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ABSTRACT. In this note, we study the sum 

S =

n=1

∞ 1

n n2 + 1
=
1

2
+
1

10
+
1

30
+
1

68
+ ...
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1. Introduction
In this note, we study the sum



n=1

∞ 1

n n2 + 1
=

1

2
(ψ(1 + ) +ψ(1 - ) - 2ψ(1)) = 0.6718659855 ... (1)

where ψ(x)  is the Digamma function. This formula appears in Prudnikov’s book [12] (Chapter 5, p.686,
5.1.25.13, 5.1.25.14).

Remark:  = -1  , ψ(1) = -γ (γ is the Euler-mascheroni constant).

In this note, we give some representations for 

S =

n=1

∞ 1

n n2 + 1
=

n=1

∞ 1

n3 + n
=

1

13 + 1
+

1

23 + 2
+

1

33 + 3
+ ... (2)

Remark: (1) appears in [3,p.3] and [8,p.27].

Notations

■ Riemann zeta function

ζ(s) =

n=1

∞ 1

ns
, s > 1 (3)

■ Euler’s constant

γ = lim
n⟶∞

(Hn - ln(n)) (4)

where Hn = ∑k=1
n 1

k
 is the  Harmonic number.

■ Natural logarithm of 2
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ln(2) =

n=1

∞ (-1)n-1

n
(5)

■ Number Pi

π = 4
n=0

∞ (-1)n

2 n + 1
(6)

■ Complex numbers (Real and Imaginary Parts)

z = x +  y , x, y ∈  ; Re(z) = x , Im(z) = y ,  = -1 (7)

■ Digamma function

ψ(z) = -γ -
1

z
+

n=1

∞ z

n (n + z)
, z ≠ 0, -1, -2, ... (8)

ψ(z) = -γ +

n=0

∞ 1

n + 1
-

1

n + z
, z ≠ 0, -1, -2, ... (9)

■ Pochhammer symbol

(x)n = x (x + 1) (x + 2) ... (x + n - 1) , (x)0 = 1 (10)

2. Main formulas
Entry 1.

S = 1 -

n=1

∞ n

(n + 2) (n + 1)2 + 1
= 1 -

n=2

∞ n - 1

(n + 1) n2 + 1
(11)

Entry 2.

S =

n=1

∞ 1

n n3 + 1
+

n=2

∞ (n - 1) n

n2 + 1 n3 + 1
(12)

S =

n=1

∞ 1

(2 n - 1) (n - 1)2 + n2
-

n=1

∞ 3 n

n2 + 1 4 n2 + 1
(13)

S =

n=1

∞ n2 + 1

n3n2 + 2
-

n=2

∞ 1

n3n2 + 1 n2 + 2
(14)

S =

n=1

∞ 1

n3 + n + 1
+

n=2

∞ 1

n n2 + 1 n3 + n + 1
(15)

S =

n=1

∞ a

n (n + a)
-

n=1

∞ a n - 1

(n + a) n2 + 1
, a > 0 (16)

S =

n=1

∞ 1

n3 + n + a
+

n=1

∞ a

n3 + n n3 + n + a
, a ≥ 0 (17)
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S =

n=1

∞ 1

n3 + a n
+

n=1

∞ a - 1

n3 + n n2 + a
, a ≥ 0 (18)

Entry 3.

S = γ +

n=1

∞

ln
n + 1

n
-

n

n2 + 1
(19)

S = γ +

n=1

∞

ln
2 n + 1

2 n - 1
-

2 n - 1

(2 n - 1)2 + 1
-

2 n

(2 n)2 + 1
(20)

S = γ + ln 

n=1

m 2 n + 1

2 n - 1
-

n=1

2m n

n2 + 1
+ 

n=m+1

∞

ln
2 n + 1

2 n - 1
-

2 n - 1

(2 n - 1)2 + 1
-

2 n

(2 n)2 + 1
, m ∈ {1, 2, 3, ...} (21)

Entry 4.

S = γ +
ln 2

2
-

n=1

∞

Gn (n - 1) !Re
1

(1 + )n
(22)

Remark: Gn are the Gregory numbers

G1 =
1

2
, Gn =

(-1)n+1

n + 1
-

k=1

n-1 (-1)n-k Gk

n + 1 - k
, n = 2, 3, 4, ... (23)

Gn =
1

n !

0

1
x (x - 1) (x - 2) ... (x - n + 1)  x = 

0

1 x
n

 x (24)

Gn = 
1

2
, -
1

12
,
1

24
, -
19

720
,
3

160
, -

863

60480
, ... (25)

Entry 5.

S =
5

2
-

π2

6
-

n=2

∞ n + 1

(n - 1) n2n2 + 1
(26)

S =
π coth(π) - 1

2
-

n=1

∞ n

(n + 1) (n + 1)2 + 1
(27)

S =
π2

6
-

π coth(π) - 1

2
+

n=2

∞ n - 1

n2n2 + 1
(28)

Entry 6.

S = ln(2) +
1

60
-

n=4

∞ (n - 3) (n - 1)

(2 n - 1) 2 n n2 + 1
(29)

S = 6 - 8 ln(2) +

n=1

∞ 3 n - 1

n(n + 1) (2 n + 1) n2 + 1
(30)

S = 48 ln(2) - 32 -

n=1

∞ 17

n2 + 1 16 n3 - n
(31)
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S = 8 ln(2) - 4 -

n=1

∞ 5

n2 + 1 4 n3 - n
(32)

Entry 7. for m ∈ {1, 2, 3, ...} we have

S =

n=1

m 1

n3 + n
+

n=0

∞

(-1)n ζ(2 n + 3) -

k=1

m

k-2 n-3 (33)

Entry 8.

S = γ +
ln(2)

2
- 

0

∞ 1

1 - -x
-
1

x
-x cos(x)  x (34)

S = γ +
ln(2)

2
-
1

4
- 2 

0

∞ x3

4 + x4 2 π x - 1
 x (35)

S =
1

4
+
ln(2)

2
- 2 

0

∞ x 4 - x2

2 π x - 1 4 + 4 x2 + x4 + x6
 x (36)

Entry 9.

S =
1

3
+

n=0

∞

(ζ(n + 3) - 1) 

k=⌊n/3⌋

⌊n/2⌋

(-1)k
k

n - 2 k
+

n=1

∞ 1

n n2 + 1 n3 + n + 1
(37)

Entry 10. for k ∈ {2, 3, 4, ...} we have

S =

n=1

∞ 1

n3 + k n
+

n=1

∞



m=2

k 1

n n2 +m - 1 n2 +m
(38)

Entry 11.

S =

n=1

∞ 2 n + 1

n2 + 1 (n + 1)2 + 1
Hn (39)

Remark:  Hn = ∑k=1
n 1

k
 is the  Harmonic number.

Entry 12.

S = 1 -

n=1

∞



k=n2+1

(n+1)2-1 1

k (k + 1)
+

n=1

∞ n

(n + 1)2 (n + 1)2 + 1
(40)

Entry 13.

S =

n=1

∞ 1

n
-

n

n2 + 1
(41)

S = Hm -

n=1

m n

n2 + 1
+ 

n=m+1

∞ 1

n n2 + 1
, m ∈  (42)

S = γ + lim
m⟶∞

ln(m) -

n=1

m n

n2 + 1
(43)
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Remark:  Hm = ∑k=1
m 1

k
 is the Harmonic number.

Entry 14.

S =
1

2
+

n=1

∞

(-1)n-1 (ζ(3 n) - 1) -

n=2

∞ n - 1

n n2 + 1 n3 + 1
(44)

Entry 15.

S =
1 - 2 ln(2)

2
+

n=1

∞ 1

(2 n - 1)3 + 2 n - 1
+

n=1

∞ 4 n

16 n4 - 1
(45)

S =
2 ln(2) - 1

2
+

n=1

∞ 1

(2 n - 1)3 + 2 n - 1
-

n=1

∞ 1

16 n5 - n
(46)

Entry 16.

S =

n=1

∞ 1

(2 n - 1) 2 n2 - 2 n + 1
-

n=1

∞ (-1)n-1

n3 + n
(47)

S =

n=1

∞ 1

4 n3 + n
+

n=1

∞ (-1)n-1

n3 + n
(48)

Entry 17. for m ∈ {1, 2, 3, ...} we have

S =

n=1

m

(-1)n-1 ζ(2 n + 1) + (-1)m

n=1

∞ 1

n2m+1n2 + 1
(49)

Entry 18.

S = lim
m⟶∞

(-1)m

2
+

n=1

m

(-1)n-1 ζ(2 n + 1) (50)

Entry 19.

S =
1

2
+

n=2

∞ n5

n8 - 1
-

n=2

∞ 1

n5 - n
+

n=2

∞ n

n8 - 1
(51)

S =
1

2
+

n=2

∞ n3

n6 + 1
-

n=2

∞ n

n6 + 1
+

n=2

∞ 1

n7 + n
(52)

S =
1

2
+

n=2

∞ n5

n8 - 1
-

n=2

∞ n3

n8 - 1
+

n=2

∞ n

n8 - 1
-

n=2

∞ 1

n9 - n
(53)

Entry 20.

S = lim
m⟶∞



n=m+1

∞ 6m n2 + 2m3 + 2m

(n +m)3 + n +m (n -m)3 + n -m
(54)

S = 

n=m+1

∞ 6m n2 + 2m3 + 2m

(n +m)3 + n +m (n -m)3 + n -m
+ 

n=2m+1

∞ 1

n3 + n
, m ∈ {1, 2, 3, ...} (55)

  

5



Entry 21.

S = ζ(3) -

n=1

∞ 1

n5 + n3
(56)

S =
7

8
ζ(3) -

n=1

∞ 1

(2 n - 1)5 + (2 n - 1)3
+

n=1

∞ 1

(2 n)3 + 2 n
(57)

Entry 22.

S = 
0

∞ 1 - cos(x)

x - 1
 x (58)

S = 
-∞

∞ 1 - cos(ln(1 + -x))

1 + -x
 x (59)

S = 
0

2 π 1 - cos(x)

x - 1
 x +

n=1

∞ -2 π n

n3 + n
(60)

S = 4 
0

π (sin(x))2

2 x - 1
 x +

n=1

∞ -2 π n

n3 + n
(61)

S = -
0

∞

ln(1 - -x) sin(x)  x (62)

S = -
0

π/2
ln(1 - -x) sin(x)  x +

n=1

∞ 2 cosh(n π /2)

n2 + 1 (n π + 1)
(63)

S =
1

2

0

∞ 2 x - sin(2 x)

(sinh(x))2
 x (64)

S = -
4

π

0

π/2
x sinh(x) sin(ln(2 cos(x)))  x (65)

Entry 23.

S =Re 

n=1

∞ ()n

n (1 + )n
(66)

S =Re -

n=1

∞ ()n

n n !
(67)

S =Re 2
n=0

∞ 1

n + 1 + 
(2F1 (1, -, 2 + n + , -1) - 1) (68)

S =Re 1 -
1 - 

2
3F2 (1, 1, 2 - ; 2, 3; 1) (69)

Remark: 2F1 is the Gauss hypergeometric function, and 3F2 is the generalized hypergeometric function.

Entry 24.

S =

n=1

∞

(-1)n-1 ζ(2 n + 1, 2 n + 1) +
(2 n - 1)-(2 n-1)

(2 n - 1)2 + 1
+

(2 n)-2 n+1

(2 n)2 + 1
(70)
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Remark: ζ (2 n + 1, 2 n + 1) is the Hurwitz zeta function

ζ (2 n + 1, 2 n + 1) = 

k=2 n+1

∞ 1

k2 n+1 (71)

Entry 25.

S ∼ S(n) , n⟶∞ (72)

S(n) = γ -

k=1

n k

k2 + 1
+
ln(n + 1)2 + 1

2
-

n + 1

2 (n + 1)2 + 1
-

k=1

∞ (-1)k-1 Re(n + 1 + )-2 k

2 k
Bk (73)

Remark: Bk are the Bernoulli numbers

Bk = 
1

6
,
1

30
,
1

42
,
1

30
,
5

66
,
691

2730
, ... (74)

Entry 26.

S =

n=1

∞ 1

n3 - (-1)n n
-

n=1

∞ 1

n (2 n)4 - 1
(75)

S =
1

2
+

n=0

∞

(Li2 n+3 ((-1)
n) -(-1)n) -

n=1

∞ ζ(4 n + 1)

24 n
(76)

Remark: Lis(z) is the Polylogarithm function

Lis(z) =
n=1

∞ zn

ns
, z < 1 (77)

Entry 27.

S +
π

4
=
5

4
+

n=1

∞ 1

(2 n)3 + 2 n
+

n=1

∞ 2 (4 n - 1)

(4 n - 1)4 - 1
-

n=1

∞ 2

(4 n + 1)5 - (4 n + 1)
(78)

S -
π

4
+
1

4
=

n=1

∞ 1

(2 n)3 + 2 n
+

n=1

∞ 2 (4 n + 1)

(4 n + 1)4 - 1
-

n=1

∞ 2

(4 n - 1)5 - (4 n - 1)
(79)

Entry 28. for m ∈ {1, 2, 3, ...} we have

S =

n=1

∞



k=1

m 1

23 k-3 (2 n - 1)3 + 2k-1 (2 n - 1)
+

n=1

∞ 1

23m n3 + 2m n
(80)

Entry 29. for m ∈ {1, 2, 3, ...} we have

S =

n=1

m 1

n3 + n
+

n=0

∞

2 (m + 1)2 + 1-n-1
k=0

n

(-1)k
n
k

2 (m + 1)2k+1 ζ(2 k + 3) -

r=1

m

r-2 k-3 (81)

Entry 30.

sn =
a(n)

∏k=1
n k3 + k

=
a(n)

n !∏k=1
n k2 + 1

⟹ sn⟶S (82)
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where

a(n) = n3 + n a(n - 1) +

k=1

n-1

k3 + k , n = 2, 3, 4, ...; a(1) = 1 (83)

Entry 31.

1

S
= u1 -

u1
2

u1 + u2 -

u2
2

u2 + u3 -

u3
2

u3 + u4 -
... = 2 -

22

12 - 102

40-
302

98-...

(84)

where

un = n
3 + n , n = 1, 2, 3, ... (85)

Entry 32.

S =

n=1

∞ 1

(n - ) (n + 1 - )


k=1

n 1

k (k + )
(86)

S =

n=1

∞ 1

(n + ) (n + 1 + )


k=1

n 1

k (k - )
(87)

Entry 33.

S =

k=1

∞



n=1

∞

n n2 + 1-k - n2 + 2-k (88)

Entry 34.

4 3F2
1

2
- ,

1

2
,
1

2
;
3

2
,
3

2
; 1 = (4 ln(2) + 2 S + (π coth(π) - 1) ) 2F1

1

2
- ,

1

2
;
3

2
; 1 (89)

Remark: 2F1 is the Gauss hypergeometric function, and 3F2 is the generalized hypergeometric function.

Entry 35.

F(u) = 
u

∞ 1 - cos(x)

x - 1
 x (90)

u = F(u)⟹u = 0.599642 ... (91)

u1 =
3

5
, un+1 = F(un) , n = 1, 2, 3, ...⟹ un⟶u = 0.599642 ... (92)

S = u +

n=0

∞ un+2

n + 2
c(n) (93)

c(0) =
1

2
, c(n) =

(-1)⌊n/2⌋

(2 ⌊n /2⌋ + 2) !

1 + (-1)n

2
-

k=1

n c(n - k)

(k + 1) !
(94)

c(n) = 
1

2
, -
1

4
, 0,

1

48
, -

1

360
, -

1

1440
,
1

6048
,

1

80 640
, -

1

181440
, ... (95)
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Entry 36. For 0 <m < 2 we have

S =

n=1

∞ 1

n n2 + 1 +m
+

n=1

∞



k=1

∞ (-1)k-1 mk

n n2 + 1k+1
(96)

3. References
1. Alzer,  H.  and  Choi,  J.:  Two  Parameterized  Series  Representations  for  the  Digamma  Function.  Appl.

Anal. Discrete Math. 16, 524-533, 2022.

2. Blagouchine,  Ia.  V.,  and  Coppo,  M.-A.:  A  note  on  some  constants  related  to  the  zeta-function  and
their relationship with the Gregory coefficients. arXiv:1703.08601v2 [math.NT] 15 Apr 2017. 

3. Borwein,  D.,  Borwein,  J.M.,  Bradley,  D.M.:  Parametric  Euler  Sum  Identities.  arxiv:math/0505058v1
[math.CA] 3 May 2005.

4. Coffey,  M.W.:  Integral  and  series  representations  of  the  digamma  and  polygamma  functions.
arXiv:1008.0040v2 [math-ph] 24 Aug 2010.

5. Johansson, F.: Arbitrary-Precision Computation of the Gamma Function, arXiv:2109.08392v1 [cs.Ms]
17 Sep 2021.

6. Jordan, P.F.: Infinite Sums of Psi Functions, Bull. American Math. Soc., 79,4,681-683, 1973.

7. Kölbig,  K.S.:  Programs  for  computing  the  logarithm  of  the  gamma  function,  and  the  digamma
function, for complex argument, Computer Physics Communications 4, no. 2, 221-226, 1972.

8. Mathar, R.J.: Yet another table of integrals. arxiv: 1207.5845v6 [math.CA] 27 Jun 2024.

9. McCullagh,  P.:  A  rapidly  convergent  series  for  computing  ψ(z)  and  its  derivatives,  Mathematics  of
Computation 36, no. 153, 1981.

10. Ogreid, O.M., and Osland, P.O.: More Series related to the Euler Series, J. Comp. & Appl. Math., 136,
389-403, 2001.

11. Olver, F.W.J., Lozier, D.W., Boisvert, R.F., and Clark, C.W.: NIST Handbook of Mathematical Functions,
Cambridge University Press, New York, 2010.

12. Prudnikov, A.P., Brychkov, Y.A., Marichev, O.I.: Integrals and series, vol. 1, Taylor and Francis, 1986.

13. Sebah,  P.,  and  Gourdon,  X.:  Introduction  to  the  gamma  function,
http://numbers.computation.free.fr/Constants/constants.html, 2002.

14. Spouge,  J.L.:  Computation  of  the  gamma,  digamma,  and  trigamma  functions,  SIAM  Journal  on
Numerical Analysis 31, no. 3, 931-944, 1994.

  

9


