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Abstract

The Nested Sampling (NS) technique has gained widespread attention, particularly in
cosmology and astronomy, due to its ability to efficiently explore high-likelihood regions -
a feature akin to an implicit likelihood optimization that underlies its success. While the
full theoretical derivation of NS is complex and involves several approximations, the central
challenge lies in sampling from the likelihood-constrained priors, which is crucial for its
performance. This work provides a comprehensive and detailed exposition of NS, clarifying
both its theoretical foundations and practical challenges. We provide a thorough description
of the NS procedure, emphasizing both its strengths and potential limitations. In doing so,
this work seeks to deepen understanding of the method and to foster the development of
future enhancements, novel variants, and more efficient implementations across a wide range

of scientific applications.

Keywords: Nested sampling; importance sampling; marginal likelihood; Bayesian inference;

MCMC.



1 Introduction

Nested Sampling (NS) [28] 29] is a stochastic quadrature method designed to approximate high-
dimensional and potentially complex integrals [I8, 22]. The main framework of application
is Bayesian inference [13, I8, 27]. Together with the families of importance sampling (IS)
and Markov chain Monte Carlo (MCMC) schemes, NS has become a central tool in modern
computational statistics and its scientific applications [4] [9]. Excellent, comprehensive and up-to-
date reviews of the methodology and its developments can be found in [I, 4]. IS techniques
and their sequential versions (also known as particle filters) are widely used in engineering
applications, while MCMC algorithms have long dominated the field of statistics. NS, on the
other hand, has achieved particular prominence in the physical sciences, especially in cosmology
and astronomy [I} [4, 24]. Like IS schemes - and in contrast to standard MCMC algorithms -
NS is able to simultaneously provide estimates of model parameters and an approximation of the
marginal likelihood [17, [19] [30]. Indeed, originally NS was introduced precisely for the purpose of
computing the marginal likelihood (a.k.a., the Bayesian evidence) [28]. Over the past two decades,
substantial progress has been made in understanding the theoretical foundations of the algorithm
and in elucidating its relationships with other computational methodologies [9]. During this time,
numerous efficient implementations, methodological refinements, and diagnostic tools have been
proposed to enhance its reliability and performance. As a result, the range of applications of
NS has expanded well beyond its original applications in cosmology, finding use across a broad

spectrum of scientific disciplines.

This work aims to provide a comprehensive understanding of the NS procedure for all the possible
readers, highlighting both its strengths and potential critical issues. Indeed, although the success
of NS is undeniable and widespread, we find it somewhat remarkable (and surprising) when
one carefully examines the full derivation of the method. The full theoretical derivation is, in

our view, lengthy and complex, containing numerous important details and relying on several



approximations.

The overall NS procedure contains an implicit optimization of the likelihood function that is, in
our opinion, the key of the NS success. However, NS relies on the sampling of likelihood-constrained
prior densities, denoted as g(@|\). In our view, sampling from ¢g(@|\) can be even more challenging
than sampling directly from the posterior. To illustrate this point, note that determining the
support of these truncated priors would, in principle, require inverting the likelihood function,
that is a task that is generally infeasible or computationally prohibitive. This issue has been
emphasized by prominent authors in computational statistics [7, [§], who note that “in high-
dimensional spaces, simulating from the prior until the constraint is satisfied is unrealistic”.
The same authors also discuss the potential poor performance when using vague priors, and
the complete impracticality of the method in the case of improper priors [7, §]. The problem
of sampling within domains constrained by likelihood values is, in principle, the same theoretical
challenge encountered in slice sampling [25]. In both cases, NS and slice sampling, the development
of robust and efficient computational implementations, often incorporating sophisticated internal
Monte Carlo techniques to draw from g(x|\), appears to have effectively “solved” the problem, at
least from a practical point of view.

The remainder of the paper is organized as follows. Section [2|introduces the necessary background
material and establishes the main notation. The theoretical framework required for a rigorous
description of the NS procedure is developed in Sections [3] and [ A comprehensive and detailed
presentation of the Nested Sampling (NS) algorithm is provided in Section . Its connections
with importance sampling (IS), as well as more advanced NS variants, are examined in Sections |§|

and [§] Finally, concluding remarks are presented in Section [0}



2 Background and main notation

In many applications, the goal is to make inference about a variable of interest, 8 =
[01,04,...,0p,] € © C RP? where §; € R for all d = 1,...,Dy, given a set of observed
measurements, y = [yl, e ,yDy} € RPv. In a standard Bayesian framework, we assume to
known an observation statistical model that induces a likelihood function ¢(y|@). Assuming a
prior probability density function (pdf) ¢g(@) over the parameter vector to infer, all the statistical

information is summarized by the posterior density, i.e.,

o _ Uyl0)g(6)
where
7 =ply) = / ((y10)(6)d6, )
_ /@ ©(0)d0, with 7(0) = ((y|0)g(6), (3)

is the so-called marginal likelihood, a.k.a., Bayesian evidence. This quantity is important for
model selection purpose, as we show below. However, usually Z = p(y) is unknown and difficult
to approximate. We can evaluate the integrand, i.e., unnormalized target (posterior) function,
7(6. Clearly, note that 7(@) = (). Several methods have been proposed to compute the
marginal likelihood Z, and virtually all of them rely on importance sampling (IS) identities
[6, 5L T2, [19]. In contrast, the nested sampling (NS) algorithm is primarily based on a different class

of representations, often referred to as vertical likelihood representations [26]. The connections

and similarities between NS and related IS schemes are discussed in Section [6l



3 Omne-dimensional representations of the marginal

likelihood

In this section, we present an alternative approach based on the Lebesgue representation of the
integral defining the marginal likelihood Z. We begin by deriving two equivalent one-dimensional
integral formulations of Z, and then discuss how these representations can be exploited through
the application of one-dimensional quadrature methods. The practical implementation of such
quadrature rules, however, is not straightforward. An appropriate and carefully design of the

nested sampling (NS) scheme will be therefore required to make their use effective.

3.1 First one-dimensional representation

The D,-dimensional integral Z = [ ((y|0)g(8)d6 can be turned into a one-dimensional integral

using an extended space representation. Namely, we can write

7~ [ uviors(orio, (4)
e
£(y|0)
= / g(6)dé / d)\, (extended space representation) (5)
e 0

_ /@ 4(6)d0 /0 TI{0 < A < (y|0) Y. (6)



where I{0 < A < {(y|@)} is an indicator function which is 1 if A € [0,¢(y|@)] and 0 otherwise.

Switching the integration order, we obtain

/ dA/ 0)1{0 < \ < ((y|6)}d6

/d)\/(ye)>>\
[ 2o

sup £(y|6)
= / Z(N)d,
0

where we have set

20\ = /A g 1018 =B (< 1(y10)), where 0~ g(0). (8)

Remark 1. Z(\) represents a normalized area, with Z(X\) € [0,1] (as shown in Figure[d). Thus,
we have Z(0) =1 and Z(X') = 0 for all N > sup{(y|0), and is also a non-increasing function,

namely, is a survival function.

In Eq. (7)), we have also assumed that ¢(y|0) is bounded so the limit of integration is sup ¢(y|0).
Below, we define several variables and sampling procedures required for the proper understanding

of the nested sampling algorithm.

3.2 Second one-dimensional representation

Now let consider a specific area value a = Z(\). The inverse function

Ala) = Z7 (a) = sup{\: Z(\) > a}, (9)




is also non-increasing. Note that Z(\) > a if and only if A < A(a). We have also A(0) = sup ¢(y|0)
and A(1) =0, i.e., A(a) : [0,1] — [0,sup£(y|@)). Then, we can write

Z:/ Z(M\)dA
0oo 1
= / dA / {a < Z(X\)}da (again the extended space “trick”)
0 0
1 o)
= / da/ u < Z(A)}dA (switching the integration order) (10)
0 0

= /1 da /oo I{\ < A(a)}dX (using Z(A\) > a < X < A(a))

:AU@MQ

Remark 2. Hence, we have obtained two of the marginal likelihood Z in Egs. —, that s

generally defined by an highly-multidimensional integral given in Eq. .

Note that functions Z(\) and A(a) take into account both the prior density and likelihood function.

See Figure [1] for a graphical representation of these two one-dimensional functions.

3.3 Summary and possible quadratures

Previously, we have obtained two one-dimensional integrals for expressing the Bayesian evidence

Z,

Z_/wmmﬂnw_/Ummh (11)

The two integrand functions a = Z(\) and A = A(a) are graphically represented in Figure [l We
have expressed the quantity Z as an integral of a one-dimensional function in bounded domain,

we could think of applying simple quadrature: choose a grid of points in [0, sup £(y|0)] (A; > Xi_1)



or in [0,1] (a; > a;—1), evaluate Z(\) or A(a) and use the quadrature formulas of the form:

E:i()\i—

i=1

~

Z

|
(]

i=1

)\ifl)Z<)\i), or

(a; — a;—1)\(a;).

(12)

(13)

However, these simple approaches are difficult to be applied since (i) the functions Z(\) and A(a)

are intractable in most cases and (ii) they change much more rapidly over their domains than does

w(0ly) = {(y|0)g(0), hence the quadrature approximation can have very bad performance, unless

the grid of points is chosen with extreme care.

In the rest of work, we describe in details the necessary variables, procedures and results for

adequately introducing the nested sampling method.

>
X' sup ((y|0) A

Figure 1: Graphical examples of the two one-dimensional functions Z(\) and A(a).

The area

below the curve is in both cases the marginal likelihood Z. The marginal likelihood is generally
expressed by a multi-dimensional integral, i.e., Z = [, ((y|0)g(0)d6.



4 Additional theoretical foundations of NS

4.1 On the survival function Z()\) and related sampling procedures

The function above Z(\) : Rt — [0, 1] is the mass of the prior restricted to the set {6 : {(y|0) > A}.

Note also that

Z(A)=P(A<{(y|@)), where 6~ g(0). (14)

Moreover, we have that Z(\) € [0, 1] with Z(0) = 1 and Z(X') = 0 for all ' > sup {(y|@), and it

is also a non-increasing function. Therefore, Z(\) is a survival function, while

FO)=1—Z(\) =P (\>((y|8)) =P(L < \), (15)

is the cumulative function of a random variable L = ((y|0) with 8 ~ ¢(0) [22, 27]. Note that

F(0)=0and F(X) =1 for all X > sup{(y|@).

4.2 Sampling according to Z(\)

The following procedure generates samples A\, from F(A) in Eq. (15):
1. Draw 6,, ~ ¢g(0), forn =1,...,N.
2. Set \, = {(y|0,), foralln =1,...,N.

Recalling the inversion method [22, Chapter 2], note also that the corresponding values



i.e., they are uniformly distributed in [0,1]. Recall that, if U ~ U([0,1]), V = 1 — U is also

uniformly distributed U([0, 1]), then we also have

an = Z(\) =1 — F(\) ~ U([0,1]). (17)

In summary, finally we have that

if 6, ~ g<0)a
and A, = ((y|6,) ~ F(\), (18)

then a, = Z(\,) ~U([0,1]).

4.3 The likelihood-truncated prior density g(-|)\)

Note that Z(\) represents also the normalizing constant of the following truncated prior pdf, i.e.,

1 9(0), ifl(y|0) < A,
9(0|\) = WH{K(YIG) > A}g(0) = ; — (19)

Clearly, we have the two extreme cases:

9(610) = 9(8), (20)

9(0| Mgax) = 6(0 — Bpr1)  for  Auax = £(y|6nr1), (21)

where §ML = argmax ((y|0), i.e., is the maximum likelihood estimator. Two graphical examples
of g(@]\) and Z(\) are given in Figure 2] The red line depicts the likelihood function, and the
blue line shows the complete prior density g(@). The portions of the blue line that define the green

areas represent the truncated prior g(0|\).

10
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Figure 2: Two examples of the area below the truncated prior g(8|\), that is represented by the
function Z(\) (given by the green areas). The red line depicts the likelihood function, and the
blue line shows the complete prior density g(€). The portions of the blue line that define the green
areas represent the truncated prior g(@|\). Note that in figure (b) the value of X is greater than
in figure (a), so that the area Z(\) decreases with respect to Figure (a). Clearly, if we assume a
A value bigger than the maximum of the likelihood, then we would have Z(\) = 0.

Remark 3. It is important to emphasize that the truncation of the prior density is defined through
the likelihood function, as shown in Figure [3. In particular, determining the support of the
truncated prior - that is, the region where g(0|\) > 0 is well defined and strictly positive - would

in general require inverting the likelihood function (which is generally impossible or computational

complez).

4.4 Sampling from the truncated prior g(-|\)

Given a fixed value A\g > 0, in order to generate samples from g(@|\y) one alternative is to use an

MCMC procedure. However, as an example, the following acceptance-rejection procedure can be

employed [22]:

11



1. Forn=1,...,N:

(a) Draw 0" ~ ¢(0).
(b) if £(y|@') > Ao then set 6,0 = 8" and A, o = {(y|0").

(c) if £(y|@') < Ao, then reject 8" and repeat from step 1(a).

2. Return {60,0}2", and {\,o}),, where all 8, ~ g(0|\g) and all A\, o ~ F(A|Xg), given

below.

Observe that 8,0 ~ g(8|\), for all n = 1,..., N, and the probability of accepting a generated
sample @' is exactly Z()). The values \,o = £(y|6,) where 8,0 ~ g(8])\), have the following
truncated cumulative function

FQ) = F(Xo)

=P(l(y|0) > \o), with A > Ay, and 0 ~ g(0|)\), (22)

i.e., we can write A, ~ F'(A|\g). Namely, considering the steps above, (a) draw 8’ ~ ¢g(8) and (b) if
((y|@") > Ao then set A, = £(y|0’), we can generate samples according to the truncated cumulative
function F'(A|)\g). Setting Ao = 0, we have F'(A|0) = F()) that is the cumulative function defined
in Eq. (15). Recall that F(0) = 0 and F(\) = 1 for all \' > sup{(y|6). Similarly, we have
F(N|X) =0 for all X' < A\g and F(XN|\g) =1 for all \' > sup {(y|0).

4.5 Distribution of a,y = Z(\,) with A,y ~ F(A|)\)

Recall that Z(\) is non-increasing, then Z(\) < Z(\g) if Ay < A. Moreover, recall that with

Z(0) = 1 and Z(X) = 0 for all N > sup{(y|@). With similar arguments of Section and

12



similarly to Eq. , we can write

and Ao = L(y|6np0) ~ F(ANo), (23)

then  an0 = Z(Anjo) ~U([0,a0]), with ag = Z(Ao) < 1.

Clearly, the expression above ensured that a,jo = Z(\,) < ag = Z(Ao), i.e., a0 < ao (as expected

since Z(A) is non-increasing and A, > Ag). Since ano ~ U([0, ag), we can also write:

@ = % ~U([0,1]), Yn=1,..,N. (24)
0

4.6 Distribution of ay.,

Let us consider Ajjg, ..., Anjo ~ F(A[X\o) and the minimum and maximum values

~ max Z )\min
Apin = Mmin )\n|0a nax|0 = Z(/\min)y and  Gpax = Cefo = ( ) (25)

Qo Z()\o) '

Let us recall a, = aa"—f ~ U([0,1]). Then, note that dpay is maximum of N uniform random

variables

1,y ~ U0, 1)).

Then it is well-known that the cumulative distribution of the maximum value

Opay = Maxa, ~ B(N, 1),

13



is distributed according to a Beta distribution B(N, 1), i.e., with cumulative function Fp.,(a) =@

and density fpax(@)

_ dFmax(a) — N’d’N*l

1 [22], Section 2.3.6]. In summary, we have

~ Z()\min)
Upax = ~ B Na 1 )
Z(Xo) (N.1)

where  Apin = min Ay,
n

and )\1|07~-~7)\N\0 NF()\|>\0)

N

(26)

This result is important for deriving the standard version of the nested sampling method, described

in the next section. A summary of the relationships presented above is provided in Table

Table 1: Summary of the relationships among some random variables introduced above.

\ Sections H

Relationships

|

If 9n|0 ~ 9(9\)\0), and )\n|0 = f(y!%o) ~ F()\P\o),

a _ an|0 _ Z()\n|0)
" Qo Z(/\())

~ U([0,1]).

It 9n|0 ~ g(ap\o), and >\n|0 = €<Y|0n|0> ~ F()‘|)‘0)7

)\min = nminy, )\n|07

(pax = MAX Ay =

n=1,..

N

? Y

14



5 A detailed description of nested sampling (INS)

5.1 Form of the NS estimator

Nested sampling (NS) is a technique for estimating the marginal likelihood that exploits the
second identity in (11]) [29, O] 26]. Nested Sampling estimates Z by a quadrature using nodes (in
decreasing order),

O < aﬂI) < e < a(l) < aﬁo) — 1

max max max

and the quadrature formula

with ag?x = 1. Furthermore, we will see that the NS construction yields that

lim a{l) = al® =0. (28)

max max
I—o0

Remark 4. Recall that A = ((y|@) ’s represent likelihood values, and a’s represent normalized area
values contained in [0, 1].
In Eq. (27), we have to specify the grid points all’s (possibly well-located, with a suitable

strategy) and the corresponding values A0 A(a,(,f;)x). Recall that the function A(a), and its

inverse a = A71(\) = Z()\), are generally intractable, so that it is not even possible to evaluate
A(a) at a grid of chosen atdys.

Remark 5. The nested sampling algorithm works in the other way around: it suitably selects the

ordinates \%) ’s (likelihood values) and find some approximations a;’s of the corresponding values

min

), = Z(/\(i) ). This is possible since the distribution of s is known (see Section .

min

15



5.2 Choice of )\I(nii)n and al, in nested sampling

In this section, we adopt a slightly simplified notation compared to the previous part of the work,
as nested sampling involves additional indices that may otherwise obscure the exposition and
hinder the readers understanding. Nested sampling employs an iterative procedure in order to

generate an increasing sequence of likelihood ordinates 2D = 1,...,I, such that

Min < M < A2 < Al (29)

Table [2| provides a compact and complete description of the standard NS algorithm that is based

on the sampling of the truncated prior pdf g(9|)\(i_1) ) (see Section for the related details),

where 7 denotes an iteration index. The nested sampling approach is explained with more details

below:

e At the first iteration (i = 1), we set A —0and all = 2 (Aﬁﬁ)n) = 1. Then, N samples are

(0)

drawn from the prior 6,, ~ g(0|\,;,) = g(€) obtaining an (initial) cloud

P = {01, ~-~>0N} = {en}vjzvzh (30)

often called set of “live points” and then set A\, = £(y|0,), i.e., { .}, ~ F()\) as shown in

Section .1} Thus, the first ordinate is chosen as

)\(1)

min

).

rem

= min \, = min{(y|0,) = Ieni7r)1€(y|73) = ((y|@
n n S

where 0L, = arg 1;ni7rjl (y|P) is also removed from P, i.e., P = P\{8%} (now |P| = N —1).
e
Moreover, since {\,})"; ~ F()), using the result in Eq. (26]), we have that

(1) 7 /\(1)
), = o = 20w) vy
a Z(A

max min)

16



Since a\oy = Z(/\(q)) =1, then Gy = abee ~ ~ B(N,1).

min

At a generic i-th iteration (7 > 2), a unique additional sample 8’ is drawn from the truncated

nin ) and added to the current cloud of samples, i.e., P = P U0 (now again

prior g(0|)\
|P| = N). First of all, note that the value N = X\, = {(y|@') is distributed as F()\|)\

min )

(see Section [4.3)). More precisely, note that all the N ordinate (likelihood) values
{Mdisy = Uy [P) = {h = U(yl6,) for all 6, € P}

are distributed as F()\|)\(Z b ) e, {0, ~ F()\|/\ " 1)). This is due to how the population

min min

P has been built in the previous iterations. Then, we choose the new minimum value as

min

A0 — min \,, mln Uy|P) = £<y|0rem)

We remove again the corresponding sample 65, = arg %Ili%)l U(y|P), i.e., we set P = P\ {60}
S

and the procedure is repeated. Moreover, since AL, is the minimum value of {A, o AN~

min

()\|)\ - 1)), in Section M we have seen that

min

A (@) 7 )\(i')
af), = x _ D) gy, &31)
Omax Z(MApin )

min

where we have used Eq. . Note that we have also found the recursion among the

following random variables,

al) =g qlt-1) (32)

fori=1,...,1 and % =1.

e The random value Zi,(an could be estimated and replaced with the expected value of the Beta

17



distribution B(N, 1), i.e.,

, N 1
all. ~E[B(N,1)] = —— =~ —— . 33
a’max [ ( Y )] N +1 eXp N ( )
where E[B(N,1)] = NLH is used as estimator, and exp (—%) becomes a very good

approximation of E[B(N,1)] as N grows. In that case, assuming the independence of the
live points in the population (i.e., we are using the property of the expectation valid for

independent variables, E[a,&?x] = E[’d&QX]E[agZU]), the recursion above becomes

a,EQX A exp (_N> algf;{l) = exp (—%) ) (34)

R 1 ~ . . i
Then, denoting a; = exp (—N>, we can use a; as an approximation of atds.
The algorithm is given in Table 2] Figure [3]illustrates, with N = 3, the removal and replacement
steps of the live points within the population P between the two consecutive iterations. Note that
the NS procedure tends to dynamically add live points near to the main mode or, more generally,
to areas of high probability mass. To properly understand the definition and sampling of the

truncated prior density, we recommend accurately examining Figure [2]

Remark 6. The intuition behind the iterative approach above is to accumulate more ordinates \;

close to the sup (y|@). They are also more dense around sup £(y|@). Moreover, using this scheme,

we can employ a; = exp (—%) as an approximation of afﬂm.

Remark 7. An implicit optimization of the likelihood function is performed in the nested sampling

algorithm. All the value A, = ((y|0,) with 8,, € P approaches the value sup ((y|0).

Remark 8. Note that with respect to the 0-space, the NS method is a population sampler where a
cloud of points P = {0, })_, that changes with the iterations, adding and removing one point per

iteration.

18



Table 2: The standard nested sampling procedure.

1. Choose N and set ag = 1.

2. Draw {6,})_, ~ ¢g(0) and define the set P = {6,}_,. Let us also define the notation

U(y|P) = {\. = {(y]6,) forall 6, c P}, (35)
3. Set AL = min ((y|P) = ((y|6h) where 60 = argmin ((y|P).
min 9cP ocP

4. Set P = 77\{0;52,,}, i.e., remove %Ly from P.

5. Find an approximation @; of a\ey = Z (Agll)n) One usual choice is @; = exp (—+ ).

6. Fore=2,...1:
(a) Draw 6" ~ g(0|)\,(nii;1)) and add to the current cloud of samples, i.e., P =P U
(b) Set Aty = min €(y[P) = ((y|0%s) where O5en = arg min ((y[P).

(c) Set P = P\{Bﬁ?m}, i.e., remove 69, from the set of live points P.

(d) Find an approximation a; of aldy = 7 (Aﬁf}n) One usual choice is

a; = exp (—%) ~ all, (36)

The rationale behind this choice is explained in the section above.

7. Return

1
Z=3 (=@Ml =D (7% —e )AL, (37)

i=1 i=1

6 Relationship with importance sampling (IS)

We can rewrite Eq. as

I
7= (ol — o) A,

19

i 0(y|6%dh) (38)



63 =6’ ~ g(6|\;1,
Figure 3: Graphical representation of the NS procedure from the i-th iteration to the (i 4+ 1)-th
iteration, with N = 3 live points within the population P = {61, 85, 03}. The blue line represents
the likelihood function ¢(y|@). At i-th iteration, the point 85 has the lowest likelihood value,

ie., AW A3 = {(y|03). Hence, 05 is removed from the population P and, at the next i + 1-th

min
iteration, a new sample is generated 03 = 0’ ~ g(9|/\§fi;1)) and add to the set P in order to keep

fixed the number of live points N = |P| = 3. The new sample generation, at the i+ 1-th iteration,
is done according to the truncated prior g(0|)\(l_1)) (see Figure . New live points tend to be

min

added in regions of high probability mass (near to the global mode).

where we have set v; = ater” —aldy > 0 and v € 10, 1] for all 7. Indeed, recall that atl, are positive

and decreasing values and assx € [0,1] (they represent normalized areas). Furthermore, their sum

is approximately 1, i.e.,

I
> = (afh — ald) + (al, — all) + (a2 — af) + ..+ (aliy — ald),
i=1
= o, — ol
1l 39)
if I — oo, we have Zle v; = 1. where we have used lim all = ol = 0. From the expression

I—o0

above, it is apparent that 7 is a linear (asymptotically convex, for I — oo) combination of weights

7. In [19], the authors describe a similar importance sampling (IS) estimator for the marginal

20
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likelihood Z:

I
Z=> pl(y6:), {6:}, ~a(6), (40)
i=1
where ¢(8) is a generic proposal density, p; = 19(1(290,-)).

Remark 9. Hence, the NS estimator can be interpreted as a IS estimator of the form , using
a “sophisticated” proposal density such that p; = v; = alie? — ali. Clearly, the analytical form
of this proposal is not available and we cannot evaluate it. However, we can draw from it using
the NS procedure, and the weights are compute by the formula v; = alist) — ali). See also [26] for

related comments.

Remark 10. The NS weights ~; = alss? — all, represent a partition of prior mass.
Hence, we can assert that the product ’yﬂ(y]@ﬁ?@ represents a portion of area below the
unnormalized posterior 7(@). Indeed, the sum of this products provides an approximation of

Z = [om(6)do, ie., 7 = S fyiﬁ(y|0£2m). Thus, the normalized weights

o l(y|8ren)  il(y]Oves) (1)
Z Z£:1 ’Vké(ywl(r@n)
allow the approximation of the posterior measure as
I
7(0) =Y wd(6—6%D,), (42)
i=1

hence the NS method can be also applied to approximate generic integral involving the posterior

distribution as

1
I= /@ F(8)7(0)d0 ~ Iys = ;wif (6500,

where is f(0) is any integrable function.

21



7 Practical and theoretical limitations in standard NS

In the following, we describe the more critical points in nested sampling:

e Arguably, the most critical task in the implementation of nested sampling is drawing samples

from the truncated prior. For this purpose, one can use a rejection sampling or an MCMC
scheme. In the first case, we sample from the prior and then accept only the samples
0’ such that ((y|@') > X. However, as A grows, its performance deteriorates since the
acceptance probability gets smaller and smaller. The MCMC algorithms could also have poor
performance due to the sample correlation, specially when the support of the constrained
prior is formed by disjoint regions or distant modes [9]. More generally, there are several
possible issues: (a) the constrained region can be extremely thin; (b) in high dimension,
most of the prior mass is near the boundary; and, as previously noticed, (c) the region may
be disconnected (multimodal posteriors). If constrained sampling is imperfect, we can add a
bias to the estimator. In practice, the performance depends heavily on the internal sampling

method. See also Section |8 below.

NS is primarily an evidence estimator. Posterior weights can be often highly skewed and,
as a consequence, the effective sample size (ESS) can be small (early points have often very
small weights) [10 21, 20]. So NS posterior sampling may be less efficient than well-tuned

Monte Carlo for parameter estimation (such as MCMC or IS schemes).

e Moreover, in the derivation of the NS method we have considered different approximations:

— The value 5&& cannot be computed but estimated with the expected value of the Beta

distribution B(N, 1), i.e., E[B(N,1)] = &

= Ny1-
— The expected value E[B(N,1)] = 75 is further replaced and approximated with
an exponential function exp (—%) in Eq. . Hence, Eq. contains two

approximations. This step could be avoided, keeping directly NLH The simplicity
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of the final formula exp (—%) is perhaps the reason of using the approximation

N1 & o (— )
— A further approximation E[all] ~ E[a\s]Elata] is also implicitly applied in (34) (due

to the assumption that “live” points in the population are independent).

— Additionally, we recall if an MCMC method is run for sampling from the constrained
prior, also the likelihood values \; are in some sense approximated due to the possible

burn-in period of the chain.

Hence, as a summary, the values of the areas iy and the corresponding values )\,Efi)n in the
NS estimator are computed approximately (they are analytically intractable/unknown

values). Sampling from the likelihood-constrained priors is the crucial point and the main

challenge.

8 Advanced NS schemes in literature

Nested Sampling estimators have been extended to a variety of settings. For example, in likelihood-
free scenarios - where only an unbiased estimate of the likelihood is available - adapted versions
of the NS algorithm have been developed [23]. The combination with importance sampling has
been designed in [9].

Furthermore, several strategies have emerged to address the main challenges of NS, such as high-
dimensionality, multimodality, and strong parameter degeneracies. In the this section, we review
the principal variants and approaches. The ellipsoidal NS technique, as included in MultiNest
implementation [11], approximates the current set of live points by one or more ellipsoids. New
samples are drawn uniformly from the union of these ellipsoids and are accepted if they satisfy
the likelihood constraint condition. By employing multiple ellipsoids, the method can effectively
handle separated modes. The slice sampling method and the Hamiltonian Monte Carlo (HMC)

algorithm has been proposed to be used within NS [I5] 2]. The main idea in [2] is to leverage

23



HMC dynamics to traverse the constrained likelihood region more efficiently. By utilizing gradient
information, it can reduce the random-walk behavior common in traditional MCMC approaches
and enables efficient exploration over long distances in parameter space. This method seems
to work well in high-dimensional smooth posteriors and is particularly effective for Bayesian
models with differentiable likelihoods. Its limitations include the requirement of gradients and the
complexity of correctly handling the likelihood boundary defined by the constrain. In addition,
Hamiltonian NS is less robust for multimodal distributions.

The diffusive Nested Sampling (DNS) scheme [3] introduces an alternative exploration mechanism
in which particles are allowed to diffuse across likelihood levels rather than progressing
monotonically toward increasingly constrained regions. Instead of enforcing a strictly inward
shrinkage of prior mass, DNS constructs a sequence of likelihood levels that can be explored
reversibly. In this framework, particles are not restricted to the current likelihood constraint but
may move upward to more constrained levels or downward to less constrained ones, thereby
improving mixing across the hierarchy of constrained priors. The up/down move of DNS is
achieved stochastically according to Metropolis-Hastings steps. Importantly, the likelihood levels
are not defined by all observed likelihood values. Rather, a relatively small number of levels-
typically few of them - is maintained. Within each level, the sampled points are used to estimate
the average likelihood over the corresponding prior volume, allowing for a more flexible and globally
informed approximation of the evidence. This process is reminiscent of tempering and enhances
mixing, especially for strongly multimodal distributions. DNS reduces the risk of missing isolated
modes that might be overlooked by traditional NS methods. While it seems particularly effective
for posteriors with extreme multimodality, it is more computationally complex and can result in
higher variance in evidence estimates compared to conventional approaches.

In [14], the author relaxes the strict likelihood constraint by introducing an auxiliary “demon”
variable that temporarily absorbs surplus likelihood (interpreted as energy), thereby permitting

controlled fluctuations around the imposed likelihood threshold. In [I6], the authors have proposed
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the dynamic NS method, i.e., dynamically varying the number of live points throughout the
sampling process. This dynamic allocation focuses computational resources on regions where

additional samples most effectively reduce uncertainty in the evidence or posterior estimates.

9 Conclusions

The Nested sampling (NS) technique has attracted considerable attention and has been widely
applied in the literature. Its success is undeniable, specially in cosmology and astronomy. In
our view, NS inherently performs a kind of likelihood optimization, which underlies much of its
remarkable success. We consider this feature particularly important, as identifying regions of high
likelihood is a critical aspect for the efficiency of all computational sampling methods. Indeed,
the use of the gradient on many sampling methods has the same purpose.

The full derivation is complex and relies on several approximations, as discussed in Section [7}
Sampling from the likelihood-constrained priors is a central challenge and is far from
straightforward [7, [8, 9], with the quality of this constrained sampling being crucial to the methods
performance. In this context, the widespread success of NS in the literature is indeed remarkable.
In our view, the comprehensive and detailed description presented in this work can not only
enhance understanding and appreciation of nested sampling but also serve as a valuable foundation
for the development of future improvements and methodological variants. By clarifying both the
theoretical principles and the practical challenges of the algorithm, we hope to provide insights
that will guide researchers in designing more efficient implementations, exploring novel extensions,

and applying NS to an even broader range of scientific problems.
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