shown that
meaningful comparisons between GA and CL can be carried out without
increasing the dimensionality of Geyer’s method. Instead, by simplifying the CL
framework through the use of importance sampling estimators of the partition
function, we have reduced the optimization problem to the original parameter
space, leading to the proposed IS-within-CL schemes.
The theoretical comparison between the resulting cost functions not only sheds
light on the relationship between GA and CL, but also naturally motivates the
design of novel variants that interpolate between these methodologies. These
schemes retain the interpretability and computational advantages of lower-
dimensional optimization while benefiting from the flexibility of contrastive
formulations. Our experimental study demonstrates that the proposed approaches
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are competitive and, in several scenarios (for instance, with an high value of the
artificial data M and small number of true data N), advantageous compared to
the standard CL methods. Additionally, an important outcome of IS-within-CL-j
or GA schemes is that these methodologies yield an explicit approximation of the
entire partition function Ztr(θ). This can be used as a pre-Bayesian analysis that

offers Ẑ(θ) and the information about high-probability regions of the parameter
space, facilitating the construction of efficient Bayesian inference procedures. Last
but not least, we have introduced the optimal independent proposal density for
both GA and IS-within-CL schemes and provided an algorithm for its practical
implementation.
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A Direct approximation of the gradient

Let us consider the gradient of the cost function JGA(θ) scaled by a factor 1/N ,
i.e.,

1

N
∇θJGA(θ) =

1

N

N∑
i=1

∇θE(yn|θ) +∇θẐ(θ).

Recalling that ∇θ log Ẑ(θ) = 1

Ẑ(θ)
∇θẐ(θ), the equation above becomes:

1

N
∇θJGA(θ) =

1

N

N∑
i=1

∇θE(yn|θ) +
1

Ẑ(θ)
∇θẐ(θ)

=
1

N

N∑
i=1

∇θE(yn|θ) +
1

1
M

∑M
j=1

φ(xj|θ)
q(xj)

1

M

M∑
m=1

∇θφ(xm|θ)

q(xm)
.

Moreover, since φ(y|θ) = e−E(y|θ), we have

∇θφ(y|θ) = −∇θE(y|θ)e−E(y|θ) = −∇θE(y|θ)φ(y|θ).

Replacing above, we obtain

1

N
∇θJGA(θ) =

1

N

N∑
i=1

∇θE(yn|θ)− 1∑M
j=1

φ(xj |θ)
q(xj)

M∑
m=1

∇θE(xm|θ)φ(xm|θ)

q(xm)

=
1

N

N∑
i=1

∇θE(yn|θ)−
M∑
m=1

w̄(θ)
m ∇θE(xm|θ), (44)
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where we have defined the normalized IS weights as:

w̄(θ)
m =

φ(xm|θ)
q(xm)∑M

j=1
φ(xj |θ)
q(xj)

=
w

(θ)
m∑M

j=1w
(θ)
j

, (45)

and w
(θ)
m = φ(xm|θ)

q(xm) are the unnormalized IS weights. If we are able to draw samples

from the model, i.e., x
(θ)
m ∼ ψ(y|θ), the normalized IS weights become w̄

(θ)
m = 1

M
for each m, and Eq. (44) can be rewritten as

1

N
∇θJGA(θ) =

1

N

N∑
i=1

∇θE(yn|θ)− 1

M

M∑
m=1

∇θE(x(θ)
m |θ), x(θ)

m ∼ p(·|θ). (46)

However, recall that we need to generate of artificial data x
(θ)
m for every θ-value,

hence the total number of evaluation of the energy function grows.
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