COUNTING FIXED DEGREE d > 2 ADDITION CHAINS
THEOPHILUS AGAMA

ABSTRACT. We denote the length of an addition chain with fixed degree d > 2
leading to n by 1%(n). We study the counting function
Fy(m,r) :=#{n € [d™,d™) : 1%n) <m+r}

establishing upper and lower bounds, which generalizes previous classical investi-
gations of De Koninck, Doyon, and Verreault.

1. INTRODUCTION AND PREVIOUS WORKS

Addition chains are a simple, classical combinatorial model that encodes efficient
ways to build a given integer by iterated additions. Formally, an addition chain for
an integer n > 1 is a strictly increasing sequence

l=ay<a1 <---<a,=n

such that each ay (for &k > 1) is the sum of one or two previous terms a; + a; with
i,j < k. The minimal possible length r of an addition chain for n is denoted ¢(n) and
has been studied since the foundational work of Brauer and the early investigations
surrounding the Scholz-Brauer problem (see, e.g., [4],[10], [14], [2]) which attempts
to assert a universal truth of the inequality

02" —=1)<n—1+{(n).

Extensive computational approaches have also been used to study optimal (mini-
mal) length addition chains and the Scholz-Brauer problem, and there are a dozen
articles treating the minimal length of an addition chain in this manner (see, eg, [17]).

1

Beyond intrinsic combinatorial interest, the lengths of an addition chain measure
the multiplicative complexity of exponentiation, a quest that frequently arises in
algorithmic number theory and cryptography [11],[12],[19].

The basic lower and upper bounds for ¢(n) are elementary: the trivial doubling
strategy shows £(n) < [logyn| + v(n) — 1 (where (v(n) is the number of ones in
the binary expansion of n), while the binary length |log, n| gives the trivial lower
bound. A stronger lower bound for ¢(n) also exists in the literature (see, eg, [5])
and due to Schonhage, who proved in 1975

((n) > logn N log(v(n))
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where v(n) denotes the sum of all digits in the binary expansion of n. Over the
decades, the literature has refined these estimates, studied extremal examples, and
formulated conjectures (most notably the Scholz-Brauer conjecture [8] and many
partial results [9] and lower bounds), and developed both constructive algorithms
and combinatorial obstructions to short chains; key contributions include the work
of Stolarski, Thurber, and others who obtained structural lower bounds and studied
arithmetic patterns that force longer chains [6], [16], [21].

On the algorithmic side, the addition chains are a canonical model for exponenti-
ation algorithms. Short chains are known to correspond to multiplication sequences
that efficiently compute large powers [15]. This perspective motivated extensive
algorithmic and complexity-theoretic work (for example, Pippengers work on ex-
ponentiation techniques and later algorithmic studies), and a number of dedicated
algorithmic surveys and catalog methods of papers to generate short or near-optimal
chains in practice. These algorithmic studies both inspired and benefited from the
combinatorial work on chain structure because effective search heuristics depend on
structural constraints such as allowed step-types in a chain.

Most past works have concentrated on the classical binary setting in which each
step sums at most two earlier terms. Several authors have considered broader mod-
els. For example, addition-subtraction chains [18], g-ary chains [13], or more general
vector addition chains [20] have shown that changing the allowed local arity can alter
both the achievable lengths and the algorithmic landscape. However, a systematic
asymptotic study of chains in which each new term is allowed to be the sum of
at most d earlier terms for a fixed d > 2 (which we call degree-d addition chains)
is comparatively undeveloped in the rigorous counting literature. The degree con-
straint interpolates between the classical binary model (d = 2) and the denser local
combinatorial regimes (larger d). It is therefore natural to ask how the parameter d
affects the minimum length in the worst case and the frequency of unusually short
chains that produce integers in dyadic ranges.

Very recently, De Koninck, Doyon, and Verreault obtained sharp quantitative
results for the classical d = 2 minimal-length counting problem. For the counting
function

F(m,r):=#{n € [2",2""1) + {(n) <m+r}
they proved matching exponential-type upper and lower bounds in ranges of r grow-
ing like kfgmm for 0 < ¢ < log 2, refining long-standing distributional heuristics about

how often integers admit chains significantly shorter than the trivial doubling base-
line [3]. In particular, they obtained the following upper bound

log 1
logm logm
and the lower bound

F(m. cm_\ exp( em — c(1 + €)mloglogm
logm logm

for all sufficiently large values of m and for any ¢ > 0. Their arguments combine
a careful decomposition of step types, structural inequalities that count step types,



ways to choose step types, as well as ways to choose integers to be added in each
step, and a delicate combinatorial counting of admissible local configurations. Their
work provides both the motivation and the technical blueprint for the present paper.

In this article, we generalize the De Koninck-Doyon-Verreault approach to the
fixed-degree setting. For a fixed integer d > 2, we define 4(n) to be the minimal
length of a degree-d addition chain for n, and we investigate the counting function

Fym,r) == #{n € [d",d"™) : 1%n) <m+r}.

where (%(n) is the length that may or may not be minimal. In the case where we
choose a minimal length, we can set (?(n) := ¢(n). Our main results give general
exponential upper and lower bounds for Fy(m,r) for a general r, with constants
and sub-exponential correction factors that depend explicitly on d. In particular,
we obtain the following results

Theorem 1.1. Let d > 2 be a fixed integer and r a positive real number. For any
e > 0 and for m sufficiently large

Fy(m,r) < exp (G(d)r log(m +r) + (1 + €)H(d)r loglogm + 4log(m + ) + Od(r))

where
d—1
d) =
G(d) 1 —log,(d—1)
and
d
H(d) = —F—.
1 —loggva

Theorem 1.2. Let d > 2 be a fixed integer and r a positive real number. For all m
sufficiently large, we have

-1 1 /
Fy(m,r) > exp (Qd (logm — loglogr + loglogd — logd — ¢ ogd _ C—))

logr r

for some absolute constant ¢, > 0 and where

. -{f mlogd }
‘= min d7(d_1)10g7~+(d_1)log(1—é) .

The proofs require d-ary analogs of the run-gap decompositions and new com-
binatorial estimates counting admissible sequences of step-classes when each step
may be formed by summing up to d earlier terms; these combinatorial counts are
more intricate than the binary case because the local arity expands the family of
possible step-patterns, yet the same structural control suffices to obtain matching
exponential asymptotics in the relevant parameter ranges.



2. PRELIMINARIES AND SETUP

Definition 2.1. Let n > 3 and d > 2 be a fixed positive integer. We say that the
sequence of positive integers

So=1<s1<--<s,=n
is an addition chain of fixed degree d > 2 leading to n of length h if foreach 1 < < h

the representation
S = Z iz (81 < 8i)

ij€[0,i—1]NZ
j€[1,d)NN

holds.

In other words, each term term in an addition chain with a fixed degree d > 2
is the sum of at most d previous terms in the chain, with repetition allowed. We
call the shortest fixed degree d > 2 addition chain that leads to a target an optimal
degree d addition chain. We denote the length of an optimal addition chain with
fixed degree d > 2 leading to a target n with £¢(n). We denote the length of the
fixed degree chain (d > 2) - whether or not it is optimal - by [%(n). The special case
where the fixed degree d = 2 recovers the well-known concept of an addition chain
first introduced in [2].

Example 2.2. Choose the target n = 21 and fix the degree d = 3. The sequence
So=1,81=2,89=4,83 = 8,84 = 16,55 = 21

is an addition chain with fixed degree d = 3, because sy = 251,53 = 259,84 =
283,85 = S4 + So + Sg. However, it is not of minimal length. An example chain of
fixed degree 3 and of minimal length is

So = 1,81 = 3,82 :9783 = 21.
Example 2.3. Choose the target n = 63 and fix the degree d = 4. The sequence
So = ]_,81 = 2,82 :4,83 :8,84 = 16,85 = 32,86 = 56,87 =63

is an addition chain with fixed degree d = 4, because sy = 281,83 = 289,84 =
283, 85 = 284, S¢ = S5 + S4 + S3, 87 = Sg + S2 + S1 + So. A chain of fixed degree 4 and
of minimal length leading to 63 is given by

80:1,81 :4782:16783:52784:61,85:63.

We now provide definitions that adapt the notions of big steps and small steps
for fixed degree d addition chains.

Definition 2.4. Let d > 2 be fixed, and let
So=1<s1<--<s,=n

be any addition chain with fixed degree d. We define the sets

G:{] . Sj:d'ijl,lngh}
and

K = {] e <d'Sj_1,1 S] Sh}
We call G the d-dilate steps and K the non d-dilate steps, respectively, in the chain.
We denote by |G| and |K| the number of d-dilate and non-d-dilate steps in the
addition chain with fixed degree.



Example 2.5. Fix d = 3 and choose the target n = 20. We construct the addition
chain with fixed degree d = 3 as follows

so=1,81 =2,80 =6,53 =18, 54 = 20
with s =1+1,50=24+24+2,53=6+6+6,s4 = 18 + 2. In this case, we have
G=1{2,3} and K ={1,4}

as the 3-dilate and non 3-dilate steps, respectively.

We set
Fy(m,r) = #{n € [d™, d™) : I%(n) <m+r}.
In other words, the function Fy(m,r) counts the number of integers n € [d™, d™ ")
as targets of a fixed degree d > 2 addition chains of length satisfying (¢(n) < m + 1.

The function Fy(m,r) is extremely important. It often naturally appears in most
investigations that seek to count the number of integers that can be obtained as
targets belonging to the interval [d™, d™*1) when constructing an addition chain of
length at most m+r, because an upper bound for this function automatically serves
as an upper bound for the count of those integers [1], [3].

3. SPLITTING STEPS INTO FOUR CLASSES
Let d > 2 be fixed and

So=1<8 < <Smgr] =N

be a fixed degree d > 2 addition chain leading to n € [d™,d™*!). We introduce the
following partition into steps of the addition chain of fixed degree d > 2

o Aj:={j : s; =dsj_1} (d-dilate step)
o Bi:={j : \asj_1 <s; <dsj_1} (d-large steps)
o Co:={j : (d=140)s;—1 <sj <Agsj_1} (d-medium sized steps)

e Dy:={j : s;,<(d—1+0)s;—1} (d-small steps)

where )
M= (d—1 —
a=( )+ozd
with
1++/(d-1)2+14
Ay ‘=
2
and
d:=0d0(m)= !
o ~ logm’

We call the steps in A, as d-dilate steps and those in B, Cy4, Dy non-d-dilate steps.
By denoting the respective cardinality by

#Aqg = Ag, #Bq = Ba, #Cq = Cy, #Dg = Dy



we obtain
Ad+Bd+Cd+Dd: Lm—i—rj.

The partition into step framework that has been introduced can be viewed as a
generalization of that in [3]. We observe that in the case of the classical addition
chain, we take the degree d = 2 and deduce the known partition into the step
framework

A:={i : s;=2s;,1} (doubling steps)

B:={i : vsi1 <s5;<2s;1} (large steps)
where 7 1= %g is the golden ratio
C:={i : (14+6)si-1 <s; <7vs;-1} (medium-size steps)
where 6 := §(m) — 0 as m — oo. In particular
1
- logm

§:=0(m)

D:={i : s, <(1+)s;1} (small steps).

4. REMARK ON THE SIZES OF STEP CLASSES
Lemma 4.1. Let d > 2 be fixed and let
So=1<s51 <+ <S|mgr] =n

be a fized degree d > 2 addition chain leading to n € [d™,d™'). Let G and K
denote, as usual, the dilate and non dilate steps in the fized degree chain. We have

n < d|G|fyllK|

d—1+/d—1)2+4
; .

where

Yd =

Proof. Suppose that j € K, then s; < (d—1)s;_1+sj_2. We set s; = xs;_; for each
j € K. It is clear that x < d for j € K. We deduce

Y S (d— 1)$m—1dv +l’m_2dU

with m + v = j, where m and v are the number of non dilate and dilate steps,
respectively, up to step j. We set

Ml = (d o 1)$m—1dv + xm—de

which is equivalent to the quadratic equation 2? — (d — 1)z — 1 = 0. We set

d—1++/(d—12+4
2

Ya =



which is the positive integer solution for the quadratic equation. We deduce
sj < yg'd’
with m +v = j. We get
n < d|G|fyllK|
[l

We now control the total size of the non dilate steps in an addition chain of fixed
degree d > 2 that leads to n € [d™,d™ ") with length (%(n) < [m +r].

Lemma 4.2. Let so = 1 < 81 < -+ < S|yqr] = n be an addition chain of fized
degree d > 2 leading to n € [d™,d™). Define the sets Aq, Ba,Cq, Dy as above with
their cardinality

#Aq = Aa, #Ba = By, #Cq = Cq, #Dy = Dy.
We have

r

By+Cy+ Dy < ———.
1 —log, V4

P?OOf. Write
m Ay  Byg+Cy+D
d <n<dd’yld dTd

L J 'yd Bg+Cy+Dg
— d m—r e
()

d

/Yd Bd+Cd+Dd
S dm+r (_)

which implies that

- d
and the observed upper bound follows from this inequality. 0J

~ Bg+Cgq+Dg
1<d (—d)

Lemma 4.3. Let 5o = 1 < 81 < -+ < S|ymqr] = n be an addition chain of fived
degree d > 2 leading to n € [d™,d™ ). Define the sets Aq, Ba,Cq, Dy as above with
their cardinality
#Aq = Aa, #Ba = By, #Cq = Ca, #Dg = Dy.
We have
r— Cy(1 —logy \g)

Ddﬁl_

where §(d) == 2.
Proof. Write
d™ < n < dAtBa(d — 1 4 5)ParG

_ glmtr) (d —1+ 5)Dd <£) -

d d
(e )
= d d



which implies

It follows that

0 <rlogd+ Dy(log(d — 1+ 6) —logd) + Cy(log A\g — log d).

The upper bound for Dy can be deduced from the above inequality.

Remark 4.4. The inequality asserted in Lemma 4.3 suggests that there will always
be a tradeoff between the number of d-small steps and d-medium-sized steps among
the non dilate steps in an addition chain of fixed degree d > 2.

5. THE NUMBER OF WAYS TO PUT STEPS INTO THE FOUR CLASSES

In this section, we count the number of ways to put steps in a fixed degree d > 2
addition chain into the classes of steps Ay, By, C4, Dy introduced in the step.

Lemma 5.1. Let d > 2 be fixed and set

_1+/([d-1)*+4
2

(07N

and

We have

for all d > 2. In particular, ag = Ao = 7.
Proof. For all d > 4, we deduce
1++/(d=1)2+4

g =
2
<1+\mu—1y
2
(d—1)vV2+1
2
2
§§d<d—1<>\d.

The validity of the inequality can be checked for the cases d = 2 and d = 3.

Now, we observe a natural conspiracy between the steps in By and those in CqUDy.
The observed phenomenon suggests that steps belonging to these classes communi-
cate with each other in their position and pattern of appearance.

Lemma 5.2. Let j € By, then j —1 € CqUDy. In particular, every d-large step in
a fized degree d > 2 addition chain must be preceded by a d-medium-sized step or a

d-small step.



Proof. Let j € By, then j is necessarily a non-dilate step. Therefore
jflj'iimes
§; < gj71 + -+ Sj,I—f—Sj,g.
Assume to the contrary j —1 € A;UB,. Then, by definition, we can write Ags;_o <
sj—1 < ds;j_o which implies

1
$; < (d = Dsjor + 3851

1
= (d—1+)\—d)8j_1

1
S (d —1 + —) Sj—1 = )\de_l
0%

by virtue of the lemma 5.1. This deduction violates the assumption that 5 € B;. U

Let S(Aqg, By, Cq4, Dg,m,r) denote the number of ways of splitting the steps in
the fixed degree d > 2 addition chain of length |m + r| into the classes of steps
Ag, By, Cq, Dy. Standard combinatorial reasoning yields the upper bound

lm+r| m+r (m+r)!
A, B D < < = AT
S< b 2d Cd’ @) 1% T) - (Ad7 Bd, Cd, Dd - Ad, Bd, Cd, Dd Ad'Bd'Cd'Dd'

However, this bound is crude and can be easily improved using intermediate results.
We observe that the number of ways to choose steps in Cy and D, is at most

< m-+r )(C’d+Dd) < < m-+r )20d+DT
Cq+ Dy Cy —\Cy+ Dy .

By Lemma 5.2, the number of ways to choose steps in B, is at most

CatDa\ _ ocoen,
By - '

By Lemma 4.3, we obtain the following upper bound

Lemma 5.3. We have
m+r

S(Agy, By, Cy, D <
( ds Pds “Yd d7m7r) = (Cd+Dd

)exp(Od(r)).

To be able to count a fixed degree d > 2 addition chain leading to n € [d™, d™*1),
we still need to count the number of ways to choose the integers to be added at each
step in each class. Obviously, for dilate steps, there is a unique way to make this
choice, because if j € Ay, then s; = ds;_;. Thus, we have nothing interesting to do
for those choices of steps.

6. COUNTING INTEGERS TO BE ADDED AT EACH STEP

Lemma 6.1. Let sp = 1 < 81 < -+ < S|ypqr] = n be an addition chain of fized
degree d > 2 leading to n € [d™,d™ ). Assume that the sets Aq, Bq,Cq, Dy are each
fized. Denote by Ry the number of ways to choose integers to be added in steps that
belong to By. We have

Rq < exp(O(rd)) = exp(O(r))-



Proof. Let j € B; and write

S; = Z Sijs (Sij < Si)'

i;€[0,i—1]NZ
j€[1,dJNN
Set
sj, = max {s;}
e eloj—nz
i€[L,d)NZ
and
sp:= min {s;}.
Ji€[0,j—-1]NZ
1€[1,d]NZ

Because j € By, we must have \gs;_1 < s; < (d —1)s;_1 + s, which implies
(6.1) e 1<
. —5i_1 < Sy
(%] -1

We observe that for each step u with v < u < j, we must have u € C;UD,. Suppose
that there exists a step u such that u & Cq U Dy, then u € Ay U By. By definition,
for this particular step u, it must satisfy the inequality A\gs, 1 < s, < ds,_1. This
implies A\gs, < s, < s5;_1. We deduce
(6.2) < L
) Sy < —8i_1.
A0
Combining inequality 6.1 and 6.2, we deduce
L < <
—85i 1< Sy < —8,
g -1 Ad -1
which implies
Ad < Qg
thus violating the Lemma 5.1. It follows that the number of ways to choose each
ji € 10,7 — 1JUZ with i € [1,d] UZ for each j € By is at most (hg(j))¢ where

ha(7) ::rggfc{j—uecdul)d c1<u<t})

Equivalently, hy(j) counts the size of the largest interval [j — ¢, 7 — 1] such that each
positive integer in this interval belongs to Cq U Dy for each j € B;. Now, let Ry
denote the number of ways to choose integers to be added in steps that belong to
B;. We deduce

Ry < [ (ha(i)™.

J€EB4

Using the arithmetic-geometric mean inequality (AGM), we deduce

( 11 <hd<j>>d) g 5 2 hali)

JEBy

10



where the latter inequality is a consequence of the lemma 5.2. It follows that

Ra < [T (ha(i)?

JEBq
dB
< (Cd + Dd)
< —Bd
= exp(O(dBa))
since the sets Ay, By, Cq, Dy have been fixed. The result follows using the lemma
4.2. O

We now turn our attention to counting the number of ways to choose integers to
be added in steps that belong to Cj.

Lemma 6.2. Let sp = 1 < 51 < -+ < S|yqr] = n be an addition chain of fized
degree d > 2 leading to n € [d™,d™ ). Assume that the sets Aq, Bq,Cq, Dy are each
fized. Let W, denote the number of ways to choose integers to be added in steps that
belong to Cy. We have

Wy < (logm)H+94C%exp(O(rdlog d))
for any e > 0.
Proof. Let j € Cy. By definition
AiSj—1 > 8, > (d—140)s;_4
where 6 := §(m) = @. Write

5= ), s (s <),

ji€l0,j—1nZ
i€[1,d]NN
Let §(d) := ;% . For each sj, in the sum, we can write
(- O Z‘ﬁdf) 5
(14 0(d) s,
—(1=6(d) +6(d)* = 6(d)* +--+)
> sjé(d).

This implies that each summand s;, must satisfy the inequality 6(d)s; < s;, < s;.
Now, let

uq(g) == #{s;, + d(d)s; <s;, j € AgUBsUCy}.
Taking §(d) > 0 sufficiently small (equivalently taking m sufficiently large), we have

(1+ 6(d))0) < 1

o(d)
In this regime

log(0(d))
log(1 +6(d))
log(3(d))
- d(d)

uq(j) < —

11



for each j € C4. This is the worst number of choices for summands s; with j; €
Aq U By UCy for each step j € Cyq. Similarly, let

na(5) = #{s;; = 0(d)s; < 'sj, <, ji € Da},
The number of ways to choose integers to be added in steps j € Cy is

Cyq

Wa =11 (Ud(j) + Ud(j))d-

j=1
Using the arithmetic-geometric mean inequality (AGM), we can write

Cq

wa=1] (ud@') + ndu))d

=1

< (¢ i(udm +nd<j>>)dod

Q|

d

Cq dCy
< (—2%+é2nd(y‘)) :

Since 1,4(j) counts elements of D, and each 7,(j) < —2% for each j € Cy4, we

deduce

S ) < —2%%

Thus

log(8(d)) ~ —2Dylog(5(d))
de(” R ] )

[ losB@)\(, , Da)"

N 0(d) Cy '
Because the sets Ay, By, Cq, Dy have been fixed, there exists an absolute fixed con-
stant 0 > 0 such that Ay = #B,;. Hence

W, < (—2%)d0d<1+%)dcd

_ ( _ 21()%((%()‘”))%2@ (dCd log(1 + %))

< (2(d — 1)) (log m)"*9*exp(O(rd))
= (log m) 199 exp(O(rdlog d)).

Finally, we count the number of ways to choose the integers to be added in steps
that belong to Dy.

12



Lemma 6.3. Let sp = 1 < 81 < -+ < S|ypqr] = n be an addition chain of fized
degree d > 2 leading to n € [d™,d™'). Assume that the sets Aq, Bq,Cq, Dy are each
fizxed. Let Ty denote the number of ways to choose integers to be added in steps that
belong to Dy. We have

Ty < exp((d — 1)Dglog(m + 1) + O(Dd)).

Proof. Let j € Dy and write

si= >, s (s, <))
JzG[O)J_l}mZ
i€[1,d]NN
We observe that each j € Dy corresponds to the tuple with summands s;, as
entries such that the sum of all entries gives s;; therefore, there are at least Dy

such tuples. Again, each of the tuples must be chosen from the d-dimension box
d fold

7~ Y

|m +7r] x---x |m+r]. Because the sets Ag, Ba, Cq, Dy are each fixed, there exists
a fixed constant 1 > 8 > 0 such that Dy = §|m + r|. Thus

ne (5)

(e(LmDC TJ)d)Dd

= exp (Dd(l + dlog(m + 1) — log Dd))
= exp (dDd log(m + 1) + Dy — Dglog Dd>

= exp ((d — 1)Dglog(m + 1) + O(Dd)) .

7. THE GENERALIZED UPPER BOUND

In this section, we assemble the intermediate results obtained in the previous
sections to obtain a general upper bound for the number of fixed degree d > 2
addition chains leading to a target n € [d™,d™ ) of length (%(n) < |m +r|. The
upper bound we will derive is general in two ways, namely it extends a known upper
bound to the case where terms can be generated by adding at most d > 2 previous
terms and that the length of the chain is arbitrary. Consequently, the choice of r
may not be limited as in [3], which handles the special case d = 2 for the minimum
length addition chains. However, we can still specialize our upper bound in the case
of a standard addition chain (classical).

Lemma 7.1. Let d > 2 be a fixed integer, m be a positive integer, and r a positive
real number. Let N(Ag, Bq,Cq, Dg, m,r) denote the number of fixed degree d > 2
addition chains that lead to n € [d™,d™) for fived sets Aq,Bg,Ca, Dq. For any
e > 0, we have

N(Ag4, By, Cy, Dg,m,r) < exp ((d — 1)Dglog(m +r) 4+ (1 + €)dCylogm + Od(r)> .

13



Proof. Using Lemma 5.3, 6.1, 6.2, 6.3, we deduce

>exp(0(rd))

m-+r

N(Ay, By, Cq, Dg,m,r) <
(d d; Ld me) (Od+Dd

X exp ((d — 1)Dglog(m + 1) + (1 + €)dCqloglogm + Od(r)).
The upper bound can be easily deduced from the preceding inequality. 0

Using Lemma 4.2 and Lemma 4.3, we can recast the inequality in Lemma 7.1 in
the form

r — Cd(l — IOgd )\d)
1 —logy(1+46(d)) —logy(d — 1)

loglogm + Od(r)> :

N(Ad,Bd,Cd,Dd,m,r) < exp((d— 1)( ) log(m+7°)

r
4+ (1 4+ €e)d———
( ) 1 —log; V4

Using this form of the upper for the number of fixed degree d > 2 addition chains
with fixed sets of step classes, we deduce a generalized upper bound for the number
of distinct fixed degree d > 2 addition chains leading to targets n € [d™,d™!) of
length [4(n) < m +r.

Theorem 7.2. Let d > 2 be a fixed integer and r a positive real number. For any
e > 0 and for m sufficiently large

Fa(m,r) <exp (G(d)rlog(m +7)+ (1 +e)H(d)rloglogm + 4log(m + 1) + Od(r))

where
d—1
G(d) =
and
d
H(d) = ——m.
( ) 1 —log,;va

Proof. By definition, we have
Fyim,r) == #{n € [d",d"™) : 1%(n) <m+r}.

In other words, the function Fjy(m,r) counts the number of integers n € [d™,d™!)
as targets of a fixed degree d > 2 addition chains of length satisfying [¢(n) < m +r.
Now, we deduce

Fd(m7 T) S Z N(Adadecdde7ma7ﬂ)

Ad,Bq,Cq,Da<|m+r]
< (m+7r)"N(Aq, B4, Cq, Dg,m, 1)

The claimed upper bound can be obtained by replacing with the upper bound for
N(Ay4, By, Cy, Dg,m,r) in Lemma 7.1. O
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8. THE GENERALIZED LOWER BOUND

We now turn our attention to establishing a lower bound for the number of distinct
integers as targets in the interval [d™, d™*1) of an addition chain of length at most
m + r. The proof here is constructive and a slightly adapted version in the case of
the classical addition chains treated in [3]. The lower bound here again is general in
two ways: it accounts for the fixed degree context d > 2, and the chain length here
may or may not be minimal.

Theorem 8.1. Let d > 2 be a fixed integer and r a positive real number. For all m
sufficiently large, we have

-1 1 !
Fy(m,r) > exp (Qd (logm — loglogr + loglogd — logd — ¢ ogd _ c—))

logr r
for some absolute constant ¢, ¢ > 0 and where

G — min r mlogd
© o0 | d (d—1)logr+ (d—1)log(1—1) |

Proof. Let d > 2 be a fixed integer and choose non-negative integers k£ and u such
that

(d—1ku<m
and
d“+k(d=1)—(d=-1Du<r
with
d“+k(d—1)=r
and choose non-negative integers sy, ..., sx-1)@-1) (repetition allowed) such that
(d-1)(k—1)
Z s; + (d = 1)ku =m.
j=1

We now construct a fixed degree d > 2 addition chain that leads to an integer
n € [d™,d™) with a maximum length m + r. We will subsequently count the
number of ways to do this construction. We start the fixed degree d > 2 addition
chain with

ag = 1,&1 = 2,...,CLdu_2 =d" —1.
Next, we choose (k — 1)(d — 1) + 1 integers Vi, ..., Viz—1)@-1)+1 from the interval
[d“~1, d*] and continue the fixed degree chain d > 2 as follows:

Aqu_1 =W
Adv —14s1+u = d81+u‘/1
Adu4qy+sq == dSH_u‘/l + ‘/2

(k=1)(d—1)
> sj+(k—1)(d—1)u
ag =d = i+ + Vi—n@-1)+1
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where
(k—1)(d-1)
t<d + > s (d—1)(k— Du+k(d—1)
j=1
(k—1)(d—1)
=d"+k(d—1)—(d-Du+ Y s+ (d—1ku
j=1
<m+r

by virtue of the setup. This construction yields a fixed degree addition chain that
leads to an integer n € [d™,d™"!). We note that this construction may not lead
to every integer n € [d™,d™!). Furthermore, each distinct degree d > 2 chain
constructed in this way leads to a unique integer n € [d™, d™"!). We deduce

o AN\EYED e (d = Dku+ (d—1)(k—1) =1
ritm.n) = (0= ) ( =1k - 1) )

1\ (=11
d“(1— -
("0-7)

is the least number of ways to choose non-negative integers Vi,..., Vii_1)(a-1)+1 in
the interval [d“~!, d*] and

m— (d—Dku+ (d—1)(k —1) — 1
( (d-1)(k—1) )

is the number of non-negative integer solutions to the Diophantine equation

where

(k—1)(d—1)

Z s; =m — (d—1)ku.

=1

We further deduce

Fy(m,r) > (d“(l B é))(’”)(dl) (E(_l I)ﬁ))ykl)(dl)

Bl m d (d=1)(k=1)
= B B
Gt -am))

= exp((d— 1)(k—1)(logm — logu + (u — 1) logd — log(k — 1)

+ log(1 — ﬁ))

We set E(k) := (k —1)logm + H(k) where

H(k) := —(k—1)logu+(k—1)(u—1)log d+(k—1) log (1—ﬁ> —(k—1)log(k—1).

To find the value of k maximizing H(k), we set H'(k) = 0 and deduce

1 1 d
— H'(k) = — - I —— —log(k—1)—3.
0=H'(k) log u+(u—1)logd (d—l)k—d+k+ og( (d—l)k) og(k—1)-3
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By rearranging the terms, we obtain the transcendental equation

1 1 d
loghk = (u—1)logd —1 -+ —+1 l—— | —
og (u—1)log ogu (d—l)k:—d+k‘+ Og( (d—l)k) 3

Thus, the value of k¥ maximizing H (k) must satisfy

6logk — k 6(u—l)logal ~ elog(r—(d—l)k)
which is equivalent to

kar—(d— 1Dk = k~ L%J

Also, from the constraint (d — 1)ku < m and
- log(r — (d — 1)k)
N log d

we obtain the feasible bound on £ via the inequality
log(r — (d — 1)k)

_ < (d—
(d - Dku < (d - 1)k -

and we obtain
k< mlogd ~ mlogd
T (d—=1)log(r—(d—1)k) ~ (d—1)logr+ (d—1)log(1 — %)

Now, we choose

o Lo r mlogd
0= 24" 2(d — 1)logr + 2(d — 1) log(1 — 3) [ |~

1= miog
0 — 4 d’ (d—1)logr+(d—1)log(1—2) )"

Using this lower bound for ky — 1, we deduce

Thus

d—1 log d !
Fy(m,r) > exp| G (logm — loglogr + loglogd — logd — ¢ ogad _ C_)
4 logr r

for some absolute constant ¢, ¢ > 0 and where

G — min r mlogd
© >0 | d (d—1)logr+ (d—1)log(1— 1) |

O

We obtain as a consequence the following lower bound for the number of integers
n € [d™,d™") obtained by constructing degree d > 2 addition chains of length
14(n) < (1 + ¢)m for a fixed constant ¢ with 0 < ¢ < 1.

Corollary 8.2. Let d > 2 be a fized integer. Define
Fy(m) :=#{n € [d™,d™") : I%(n) < (1+c)m, 0<c< 1}

For all sufficiently large m, we have

log d log 1 log d
Fym) > exp( 7108 _ mlloglogm)(logd) |, _m o 0\
4 4logm logm

Proof. We take r := ¢m for a fixed ¢ with 0 < ¢ < 1 in Theorem 8.1. U
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