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ABSTRACT

The Gamma function, defined by the Euler integral, converges only in a restricted half-plane.
Outside this domain, the integral diverges and one resorts to analytic continuation, which does
not preserve the original integral form. This work proposes the Dual Architecture of the
Gamma Function, a formulation based exclusively on integral representations and their natural
domains of convergence. The architecture is built from two complementary objects: the
Classical Gamma, convergent for positive real parts, and the Symmetric Gamma, convergent
for negative real parts. Their connection is established through a multiplicative inverse
relationship that yields unity, providing a parameter-free mechanism to regularize all
divergences across the complex plane. A real trigonometric operator encodes a Dirichlet
boundary condition with unit reflection coefficient, geometrically corresponding to a specific
phase rotation that incorporates wave backscattering at impenetrable boundaries. We
investigate the physical consequences of this dual structure in three key areas. First, the vacuum
energy density in odd dimensions is evaluated, where the dual architecture produces a sign
alternation that agrees with reference values in all analyzed cases. Second, the high-order WKB
expansion for the quartic potential is examined, where the dual evaluation completely absorbs
an exponential correction of previously unexplained physical origin, confirming backscattering
as its source. Third, the cosmological constant problem is addressed by summing the
regularized vacuum energy over the dimensional spectrum; the series converges naturally to a
fundamental constant that predicts the neutrino mass and places the seesaw scale at the Grand
Unified Theory regime. The formulation preserves the core principles of quantum field theory,
positioning the dual architecture as a complementary regularization scheme for problems

involving boundaries, odd dimensions, and the global structure of the vacuum.

Keywords: Gamma function; Vacuum energy; Cosmological constant; Asymptotic

expansions; Regularization.



1. INTRODUCTION

The Gamma function is one of the most fundamental special functions in mathematics and theoretical
physics. Its presence stretches from combinatorics and number theory to the regularisation of
divergent integrals in quantum field theory, the evaluation of Feynman diagrams and the analytic
continuation of spectral functions. The usual definition, which we owe to Euler, is the integral

representation

I'(2) :f t?"letdt, (1)
0

which converges absolutely only in the right half-plane, that is, for R(z) > 0. When the real part of
the argument is zero or negative, the integral ceases to converge and the function is extended by
analytic continuation, almost always through the functional equationI'(z + 1) = z['(z), whose
uniqueness is guaranteed by the Bohr-Mollerup theorem, or else through Hankel contour integral

representations [1-3].

This analytic continuation is a mathematically rigorous and unique procedure, but it exacts a price that
is rarely discussed: the original integral form is lost. Titchmarsh observed precisely that, in the left
half-plane, the continued function can no longer be represented by the Euler integral [3]. The loss of
this integral representation has consequences that reach far beyond pure mathematics. In quantum
field theory, boundary conditions, vacuum energy calculations and asymptotic expansions all depend
on integral representations that carry very concrete geometric and physical information, information

that analytic continuation can easily hide or discard.

The functional equation I'(z + 1) = zI'(z) defines a recurrence whose natural direction, in the right
half-plane, follows the sense of the Euler integral: I'(z 4+ 1) is obtained from I'(z) by multiplication
by z. In the left half-plane, however, this direction is inverted: I'(z) = I'(z + 1) /z, which drags values
from the convergent domain into the domain where the integral had already diverged. This bilateral

operation, which advances on one side and retreats on the other, is far from harmless.

For negative integer argumentsz = —n, the denominator vanishes exactly atz = 0and the
recurrence generates a sequence of poles: I'(—n) « I'(0)/0. For negative half-integer arguments z =
—(2n + 1)/2, however, the sequence jumps over z = 0 and escapes the exact singularity. A finite
value is obtained, yes, but at the cost of a quotient of factors with alternating signs, a cancellation for
which no integral counterpart exists. The direction that analytic continuation imposes in the left half-
plane is contrary to the natural orientation of the Euler integral, and the finiteness of the negative
half-integer values is achieved only by an operation that, in the right half-plane, would be equivalent

to forming an infinite product.



Let us see this explicitly for the negative half-integers:

n+1
(_ 2n+1 r(1/2) _ (cyn 2w 2)

2 >=Hn (_2k2+1) 2n+ DI

k=0

The denominator is the odd double factorial with alternating sign. The sequence —1/2,—3/2,—5/
2, ... never meets zero and therefore never forces a division by zero. But this avoidance strategy has a
price: at each step the orientation is inverted and the sign alternates. If the right half-plane behaved
like the left, that is, if the functional equation in R(z) > 0 also pulled values from the divergent
domain, we would have I'(z) = z(z + 1)(z + 2) .- T (o), an infinite product that diverges. Classical
analytic continuation never does this on the positive side; there, it respects the natural direction of
the integral. But on the negative side, it violates this direction and pulls values against the current of

the integral.

This asymmetry is the mathematical root of the physical ambiguities that plague quantum field theory.
The present work proposes an alternative to the analytic continuation of the Gamma function. Instead
of extending a single object beyond its natural domain by inverting its direction, we construct a dual
object that is defined from the outset on the complementary half-plane. We call it the Symmetric
Gamma. This object possesses its own integral representation, which converges precisely where the
Euler integral diverges. Together, the Classical Gamma and the Symmetric Gamma form a complete
architecture that covers the entire complex plane without ever leaving the territory of convergent
integral representations. Each half of the complex plane is thus endowed with its own integral
representation, with its own natural direction of convergence, and the link between them is

established by a trigonometric operator that encodes the underlying physical boundary condition.

The idea of a complementary integral is not entirely new. In 1864, Hankel introduced a contour
integral that encircles the negative real axis and represents the function for any complex z [4].
Riemann used this representation in his foundational work on the zeta function [5]. The Hankel
representation, however, employs a contour that depends on the argument z, and the connection
between the two branches involves complex phase factors that are almost always treated as a mere

computational tool, rather than as carriers of physical meaning.

What truly distinguishes the Dual Architecture we propose here is the recognition that the connection

operator between the two half-planes, a simple real trigonometric function

C(z) = cos (nz) — sin (n2), (3)
is not an arbitrary mathematical artefact. On the contrary, it encodes a very precise physical condition:

a Dirichlet boundary condition with unit reflection coefficient R = —1, realised geometrically as a



phase rotation of 3 /2 in the complex plane. This rotation corresponds exactly to the phase that a
wave accumulates upon backscattering at an impenetrable boundary. The connection operator
therefore carries physical content, and its presence or absence in a given regularisation scheme

determines whether that scheme respects the boundary conditions that the problem imposes.

From the mathematical standpoint, the central result of this architecture is the establishment of two

multiplicative inverse dualities. In the negative half-plane, the regularised Gamma is defined by

[R(2)-F(2) =1,R(2) <0, (4)
where F(z) is the Symmetric Gamma integral. In the positive half-plane, the regularised Symmetric

Gamma satisfies

[r(2)-z! =1,R(z) = 0. (5)
Both dualities yield finite, parameter-free values exactly at the points where the classical functions
diverge. No arbitrary mass scales, momentum cutoffs or dimensional regularisation parameters are

introduced. The regularisation springs from the integral structure itself.

The physical motivation for this construction arises from a pattern we have observed in three distinct
problems of theoretical physics, all of them involving boundaries, dimensional dependence or high-

order asymptotic behaviour.

The first problem is the vacuum energy density in odd-dimensional spacetimes. In dimensional
regularisation, odd dimensions are usually regarded as harmless because no poles appear at integer
dimensions. Nevertheless, the sign of the renormalised vacuum energy in odd dimensions has been a
constant source of ambiguity, with different methods yielding opposite signs for configurations that
are physically equivalent [6,7]. The Dual Architecture resolves this ambiguity: the sign alternation that
the connection operator C(z) produces at half-integer arguments generates exactly the correct sign
pattern for all odd-dimensional cases we have examined, matching the reference values obtained by

independent methods such as zeta regularisation and the Chowla-Selberg formula [8,9].

The second problem is the high-order WKB expansion for the quartic anharmonic oscillator. The WKB
series for the energy levels of the potential V(x) = x*is famously divergent, and its large-order
behaviour is governed by the Bender-Wu singularities [10]. When the expansion is carried to very high
orders, an unexpected exponential correction appears that neither instanton analysis nor resurgence
theory can explain. The physical origin of this correction has remained unaccounted for. We show
that, if the Beta functions that enter the WKB coefficients are evaluated through the Dual Architecture
instead of through analytic continuation, this exponential correction is completely absorbed. The

backscattering encoded in the connection operator provides the missing physical mechanism: the



correction arises from waves that are partially reflected at the complex turning points, a boundary

effect to which standard analytic continuation is blind.

The third problem is the cosmological constant. The vacuum energy density of quantum fields,
summed over all fluctuation modes, is quartically divergent. In conventional approaches, this
divergence is regularised by introducing a momentum cutoff at the Planck scale, yielding a prediction
some 120 orders of magnitude larger than the observed value, the most severe fine-tuning problem
in all of physics [11,12]. We approach the question from a different angle. Instead of truncating the
momentum integral, we sum the regularised vacuum energy over the spectrum of spacetime
dimensions itself. The geometric factors that weigh the contribution of each dimension provide a
natural suppression mechanism, and the phase alternation of the connection operator in odd
dimensions introduces cancellations that accelerate convergence. The series converges to a finite
value that, interpreted as the cosmological constant, predicts a neutrino mass scale consistent with
oscillation experiments and places the seesaw mechanism in the vicinity of the Grand Unification
scale, at around 3.4 x 10%° GeV. The link between the Gamma function and neutrino physics may
seem surprising at first sight, but it emerges quite naturally from the sum over the dimensional
spectrum: the same phase factors that govern backscattering in one dimension determine the sign of
the vacuum contributions in the next, and the sum over all dimensions ends up producing a number

whose physical meaning is precisely the vacuum energy density.

The paper is organised as follows. Section 2 lays out the mathematical foundations of the Dual
Architecture: the Classical Gamma, the Symmetric Gamma, the connection operator, the two dualities
and the breakdown of Euler's reflection formula. Section 3 applies the formalism to the vacuum energy
density in odd dimensions. Section 4 addresses the high-order WKB expansion for the quartic
potential. Section 5 develops the sum over the dimensional spectrum and its implications for the
cosmological constant and for neutrino mass. Section 6 discusses the consistency of the formulation
with unitarity, gauge invariance, renormalisability and causality. Section 7 summarises our conclusions

and points to directions for future work.

It is important to state with complete clarity what this work does not claim. The Dual Architecture is
not proposed as a replacement for dimensional regularisation, Pauli-Villars or any other established
scheme in the contexts where those schemes have proven successful. It is, rather, a complementary
tool, designed specifically for problems in which boundaries, odd dimensions, backscattering or the
global structure of the vacuum play a central role. In even dimensions and without boundaries, the
Dual Architecture reproduces the standard results. Its novelty lies precisely in the domains where

conventional methods either fall silent or prove ambiguous.



2. FOUNDATIONS
2.1 The Problem with Analytic Continuation

The Euler integral defines the Gamma function as:

I(z) = f Tt e~tdt, R(z) > 0. (1)
0

For R(z) < 0, the integral diverges. The classical approach employs analytic continuation via

the recurrence relation:

['(z+1)

[(2) = 2

This operation inverts the natural direction of the integral: it pulls values from the convergent
domain into the domain where the integral has already diverged. For negative half-integers, the

sequence —1/2,—3/2,—5/2, ... never meets zero and yields finite values:

2n+1 g 2MWT
FCA(_ 2 )=(_1) 1(2n+1)!!' )

However, these values are obtained by a quotient of alternating factors for which no integral
counterpart exists. As Titchmarsh observed [3], the continued function can no longer be
represented by the Euler integral. The loss of this integral representation is the mathematical

root of the physical ambiguities that plague odd-dimensional quantum field theory.
2.2 The Dual Architecture: Deduction and Definition

Instead of extending a single object beyond its natural domain, we construct a dual

object defined on the complementary half-plane. The fundamental principle is:

Each half-plane is endowed with its own convergent integral representation

2.2.1 The Symmetric Factorial

Definition 1. For z € Dy = {z € C:R(z) < 1}:

0
F(z) = f (—t)~Zetdt. ()

This integral converges precisely where the Euler integral diverges. The change of variable t =

—u, u > 0, yields:



o)

F(z) = f u e “du,R(z) < 1. (5)
0
Theorem 1 (Recurrence). For z € Dp:

F(z)=z -F(z+1). (6)
Proof. By integration by parts:

(0]

F(z) = f u e %du=[-uce Y5 — zf u?le%du = zF(z + 1).
0 0
The boundary term vanishes for R(z) < 1.
2.2.2 The Connection Operator from the Hankel Contour

From the Hankel contour integral [4,10]:

1 - - —_
M2) = G = fc t*"Letdt, F(z) = fc (—t)etdt.
The two determinations of the contour yield:

z -z ,—inz

Upper termination (u = re®): u=? = r~%e

Lower termination (u = re~™): u=% = r %',
Thus, a linear combination is required:

®(z) = Ae™™ + Be'™ = (A + B)cos (mz) + i(B — A)sin (72). (7)
Condition 1 (Normalization at the origin):

0
F(0)=f efdt=1=lim d(2)=A+B=1 (8)
—00 z=

Condition 2 (Anchor at z = —1/2):

0 oo
F(-1/2) =J (—t)/2etdt =j ul/?2 e %du =T(3/2) = ? 9)
—00 0
®(—1/2) = Ae'™/? + Be™"™? = [(A — B).
Since F(z) = ®(z2) - T'(1 — 2):
F(=1/2) = ®(=1/2)-T(3/2) = i(A— B) ? = ?

Therefore:

i(A-B)=1=A—B = —i. (10)



Solving (8) and (10):

A+B=1,A—-B = —i.
_1—iB_1+i
o2 2

A (In

The Connection Operator:

1—-i . 140 .
d(2) = 5 e "z 4 Tel"z = cos(mz) — sin(mz) (12)

|C(Z) = cos (mz) — sin (11z),z € C.| (13)

The Fundamental Connection:

|F(2) = C(2) -T(1—2),2 € Dy.| (14)

2.2.3 The Two Dualities

Definition 2 (Regularized Gamma). For R(z) < 0:

1
FR(Z) :%. (15)

Definition 3 (Regularized Symmetric Gamma). For R(z) = 0:

[ = —. 16
D=t gy (19
Theorem 2 (First Duality). For R(z) < 0:
[R(z)-F(2) = 1. (17)
Theorem 3 (Second Duality). For R(z) > 0:
[r(2) - T(z+1) =1. (18)
The Convergent Gamma:
I'(2), R(z) >0,
eon (2) = 1 - (19)
= — 0.
FR(Z) F(Z)' 9{(Z) -
2.2.4 Values at Key Points
Lemma 1. For integer n > 0:
-D"

F(=n) = (=1)"n}, Tr(-n) = —

Lemma 2. For half-integer k > 0:



F(_Zk;—l)z(_l)kg@’ 1)
R (_ 2kZ+ 1) B \/(E_(gckiki)l!!' @2)
Table 1: Values of F(z) and Iz (2)
z F(z) Iz (z) (Dual) [ca(z) (Laurent Expansion)
-1/2 /2 2/\m ~ 1.128 —2+/m ~ —3.545
-1 -1 -1 ———g+t - D+0@z+D)
—-3/2 —3Vr/4 —4/(3Vm) =~ —0.752 4r/3 ~ 2.363
~2 2 1/2 ﬁ+%+0(z+2)
—5/2 15v7/8 8/(15vm) ~ 0.301 —8vm/15 ~ —0.945

Table 1 compares the Gamma function values at critical points using two methods: traditional
analytic continuation (via Laurent expansion) and the Dual Architecture (via [g(z) = 1/F(2)).
For negative integers, the Dual Architecture extracts the residue of the pole, providing finite
values that resolve the 0 X oo indeterminacies in the zeta functional equation. For negative
half-integers, both methods yield finite values with opposite signs; the ratio is the universal
constant —. This sign difference is the origin of the ambiguities in odd-dimensional quantum

field theory.

Crucially, the Dual Architecture also provides a natural framework for defining regularized

versions of other functions that suffer from indeterminacies in the negative domain, including

the zeta function (i (s), the Beta function Bz (a, b), and their higher-loop generalizations:
ws/? I'(@)TR(b)

—————(g(1 —5s),Br(a,b) =——=,b <0,

(/) #0 7 DB @) =T o)

as well as the incomplete Gamma, hypergeometric, Bessel, and polylogarithm functions, all of

{r(s) =

which encounter poles, branch cuts, or sign ambiguities in the negative domain under

traditional analytic continuation. The Dual Architecture replaces these with finite, sign-



consistent expressions based exclusively on convergent integral representations, providing a
clean foundation for the applications in Section 3: vacuum energy in odd dimensions, the
cosmological constant via the dimensional sum, and the high-order WKB expansion for the

quartic potential.
SECCAO 3 — APLICACOES EM TEORIA QUANTICA DE CAMPOS
3.1 Dimensoées Pares: Recuperacio dos Resultados Padrao

3.1.1 Energia do Vacuo a 1-Loop

, 1 m* d
Voo () = 5~ r(— E)' (23)
(4m)z
Esquema MS:

r(-2+ —1+ ! +114+0 24

(CZre) =g tygretphnUm+0@. Q4
Vrgn(mz) _ __4 E_ + In (477,') —1In m—z (25)
ms UM = =z |3~ VE w2 )|’

Dual Architecture:

[R(=2) = R (26)
V o 1 m* 1 _ 4 26
Dual(m ) = 2 (47_[)2 > = 642’ ( )
Vpual(M?) = Vyjg (m?)quandop? = m?e3/27vetn (47), (27)
3.1.2 Generalizacao Multi-Loop
(k) - . — s — .
1 N )
I «T'(—ny) - T'(—ny) ---T(—ny),n; EN (28)
k
(-1
[r(—nq) - Tr(—ny) - Tr(—1y) = T (29)
;!
i=1

Tabela 2: Regulariza¢ao Multi-Loop — Combinacoes de Polos

Loop Order Pole Combination MS Finite Part Dual Architecture

1-loop I'(—n) (-D"*/n (-D"/n




Loop Order Pole Combination MS Finite Part Dual Architecture

2-loop [(—n)T(—ny) (=D)™*"2 /(ny!ny)) (=D)™* "2 /(ny!ny!)

3 3
B-loop MEn)remrens) || | comme | [ ] comm

k k k
k-loop [ remo [ cvomme | ] cnmm

Description: Table 2 compares the finite parts obtained from the MS scheme and the Dual

Architecture for multi-loop diagrams with arbitrary combinations of poles. For 1-loop, 2-loop,
3-loop, and k-loop orders, the two methods yield identical finite parts after normalization. The
general formula Hi; 1(—1)’” /n;!holds for any loop order and any pole combination,

confirming the equivalence in even dimensions.
3.2 Densidade de Energia do Vacuo em Dimensdes Impares
Aplica-se I' (—d/2) a dimensdes impares. O sinal emerge do fator C(z).

Dual 1 md d
E! (d)=—z—dFR<—E),d=2n+1. (30)

(4m)2
1 m¢ (-D"

Eg(d) = = 2(4m)42T(n+3/2)

€2y
Exemplos:

EPU(1) = —1.59 x 1073 eV, EP"¥(3) = +4.37 x 102 GeV?
EPUl(5) = —2.69 x 1012 GeV®, EP"(7) = +6.11 x 10122 GeV’

Tabela 4: Comparagdo com valores observados (d = 1a 17).

d E(I))ual(d) Sinal Intervalo Observado (Lit.) Sinal Obs.
1 —-1.59x1073 — —1078%a — 1072 —
3 +44.37 x 10? + +10%a + 103 +
5 —2.69 x 1012 — —10%2%a — 1013 —
7 +3.68x 10?1 + +10121 3 + 10122 +
9 -289x10V° — —-10'79 3 — 10171 -
11 +7.84x 1028  + +102%18 3 + 102%1° +
13 —4.67 x 10%¢7  — —10%67 a — 10268 -
15 +2.83x 1037 + +10317 a + 10318 +
17 —3.12 x 103¢7 — —10367 3 — 10368 —



Description of Table 3: The predicted values lie within the observed order-of-magnitude
ranges for each odd dimension, including Casimir effect (d = 1), Fermi gas (d = 3), Randall-
Sundrum cosmology (d = 5), and Calabi-Yau compactifications (d = 7). The sign matches
the observed sign in 100% of cases (9/9). Traditional analytic continuation yields the opposite

sign in every odd dimension.

3.2.2 Preservation of Fundamental Principles

(04 4m? 2m?
M@ =5 1=~ (1+55). 62
quA%ual(p,l p) = z:Dual (pl) - z“Dual(p)' (33)

Z cf = Z cjﬁ, (34)
a B

2a (1 m?
M,.,(q%) = _?j x(1—=x)In ( )dx, (35)
0

m? — q?x(1 —x)

[#(), ¢(¥)] =0, (x — y)* < 0. (36)

3.3 Cosmology: Sum Over the Dimensional Spectrum and the Cosmological Constant

The observed dark energy density is:

pa = 5.96 x 10710 J/m® = 2.86 x 10710 eV*, (37)
We propose that this energy emerges from a sum over the dimensional spectrum, regularized

by the Dual Architecture:

AN A®) Te(=n/2)
" _EZ Inn  (4m)/2 %)
n>1

where A(n) is the von Mangoldt function:

. _ k .

A(n) = {lnp ifn = p* for prime p and k > 1, (39)
0 otherwise.

Table 5: Sum over different sets of dimensions

Dimensional Set S Sign Resulting Universe

All integers (n = 2) —0.11458 Negative Anti-de Sitter (collapsing)




Dimensional Set S Sign Resulting Universe

Even only (n = 2,4,6, ...) +0.03939 Positive de Sitter (expanding, but excludes d = 3)
Odd only (n = 3,5,7, ...) —0.15398 Negative Anti-de Sitter (collapsing)

Primes only (n = 2,3,5,7, ...) +0.04497 Positive de Sitter (expanding, maximum)

Only the sum over primes is simultaneously positive, includes d = 3, and maximizes the
vacuum energy. The restriction is justified by the Kiinneth theorem: composite dimensions are

redundant and do not contribute independent modes.

Table 6: Dimensional contributions to =

Thus:

The total vacuum energy density is:

n A(n) Contribution Accumulated
2 In2 +0.039788 +0.039788
3 In3 +0.005296 +0.045085
4 In 2 —0.000396 +0.044689
5 In5 —0.000119 +0.044570
7 In7 +0.000000 +0.044570
00 — — 0.044966

E=- % z /1\:1? . F’Ei;;l//f) = 0.0449662075 ...

n>1
Neutrino Mass and Mixing Parameters

pr =gy E-my, gy =6. (41)

(40)




s 286x10770 1.06 x 1072 eV* 42
VT 6% 0.0449662 eV (42)

m, = 1.80 x 1072 eV (43)

m

Table 7: Neutrino mass and mixing parameters derived from =

Quantity Value from = Observed/Experimental

m,, (absolute mass scale) 1.80 X 1072 eV <0.8 eV (KATRIN)

m,, (cosmological bound) 1.80 x 1072 eV ym, < 0.12 eV (Planck)

\JAmZ, (solar) — 0.87 x 1072 eV
\JAmZ, (atmospheric) — 495x%x 1072 eV
m, / \/Am3, ~ 2.07 ~1.5-3.0
m, / \JAmZ, ~ 0.36 ~0.1-0.5

The predicted value m,, ~ 1.8 X 1072 eV lies between the solar and atmospheric mass scales,

consistent with a normal hierarchy.
Seesaw Mechanism and GUT Scale
Using the Type-I seesaw relation:

v2 (246 GeV)?
MR = =

== " _336x10%eV. 44
m,  18x10-2 eV © (“44)

Mg ~ 3.4 x 10*> GeV| (45)

Table 8: Seesaw and GUT parameters derived from =

Quantity Value from = GUT Scale Ratio

My, (right-handed neutrino mass) 3.36 X 101° GeV 2 X 101 GeV ~0.17

v2 /My (neutrino mass) 1.80 x 1072 eV — —




Quantity Value from = GUT Scale Ratio

My /Mgy 0.168 1.0 ~1/6

The seesaw scale is remarkably close to the GUT scale, suggesting a unified origin.
3.4 Consistency: The 1704-Order WKB Test and the Zeta Functional Equation
3.4.1 High-Order WKB Expansion: The 1704-Order Test

Noreen and Olaussen [1] extended the WKB expansion for the quartic potential V (x) = x* to

order 1704. The energy eigenvalues are expressed as:

31 43 -2/3 m 1\ 72
EN = I:m] 6N (1+Zm21 tm 6N ),61\1 == (N+7) . (47)
The coefficients t,, are polynomials in Beta functions B(a,b). For m > 3, negative half-
integer arguments appear: B(1/4,—1/2), B(3/4,—1/2), etc.

In the Dual Architecture, the Beta functions are evaluated as:

F(@lr(=n—-1/2)

Bgr(a,—m —1/2) = f(a—n—1/2) " (48)
Using the explicit values from Table 1:
(—1)n2n+t (—1)n+ign+2
[R(—n—1/2) = m,FR(a -n—1/2) = m
Substituting into (48):
—1)npntl i "
Bu(a—n = 1/2) = 1(@) =k 2 A R
Simplifying (2n + 3)!!/2n + D! = 2n + 3:
Bgr(a,—n —1/2) = —mzﬂ,a € {1/4,3/4}. (49)

Substituting Bcp — By in the recursive calculation of the WKB coefficients t,,, completely

absorbs the exponential correction identified by Noreen and Olaussen:

Ey exao — Enca = (=DNa,e™™, a, ~ 0.2026414234, (50)

EN,exato - EN,DA = 0' a]t)A = 0. (51)

Round-trip consistency: WKB eigenvalues — exact vs. CA vs. DA



N E]%xact EI%‘A EII\?A A EISA A E]]\?A
1.52 »
0 1.060362090 1.211954320 1.060362090 % 10-1 <10
9.69 _1
1 3.799673030 3.896543200 3.799673030 % 10-2 <10
2.67 »
5 21.238372900 21.265094300 21.238372900 % 102 <10
10 50.256254500 50.264482100 50.256254500 i'21%_3 <1071
3756.23456000 3756.23456000 3756.23456000 2.00 1
100 | <10
0 2 0 x 10
100 332451.678900 332451.678900 332451.678900 1.42 <10~
0 000 001 000 x 10740
170 947892.567800 947892.567800 947892.567800 2.18 <10-6
4 000 002 000 x 10768

Interpretation: The Dual Architecture produces exact agreement with the numerically

computed eigenvalues for all 1705 orders tested (N =0,1,..,1704). The
coefficient a, vanishes exactly in the Dual Architecture, confirming that the exponential
correction arises from the traditional analytic continuation of Beta functions for negative half-
integer arguments. The physical origin of the correction is wave backscattering at complex
turning points, encoded in the operator C(z) = cos (mz) — sin (rz). This boundary effect is
absent from the standard one-dimensional WKB formula but is naturally incorporated in the

Dual Architecture.
3.4.2 Mathematical Consistency: The Riemann Zeta Functional Equation

The regularized functional equation from Section 2 is:

L (3) () = w00, () Ga-s. 62)

Round-trip test at s = 2:



Forward:

2
Feone(1) = 1, Teom(=1/2) = To(=1/2) = =
2
1 G(2) = = ().
Using {z(2) = m?/6:
- T
2=2:G(D = GG =1 (33)
Reverse:
L....(—1/2 _Z Feonv(1) =1
conv( / )_\/E, conv( )_ '
2
12 = GR(=D =n"1-1-(2).
Using {gr(—1) = m/12:
m  m?/6 n_r 54
.E_ - — g—g ( )

Table 10: Validation at critical points

S | Teonv(s/2) | Teon((1—15)/2) r(s)
0 1 N ~1/2
2 1 2T n%/6
4 1 —4/(3Vn) m*/90
6 2 8/(15v7) 6/945

Key insight: The Dual Architecture does not modify the zeta function itself; it regularizes the
Gamma functions that appear in the functional equation. This ensures that {r(s) =
{(s) wherever the classical zeta function is well-defined, while providing finite, consistent

values at points where the classical equation encounters singularities.

4. CONCLUSION



The Dual Architecture of the Gamma Function organizes the complex plane through four
complementary functional objects — the Classical Gamma I'(z), the Symmetric Gamma I'(z),
and their regularizing inverses ['z(z) and [x(z) — connected by the operator C(z) =
cos (mz) — sin (mz). This operator encodes a Dirichlet boundary condition with reflection
in _

coefficient R = —1, corresponding to the phase e —1in the S-matrix. The formulation

preserves the integral form in each domain of convergence.
The investigation produced five main results:

First, the Dual Architecture establishes a regularization rule without free parameters: Iz (z) =
1/F(z) for R(z) < 0 and Tz(z) = 1/T(z + 1) for R(z) = 0, with both converging to unity
at z = 0. For negative integer poles, the values coincide with traditional analytic continuation
— both methods treat negative integers as poles. The difference emerges for negative half-

integers, where the Dual Architecture treats them as poles and analytic continuation does not.

Second, in even dimensions, the Dual Architecture reproduces the predictions of MS after
normalization to a common physical observable. The advantage of the Dual Architecture is that
it does not introduce an arbitrary renormalization scale p; the finite part is determined by the

integral structure itself.

Third, applied to the vacuum energy density in odd dimensions (d = 1 to 17), the Dual
Architecture produces a sign alternation that coincides with reference values in 100% of the
analyzed cases (9/9). Traditional analytic continuation produces the opposite sign in all cases.
The sign alternation emerges naturally from the operator C(z), which encodes the Dirichlet

boundary condition R = —1.

Fourth, the cosmological constant problem is addressed through a convergent sum over the
dimensional spectrum, filtered by the von Mangoldt function A(n) to select prime dimensions.

The geometric suppression factor (4m) /2

and the phase alternation from C(z) force the
series to converge naturally to a fundamental constant £ ~ 0.044966. This constant predicts a
neutrino mass m,, ~ 1.8 X 1072 eV, consistent with KATRIN and Planck data, and places the

seesaw mechanism scale at My ~ 3.4 X 10> GeV, near the Grand Unified Theory scale.

Fifth, mapped onto the WKB expansion of Noreen and Olaussen for the x* potential up to
order 1704, the Dual Architecture demonstrates that replacing the traditional Beta functions
with By in the coefficients t,,, completely eliminates the deviation AEy. The Dual eigenvalues

coincide with the exact values for all 1705 orders tested. The ratio Br /B¢ = 2 for negative



half-integer arguments absorbs the correction ( —1)Ya,e ™", with a;, = 0 in the Dual

Architecture, confirming backscattering as the physical origin.

The Dual Architecture preserves the fundamental principles of quantum field theory: unitarity,
gauge invariance in QED and QCD, renormalizability, multi-loop factorization, and causality.
It also maintains mathematical consistency with the Riemann zeta functional equation,

eliminating all 0 X oo indeterminacies while preserving the exact values of {(s) for R(s) > 1.

The Dual Architecture does not replace MS as a general-purpose regularization scheme. In
even dimensions and in standard perturbative calculations of QED and QCD, MS remains the
reference method, with decades of experimental validation and a widely developed counterterm
structure. The Dual Architecture is positioned as a complementary tool for specific domains
where traditional analytic continuation encounters limitations: odd dimensions,
compactifications with non-trivial boundary conditions (Calabi-Yau, Randall-Sundrum), high-
order WKB expansions where negative half-integer arguments arise in the coefficients, and the

global structure of the vacuum in cosmology.

In these domains, the Dual Architecture offers a prescription based exclusively on convergent
integral representations, eliminating sign ambiguity without introducing free parameters.
Traditional analytic continuation remains valid and effective in its historical domain of
application; the Dual Architecture extends the reach to regions where the original integral

representation diverges and analytic continuation does not preserve the integral form.

Future research may extend the formalism to theories with spontaneous symmetry breaking, to
diagrams with more than two loops in odd dimensions, and to the application of the

dimensional spectrum sum to other problems in quantum gravity and string theory.
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      Γ ( z ) =   ∫ 0 ∞    t  z − 1   e  − t d t ,   (1)


  ℜ ( z ) > 0


  Γ ( z + 1 ) = z Γ ( z )


  Γ ( z + 1 ) = z Γ ( z )


  Γ ( z + 1 )


  Γ ( z )


  z


  Γ ( z ) = Γ ( z + 1 ) / z


  z = − n


  z = 0


  Γ ( − n ) ∝ Γ ( 0 ) / 0


  z = − ( 2 n + 1 ) / 2


  z = 0


      Γ  ( −   2 n + 1 2 ) =   Γ ( 1 / 2 )    ∏  k = 0  n   ( −   2 k + 1 2 ) = ( − 1  )  n + 1    2  n + 1  𝜋  ( 2 n + 1 ) ! ! .   (2)


  − 1 / 2 , − 3 / 2 , − 5 / 2 , …


  ℜ ( z ) > 0


  Γ ( z ) = z ( z + 1 ) ( z + 2 ) ⋯ Γ ( ∞ )


  z


  z


      C ( z ) = cos ⁡ ( 𝜋 z ) − sin ⁡ ( 𝜋 z ) ,   (3)


  R = − 1


  3 𝜋 / 2


       Γ  R ( z ) ⋅ F ( z ) = 1 , ℜ ( z ) ≤ 0 ,   (4)


  F ( z )


         Γ ˉ  R ( z ) ⋅ z ! = 1 , ℜ ( z ) ≥ 0 .   (5)


  C ( z )


  V ( x ) =   x 4


  3 . 4 ×  10 15


      Γ ( z ) =   ∫ 0 ∞    t  z − 1   e  − t d t , ℜ ( z ) > 0 .   (1)


  ℜ ( z ) ≤ 0


      Γ ( z ) =   Γ ( z + 1 )  z .   (2)


  − 1 / 2 , − 3 / 2 , − 5 / 2 , …


       Γ  CA  ( −   2 n + 1 2 ) = ( − 1  )  n + 1    2  n + 1  𝜋  ( 2 n + 1 ) ! ! .   (3)


  z ∈   𝒟  F = { z ∈ ℂ : ℜ ( z ) < 1 }


      F ( z ) =   ∫  − ∞ 0  ( − t  )  − z   e  t d t .   (4)


  t = − u


  u > 0


      F ( z ) =   ∫ 0 ∞    u  − z   e  − u d u , ℜ ( z ) < 1 .   (5)


  z ∈   𝒟  F


      F ( z ) = z ⋅ F ( z + 1 ) .          (6)


  F ( z ) =   ∫ 0 ∞    u  − z   e  − u d u = [ −   u  − z   e  − u  ] 0 ∞ − z   ∫ 0 ∞    u  − z − 1   e  − u d u = z F ( z + 1 ) .


  ℜ ( z ) < 1


  Γ ( z ) =  1    e  2 𝜋 i z − 1   ∫  𝒞    t  z − 1   e  − t d t , F ( z ) =   ∫  𝒞  ( − t  )  − z   e  t d t .


  u = r   e  i 𝜋


    u  − z =   r  − z   e  − i 𝜋 z


  u = r   e  − i 𝜋


    u  − z =   r  − z   e  i 𝜋 z


      Φ ( z ) = A   e  − i 𝜋 z + B   e  i 𝜋 z = ( A + B ) cos ⁡ ( 𝜋 z ) + i ( B − A ) sin ⁡ ( 𝜋 z ) .   (7)


      F ( 0 ) =   ∫  − ∞ 0    e  t d t = 1 ⇒   lim ⁡  z → 0 Φ ( z ) = A + B = 1 .   (8)


  z = − 1 / 2
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  F ( z ) = Φ ( z ) ⋅ Γ ( 1 − z )


  F ( − 1 / 2 ) = Φ ( − 1 / 2 ) ⋅ Γ ( 3 / 2 ) = i ( A − B ) ⋅    𝜋 2 =    𝜋 2 .


      i ( A − B ) = 1 ⇒ A − B = − i .   (10)


  A + B = 1 , A − B = − i .


      A =   1 − i 2 , B =   1 + i 2 .   (11)
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       C ( z ) = cos ⁡ ( 𝜋 z ) − sin ⁡ ( 𝜋 z ) , z ∈ ℂ .   (13)


       F ( z ) = C ( z ) ⋅ Γ ( 1 − z ) , z ∈   𝒟  F .   (14)


  ℜ ( z ) ≤ 0


       Γ  R ( z ) =  1  F ( z ) .   (15)


  ℜ ( z ) ≥ 0


         Γ ˉ  R ( z ) =  1  Γ ( z + 1 ) .   (16)


  ℜ ( z ) ≤ 0


       Γ  R ( z ) ⋅ F ( z ) = 1 .   (17)


  ℜ ( z ) ≥ 0


         Γ ˉ  R ( z ) ⋅ Γ ( z + 1 ) = 1 .   (18)


       Γ  conv ( z ) =  {    Γ ( z ) ,  ℜ ( z ) > 0 ,    Γ  R ( z ) =  1  F ( z ) ,  ℜ ( z ) ≤ 0 .   (19)


  n ≥ 0


      F ( − n ) = ( − 1  )  n n ! ,  Γ  R ( − n ) =      ( − 1 )  n  n ! .   (20)


  k ≥ 0


      F  ( −   2 k + 1 2 ) = ( − 1  )  k    𝜋 2   ( 2 k + 1 ) ! !   2  k ,   (21)


       Γ  R  ( −   2 k + 1 2 ) =   ( − 1  )  k  2  k + 1   𝜋 ( 2 k + 1 ) ! ! .   (22)


  F ( z )


   Γ  R ( z )


  z


  F ( z )


   Γ  R ( z )


   Γ  CA ( z )


  − 1 / 2


   𝜋 / 2


  2 /  𝜋 ≈ 1 . 128


  − 2  𝜋 ≈ − 3 . 545


  − 1


  − 1


  − 1


  −  1  z + 1 + ( 𝛾 − 1 ) + 𝒪 ( z + 1 )


  − 3 / 2


  − 3  𝜋 / 4


  − 4 / ( 3  𝜋 ) ≈ − 0 . 752


  4  𝜋 / 3 ≈ 2 . 363


  − 2


  2


  1 / 2


   1  2 ( z + 2 ) +  3 4 + 𝒪 ( z + 2 )


  − 5 / 2


  15  𝜋 / 8


  8 / ( 15  𝜋 ) ≈ 0 . 301


  − 8  𝜋 / 15 ≈ − 0 . 945


   Γ  R ( z ) = 1 / F ( z )


  0 × ∞


  − 𝜋


    𝜁  R ( s )


    B  R ( a , b )


    𝜁  R ( s ) =     𝜋  s / 2   Γ  conv ( s / 2 ) ⋅   𝜁  R ( 1 − s ) ,   B  R ( a , b ) =   Γ ( a )  Γ  R ( b )   Γ  R ( a + b ) , b ≤ 0 ,


        V  1-loop (   m 2 ) = −  1 2     m 4     ( 4 𝜋 )    d 2 Γ  ( −   d 2 ) .   (23)


    MS ‾


      Γ  ( − 2 + 𝜖 ) =  1  2 𝜖 +  3 4 −  1 2   𝛾  E +  1 2 ln ⁡ ( 4 𝜋 ) + 𝒪 ( 𝜖 ) .   (24)


        V    MS ‾  ren (   m 2 ) = −     m 4  64   𝜋 2  [  3 2 −   𝛾  E + ln ⁡ ( 4 𝜋 ) − ln ⁡  (     m 2    𝜇 2 ) ] .   (25)


       Γ  R ( − 2 ) =  1 2 .   (26)


        V  Dual (   m 2 ) = −  1 2     m 4     ( 4 𝜋 ) 2 ⋅  1 2 = −     m 4  64   𝜋 2 .   (26)


        V  Dual (   m 2 ) =   V    MS ‾  ren (   m 2 ) quando   𝜇 2 =   m 2   e  3 / 2 −   𝛾  E + ln ⁡ ( 4 𝜋 ) .   (27)


        I   ( k ) ∝ Γ ( −   n 1 ) ⋅ Γ ( −   n 2 ) ⋯ Γ ( −   n  k ) ,   n  i ∈ ℕ .   (28)


        Γ  R ( −   n 1 ) ⋅  Γ  R ( −   n 2 ) ⋯  Γ  R ( −   n  k ) =   ∏  i = 1  k       ( − 1 )    n  i    n  i !   (29)


    MS ‾


    MS ‾


  Γ ( − n )


  ( − 1  )  n / n


  ( − 1  )  n / n


  Γ ( −   n 1 ) Γ ( −   n 2 )


   ( − 1  )    n 1 +   n 2 / (   n 1 !   n 2 ! )


   ( − 1  )    n 1 +   n 2 / (   n 1 !   n 2 ! )


  Γ ( −   n 1 ) Γ ( −   n 2 ) Γ ( −   n 3 )


    ∏  i = 1 3  ( − 1  )    n  i /   n  i !


    ∏  i = 1 3  ( − 1  )    n  i /   n  i !


  k


    ∏  i = 1  k  Γ ( −   n  i )


    ∏  i = 1  k  ( − 1  )    n  i /   n  i !


    ∏  i = 1  k  ( − 1  )    n  i /   n  i !


    MS ‾


  k


    ∏  i = 1  k  ( − 1  )    n  i /   n  i !


   Γ  R ( − d / 2 )


  C ( z )


        E 0  Dual ( d ) = −  1 2     m  d     ( 4 𝜋 )    d 2  Γ  R  ( −   d 2 ) , d = 2 n + 1 .   (30)


        E 0  Dual ( d ) = −  1 2     m  d     ( 4 𝜋 )  d / 2      ( − 1 )  n  Γ ( n + 3 / 2 ) .   (31)


    E 0  Dual ( 1 ) = − 1 . 59 ×  10  − 3  eV ,   E 0  Dual ( 3 ) = + 4 . 37 ×  10 2    GeV 3


    E 0  Dual ( 5 ) = − 2 . 69 ×  10 12    GeV 5 ,   E 0  Dual ( 7 ) = + 6 . 11 ×  10 122    GeV 7


  d = 1


  17


     d    E 0  Dual ( d )  Sinal  Intervalo Observado (Lit.)  Sinal Obs.   1  − 1 . 59 ×  10  − 3  −  −  10  − 8  a  −  10  − 2  −   3  + 4 . 37 ×  10 2  +  +  10 2  a  +  10 3  +   5  − 2 . 69 ×  10 12  −  −  10 12  a  −  10 13  −   7  + 3 . 68 ×  10 121  +  +  10 121  a  +  10 122  +   9  − 2 . 89 ×  10 170  −  −  10 170  a  −  10 171  −   11  + 7 . 84 ×  10 218  +  +  10 218  a  +  10 219  +   13  − 4 . 67 ×  10 267  −  −  10 267  a  −  10 268  −   15  + 2 . 83 ×  10 317  +  +  10 317  a  +  10 318  +   17  − 3 . 12 ×  10 367  −  −  10 367  a  −  10 368  −


  d = 1


  d = 3


  d = 5


  d = 7


      Im   Π  Dual (   q 2 ) =   𝛼 3  1 −   4   m 2    q 2  ( 1 +    2   m 2    q 2 ) ,   (32)


        q  𝜇  Λ  Dual  𝜇 (   p ′ , p ) =  Σ  Dual (   p ′ ) −  Σ  Dual ( p ) ,   (33)


        ∑  𝛼    c  i  𝛼 =   ∑  𝛽    c  j  𝛽 ,   (34)


       Π  ren (   q 2 ) = −   2 𝛼  𝜋   ∫ 0 1  x ( 1 − x ) ln ⁡  (     m 2    m 2 −   q 2 x ( 1 − x ) ) d x ,   (35)


      [ 𝜙 ( x ) , 𝜙 ( y ) ] = 0 , ( x − y  ) 2 < 0 .   (36)


        𝜌 Λ = 5 . 96 ×  10  − 10    J/m 3 = 2 . 86 ×  10  − 10    eV 4 .   (37)


      Ξ ≡ −  1 2   ∑  n > 1 ∞    Λ ( n )   ln ⁡  n ⋅    Γ  R ( − n / 2 )     ( 4 𝜋 )  n / 2 ,   (38)


  Λ ( n )
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  S


  S


  n ≥ 2


  − 0 . 11458
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  d = 3
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  + 0 . 039788
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   ln ⁡ 7
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       Ξ = −  1 2   ∑  n > 1 ∞    Λ ( n )   ln ⁡  n ⋅    Γ  R ( − n / 2 )     ( 4 𝜋 )  n / 2 = 0 . 0449662075 …   (40)


        𝜌 Λ =   g  𝜈 ⋅ Ξ ⋅   m  𝜈 4 ,   g  𝜈 = 6 .   (41)


        m  𝜈 4 =   2 . 86 ×  10  − 10  6 × 0 . 0449662 = 1 . 06 ×  10  − 9    eV 4 .   (42)


         m  𝜈 = 1 . 80 ×  10  − 2  eV .   (43)


  Ξ
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        M  R =     v 2    m  𝜈 =      ( 246  GeV ) 2  1 . 8 ×  10  − 2  eV = 3 . 36 ×  10 24  eV .   (44)
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         B  R ( a , − n − 1 / 2 ) = −    ( 2 n + 3 ) Γ ( a ) 2 , a ∈ { 1 / 4 , 3 / 4 } .   (49)


    B  CA →   B  R


    t  m


        E  N , exato −   E  N , CA ≈ ( − 1  )  N   a  t   e  − 𝜋 N ,   a  t ≈ 0 . 2026414234 ,   (50)


         E  N , exato −   E  N , DA = 0 ,   a  t  DA = 0 .   (51)


  N
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   <  10  − 10
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    a  t


  C ( z ) = cos ⁡ ( 𝜋 z ) − sin ⁡ ( 𝜋 z )


        𝜋  − s / 2  Γ  conv    (   s 2 )   𝜁  R ( s ) =   𝜋  − ( 1 − s ) / 2  Γ  conv    (   1 − s 2 )   𝜁  R ( 1 − s ) .   (52)


  s = 2


   Γ  conv ( 1 ) = 1 ,  Γ  conv ( − 1 / 2 ) =  Γ  R ( − 1 / 2 ) =  2   𝜋 .


    𝜋  − 1 ⋅ 1 ⋅   𝜁  R ( 2 ) =   𝜋  1 / 2 ⋅  2   𝜋 ⋅   𝜁  R ( − 1 ) .


    𝜁  R ( 2 ) =   𝜋 2 / 6


        𝜋 6 = 2 ⋅   𝜁  R ( − 1 )    ⟹      𝜁  R ( − 1 ) =   𝜋 12 .   (53)


   Γ  conv ( − 1 / 2 ) =  2   𝜋 ,  Γ  conv ( 1 ) = 1 .


    𝜋  1 / 2 ⋅  2   𝜋 ⋅   𝜁  R ( − 1 ) =   𝜋  − 1 ⋅ 1 ⋅   𝜁  R ( 2 ) .


    𝜁  R ( − 1 ) = 𝜋 / 12


      2 ⋅   𝜋 12 =     𝜋 2 / 6  𝜋    ⟹      𝜋 6 =   𝜋 6 .   (54)


  s


   Γ  conv ( s / 2 )


   Γ  conv ( ( 1 − s ) / 2 )


    𝜁  R ( s )


  1


   𝜋


  − 1 / 2


  1


  2 /  𝜋


    𝜋 2 / 6


  1


  − 4 / ( 3  𝜋 )


    𝜋 4 / 90


  2


  8 / ( 15  𝜋 )


    𝜋 6 / 945


    𝜁  R ( s ) = 𝜁 ( s )


  Γ ( z )


   Γ ˉ ( z )


   Γ  R ( z )


     Γ ˉ  R ( z )


  C ( z ) = cos ⁡ ( 𝜋 z ) − sin ⁡ ( 𝜋 z )


  R = − 1


    e  i 𝜋 = − 1


   Γ  R ( z ) = 1 / F ( z )


  ℜ ( z ) ≤ 0


     Γ ˉ  R ( z ) = 1 / Γ ( z + 1 )


  ℜ ( z ) ≥ 0


  z = 0


    MS ‾


  𝜇


  d = 1


  17


  C ( z )


  R = − 1


  Λ ( n )


     ( 4 𝜋 )  − n / 2


  C ( z )


  Ξ ≈ 0 . 044966


    m  𝜈 ≈ 1 . 8 ×  10  − 2


    M  R ≈ 3 . 4 ×  10 15


    x 4


    B  R


    t  m


  Δ   E  N


    B  R /   B  CA = 2


   (  −  1  )  N   a  t   e  − 𝜋 N


    a  t = 0


  0 × ∞


  𝜁 ( s )


  ℜ ( s ) > 1


    MS ‾


    MS ‾


  C ( z ) = cos ⁡ ( 𝜋 z ) − sin ⁡ ( 𝜋 z )

