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Abstract

Beal Conjecture, which asserts that for a® + b™ = ¢ with k,m,n > 2, the bases a, b,
and ¢ must share a common prime factor. We prove it to be true with an approach that
utilizes a sequence of rational perturbations 6 = {J;} : d;eny C Q , 6; > 0 and lim; , . §; =0
to treat such Diophantine equation as the critical limit-state of a geometrically constrained
configuration. By defining a sequence of non-degenerate triangles 75 with rational side
lengths {a”,b™, c" — 6;}, we establish a continuous mapping to the moduli stack of elliptic
curves My j.

We demonstrate that the requirement for rationality of the configuration (the existence
of a rational altitude hs) induces a sequence of Frey-Hellegouarch curves Ej that converge
algebraically to the limit-state Epeq. For signatures where min(k,m,n) > 3, we invoke
Ribet’s Level-Lowering Theorem to show that the associated Galois representation pg , is
necessitated to reside within the empty space of weight-2 cuspidal modular forms S2(I'0(2)).
Simply speaking, our proof follows the often anticipated path of reasoning by which if Beal
Conjecture were true it must ultimately stand on the foundation that underpins the validity
of Fermat’s Last Theorem.

Furthermore, we provide a formal Parity Lemma to delineate the bifurcation at n =
2, explaining why the modular sieve permits coprime solutions in Fermat-Catalan and
Pythagorean signatures. This topological and arithmetic framework confirms that for strictly
hyperbolic signatures, a solution exists if and only if ged(a, b, ¢) > 1.
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1 Introduction

As the story goes, while working on Diophantine equations of the type a* + o™ = ¢, Andrew
“Andy” Beal, a number theory entusiast from Dallas started to suspect that their solutions may
be following a clear pattern. He had been constructing several algorithms to generate solution
sets but the very nature of the algorithms he was able to construct required a common factor
in the bases (a, b, c). By 1994, he then went public with his discovery, ever since known as

Beal Conjecture: If a* + b™ = ¢*, with (a, b, c, k, m,n) positive integers and (k,m,n) all
greater than 2, then a, b and ¢ must have a common prime factor.

Despite the great interest and popularity of the conjecture among mathematicians and
practioners at large, to date this claim remains unproven, with the 1 million USD cash prize
generously offered by Andy still held in trust by the American Mathematics Society.

In this work, we tackle this problem through the lens of classical geometry: we treat any
potential coprime solution to a¥ 4+ b™ = ¢" as a “flat” triangle with side lengths a*, b™, and ¢".
By slightly perturbing the base, we lift this flat line into a family of non-degenerate Heronian



triangles. The rationality of these triangles - i.e., the requirement that they possess a rational
altitude - forces the configuration to correspond to a specific set of elliptic curves.

While the Heronian condition is non-restrictive for general integer sides, it serves here as a
geometric bridge to the rational moduli space M 1(Q). For the associated Frey-type curve Es,
the rationality of the altitude ensures that the curve is defined over the field of rational numbers,
making it subject to the Modularity Theorem [1]. We thus consider this Fermat-type equation
as a limit-state of a continuous family of elliptic curves Es as in Ref. [1] and analyze the Galois
representations pg, over Q. The central result relies on the observation that for signatures
(k,m,n) with all exponents > 3, the conductor N of the associated Frey curve is necessitated
by Level-Lowering [2] to collapse to N = 2. Because the space of weight-2 cuspidal modular
forms for T'y(2) is trivial, no such curve can exist defined over Q with coprime coefficients.

2 Proof: Rational Perturbation and Geometric Embedding

Our proof rests on the construction of a continuous path in the moduli space of elliptic curves,
originating from a non-degenerate rational configuration.

Let (a, b, ¢, k,m,n) be a hypothetical coprime Beal triple. We define a one-parameter family
of triangles 7(d) for 6 € QN (0,¢™). The side lengths are given by:

si=af, sy =0", s3(0)=c"—0 (1)

For all § > 0, the strict triangle inequality s1+s2 > s3(d) holds, ensuring 7 (0) is non-degenerate.
The altitude hs dropped to the base s3(J) must satisfy:

hy = (a*)? — a3 = () — o (2)
where x5 + ys = ¢ — 0. Solving for the projection zs:

(ak)2 _ (bm)Q 4 (Cn _ 5)2
2(c™ —9)

Ty = (3)
For § € Q, it follows that xg,y(;,hg € Q. Furthermore, the requirement that hy € Q is the
geometric constraint that will be used in the next paragraph to link the configuration to the
existence of rational points on the associated elliptic curve. !

2.1 The Frey-Hellegouarch Embedding

To each T(9), we associate, as in Refs. [1, 3], a Frey-type elliptic curve Es (where ¢ is a small
rational such that Fjs remains non-singular). Unlike the static Frey curve, our deformed curve
incorporates the geometric deviation §:

Es : Y%= X(X +d") (X — (b —6)) (4)

The discriminant of this family, As, is a polynomial in §. As § — 0, the discriminant Ag
converges to the classical Frey discriminant Ag = (akb™c")2.

The proof proceeds by showing that the sequence of Galois representations {pg; ,} must
possess a constant conductor N outside of a finite set of primes. By applying the Ribet Level-
Lowering theorem [2] to the limit-state Ey, we demonstrate that the required rationality for the
sequence 7 (0) is incompatible with the modularity of Ey for k,m,n > 2.

Let pgsn : Gg = GL2(F,) be the Galois representation on the n-torsion points of Es. By
the Modularity Theorem, Es corresponds to a modular form f5 of level Nj.

YIf hs were not rational, the triangle would not know it belongs to a Diophantine equation. We are specifically
investigating the rational subspace of the moduli space. If a coprime solution exists in the integers, it must be
the limit of a sequence of such rational configurations.



The conductor N of an elliptic curve is determined by the primes of bad reduction. For ¢
sufficiently small and rational, the set of primes dividing A(FEs) converges to the set of primes
dividing A(Epeq;). By the stability of the conductor under p-adic limits, the level-lowering
argument of Ribet applies to the limit-state Epeq;.

Theorem: If ged(a, b, ¢) = 1, the representation pg,,,, » arises from a modular form of level
N = 2. Since dim(S2(I'9(2))) = 0, no such representation exists. By the continuity of j(Ej),
the rationality of the triangles 7s is precluded as § — 0, necessitating ged(a,b,c) > 1.

2.2 Topological Closure of the Level-2 Contradiction

Let R, = Hom(Gq, GL2(FF,,)) be the space of Galois representations. We define the modular
mapping ¥ : M;; — R,. For the Beal signature (k, m,n), Ribet’s Theorem implies that for a
coprime solution, the limit representation satisfies:

PEpgeain € M(Q) CRn (5)

where M(2) is the set of representations arising from S2(I'g(2)). Since dim(S2(I'9(2))) = 0,
M(2) = 0.

In the deformation E5 — Epeq, the continuity of ¥ ensures that the “Modular Void” at
level 2 is a topologically closed property. The sequence of rational configurations 7y is thus
bounded by a modular barrier that prevents the limit state 6 = 0 from existing as a coprime
integer solution. This necessitates ged(a, b, c) > 1.

The sequence of j-invariants {j(FEs)} is a rational function of the coefficients of FEs. Since
the limit-state Ey (the Beal curve) is non-singular for any hypothetical coprime triple (a, b, c),
the path {j(Es) : 6 € [0,€]} is contained within a compact subset of the moduli space Mj ;.
This ensures that the algebraic properties of the Galois representation pg, vary continuously
and do not encounter a cusp of the modular curve Xo(INV) as it progresses along the sequence
of {d; }ien C Q such that ¢ — co.

2.3 The Parity Lemma: Bifurcation at n =2

Lemma: The forbidden locus M(2) = ) is a constraint applicable if and only if the exponent
n > 2.

Proof. The reduction of the Frey curve representation pg , to level N = 2 via Ribet’s Theorem
requires the representation to be absolutely irreducible.

1. The Case n > 2: For high exponents, the representation pg ,, is irreducible by a theorem
of Mazur [4]. The level-lowering process proceeds to N = 2. The dimension of the space of
weight-2 cuspidal modular forms is given by the genus g of the modular curve Xy(N). For
N =2:

9(X0(2) = 0 = dim(S5(To(2))) = 0 (6)

This confirms the existence of the “Modular Void” for n > 2.

2. The Case n = 2: When the exponent is 2, the representation pg o is generally reducible
or does not satisfy the conditions for Ribet’s Level-Lowering to N = 2. The sieve fails to strip
the conductor N of its prime factors. Consequently, the representation resides in a higher-level

space M(N') where dim(S2(I'o(N"))) > 0. O

Corollary: The rationality of a configuration 7 is arithmetically permissible for coprime
bases when n = 2 (e.g., Pythagorean triples), 2 but is strictly forbidden for n > 2 unless
ged(a, b, c) > 1.

2While our Parity Lemma makes explicit reference to the exponent n = 2 as the bifurcation point, this
is an artifact of the Weierstrass parameterization. In a general signature (k,m,n), the modular contradiction
holds provided that the prime ¢ chosen for the Galois representation pg, satisfies £ € {k,m,n} and ¢ > 2.



2.4 The Signature Constraint and Hyperbolic Stability

The Beal Conjecture restricts the signature (k,m,n) to the domain where each exponent e; €
{k,m,n} satisfies e; > 3. This specific domain ensures that the reciprocal sum satisfies the

3

1

- <1 7
;ei_ (7)

While mixed signatures such as (2,3,7) are strictly hyperbolic, they admit a finite number of
coprime solutions because the presence of an exponent e; = 2 inhibits the total reduction of the
conductor N to the forbidden level 2.

In the Beal domain (k,m,n > 3), the “Geometric Rigidity” of all three terms ensures that
no such rational bridge exists. Therefore, the deformation Es — FEpe, necessarily encounters
the Level-2 Forbidden Locus unless ged(a, b, c) > 1.

condition:

3 Summary and Conclusions

The resolution of the Beal Conjecture via Rational Perturbation suggests that the difficulty of
the problem lays not in the arithmetic of the powers, but in the geometric constraints of their
embedding. By treating the equation a* + b™ = ¢” as a limit-state, we move from the discrete
domain of Diophantine analysis to the continuous domain of arithmetic topology.

Historically, Fermat-type problems have been attacked through the lens of divisibility. Our
approach suggests a “Geometric Rigidity” model. Lower powers (n = 2) behave like flexible
hinges, allowing for rational configurations (Pythagorean triples) because the underlying mod-
ular curves possess a genus g = 0. As the exponents k, m,n increase, the “stiffness” of the
segments a’ and b™ grows. In this hyperbolic regime, the only way to satisfy the rationality of
the configuration is for the bases to share a common prime factor, which effectively “softens”
the conductor N of the associated Frey curve.

Purely algebraic attempts to solve Beal Conjecture often fail because they ignore the spatial
relationship between the terms. By introducing ¢, we acknowledge that the equation a* + ™ =
c" is a singular point in a broader field of rational triangles. The fact that the “Level-2 Forbidden
Locus” is a topologically closed set in the representation space R, means that the impossibility
of the limit-state is not a local quirk of integers, but a global property of the modular universe.

The following table summarizes the behavior of the associated Frey-Hellegouarch curve E
under various exponent signatures (k,m,n).

Equation Type | Signature Curvature | Modular State Coprime Sol.
Pythagorean (2,2,2) Spherical Reducible / High Level | Yes (Infinite)
Fermat-Catalan 3 | e.g. (2,3,10) | Hyperbolic | High Level N > 2 Yes (Finite)
Fermat (FLT) (n,m,n) Hyperbolic | Level-2 Void No (n > 3)

Beal (k,m,n) Hyperbolic | Level-2 Void No (k,m,n > 3)

Table 1: Classification of Diophantine configurations by modular representation.

This table highlights the link between Beal Conjecture and Fermat’s Last Theorem (FLT).
By using the rational perturbation, we have shown that the “flat” Beal equation is just the
final, impossible state of a “lifted” triangle. In a manner that parallels modern approaches
to investigate FLT-type of problems, we argue that if the triangle cannot exist with rational
altitude and coprime sides, the flat line cannot exist with integer sides and coprime bases.

The “Modular Void” S2(T'0(2)) = {0} is an invariant of the conductor N, which is a function of the radical
rad(akbmc"). Thus, the requirement for ged(a, b, c) > 1 is symmetrically imposed on all three terms a,b, and ¢
whenever min(k, m,n) > 3.



We have demonstrated that the Beal Conjecture is a consequence of the geometric incom-
patibility between triangle rationality and hyperbolic modularity. By deforming the equation
a¥ + ™ = ¢" into a family of triangles 75, we revealed that a coprime solution would re-
quire the existence of a Frey-Hellegouarch curve in a modular space that is provably empty
(52(Fo(2)) = {0}).

While mixed signatures like (2,3, 7) allow for rare coprime coincidences, the strictly hyper-
bolic Beal signatures (k, m,n > 3) possess a geometric rigidity that forbids such solutions. We
conclude that any integer solution to the Beal equation must necessarily satisfy ged(a,b,c) > 1,
thereby completing the proof. 4

This proof architecture provides a unified framework for Fermat-Catalan signatures. It
respects the “near-misses” (the ten known coprime solutions) by recognizing them as states
where the reciprocal sum ) 1/e; is sufficiently close to 1 to avoid the empty S2(I'9(2)) space.
For the strictly hyperbolic Beal signatures, however, the geometric hinge is too rigid to close
without a shared factor. The “limit” of geometry and the “limit” of arithmetic are shown to
be one and the same: a singular state where the coprimality of the bases is incompatible with
the modularity of the curve.

4 Future Directions

The resolution of the Beal Conjecture via the deformation 75 — Eg suggests that the modular
obstruction S2(I'g(2)) = () may be the spectral manifestation of a more fundamental, elementary
descent property. The requirement for rational altitude in the perturbed configuration 7 implies
an underlying constraint on the area of triangles with power-law sides. Historically, Fermat’s
method of Infinite Descent was used to prove the n = 4 case of his Last Theorem by showing the
impossibility of certain right-angled triangles with square areas. Our results suggest that for
the Beal signatures (k,m,n > 3), the Geometric Rigidity identified through modularity could
potentially be translated into a generalized descent argument. In this view, the Modular Void
at level 2 acts as a global topological barrier that mirrors the local algebraic impossibility of
constructing a Heronian triangle from coprime powers. Henceforth, the modular proof provided
here invites a future search for an elementary geometric descent that captures the same rigidity
without the explicit machinery of Galois representations.
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