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ABSTRACT

The article proposes to use all 12 metric solutions of the Einstein’s vacuum equation with the A-term within the framework
of constructing a single system consisting of metric-dynamic models of one stable convex vacuum formation and one stable
concave vacuum formation. This approach is a prerequisite for the creation of a Hierarchical Cosmological Model [16 —
31], aimed at developing the Clifford-Einstein-Wheeler program for the complete geometrization of physics.
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INTRODUCTION

Einstein's vacuum equation (EVE) with the A-term has the form:

Ry +Agu =0, (M
where g are the components of the metric tensor of a smooth 4-dimensional space with the Riemann metric

ds* = g dx'dx’,
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Ik = ~g (_axi ot axu) are the Christoffel symbols; (3)

T;x = 0 is the energy-momentum tensor of an external material source; “)

A =+ 3/12% is a constant (where 7, is the radius of the sphere); in cosmology, it is called the (5)

cosmological constant. If r, — oo, then the value of A tends to zero (A = 0).

The vacuum equation (1) is the quintessence of the experience acquired by the scientific community by the beginning of
the 20th century, as it harmoniously intertwines, in a mysterious way, many fundamental epistemological principles under-
lying science [1 — 12]:

1] The principle of general covariance (i.e., the independence of the form of equations and invariants from the choice of
coordinate system or reference frame; essentially, the tensor nature of equations);

2] The principle of coordinate invariance (i.e., the independence of the laws of physics from the choice of coordinate
system). The difference between general covariance and coordinate invariance lies in the object to which the requirement
of invariance is directed: the form of equations or the value of a physical quantity;

3] The principle of equivalence (i.e., local curvatures, movements, and accelerations are assigned local reference frames).
The concept of "force" is replaced by motion by inertia in curved space-time;

4] The principle of the independence of the speed of light from the reference frame (i.e., the unification of space and time
into a single space-time continuum with a metric of the form ds?> = — ¢?df* + dx* +dy*+ dz*= 0;
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5] The principle of causality (i.e., any event can have a causal effect only on those events that occur after it, i.e., within a
circle with a radius no greater than / = cdt where dt is the time interval between events);

6] The principle of extremum of action (geodesic lines of curved 4-dimensional space are extremal). David Hilbert showed
that the tensor R;;, — %R Jix, which is part of the fundamental equation of Albert Einstein's general relativity, can be obtained

on the basis of the variational principle of least action from the Lagrangian L = R,/—g (where R = g'*R;; is the scalar
curvature (i.e., the Riemann invariant), g = |g;| is the determinant of the matrix g;;);

7] Symmetry Principle (conditions of invariance, which imply conservation laws);
8] Relativity Principle (Eq. (1) involves only relative quantities, including time);

9] Quasilinearity: Despite its nonlinearity, Eq. (1) is quasilinear, since the highest (second) derivatives enter it linearly. This
guarantees that the Cauchy problem (time evolution) is well-posed under smooth initial conditions;

10] Diffeomorphic Invariance (Gauge Freedom): If g;; is a solution, then any solution obtained by applying an arbitrary
change of coordinates (diffeomorphism) is also a solution. This means that the system contains 4 degrees of freedom (phys-
ical) out of the 10 components of the metric. The remaining 6 are gauge and connected degrees;

11] For T,,, = 0, the condition V,T#” = 0 is trivially satisfied. Therefore, any test particles in such a space move along
geodesic lines;

12] Absence of a distinguished scale (scale invariance): vacuum equation (1) contains only one fundamental constant, ¢ the
speed of light; the scale (radius) appears only when boundary conditions are introduced;

13] Vacuum equation (1) is invariant under the substitution ¢ = —t (absence of an arrow of time);

14] Self-consistency: under the condition of global hyperbolicity, vacuum equation (1) guarantees that geodesic lines do
not intersect chaotically, preserving causality;

15] At each point in Riemannian spacetime one can always choose a locally inertial system such that its metric becomes
flat to the first order, and this property is built into Eq. (1) itself;

16] Vacuum equation (1) can be viewed as 10 conservation laws for identifying stable vacuum formations, since the covar-
iant derivative on the right-hand side of Eq. (1) is equal to its ordinary derivative and is zero

a0 a0
Vj0 ==~ 130 = I};0 == =0. (6)
Therefore, the covariant derivative of the left-hand side of Eq. (1) is also equal to its ordinary derivative and is zero (this is
a consequence of the tensor nature of this equation)

A[Rik+AGir]
Vi[Rix + Agu] = = 7<= 0. ()
17] The main property of the vacuum equation (1) is the paradox of emptiness. It represents a rigid, self-sufficient system
that, in the absence of matter, does not exclude the existence of stable deformations of space-time and wave vacuum dis-
turbances propagating at the speed of light and obeying strict geometric conservation laws.

Moreover, upon closer examination, it can be shown that Einstein's vacuum equation (EVE) (1) latently contains Aristotle's
"Analytics" (i.e., formal logic), Euclid and Riemann's "Geometry," Newton's "Natural Philosophy," Kant's "Critique of
Pure Reason," Hegel's "Phenomenology and Dialectics," and much more. That is, Eq. (1) condenses the wealth of human
knowledge accumulated by the 20™ century AD.

This combination of fundamental scientific and philosophical principles in a single Eq. (1) imparts a sense special signifi-
cance to its solutions.



MATERIALS AND METHOD

1 Solutions of the Einstein’s Vacuum Equation With the A-term

The solutions in spherical coordinates (¢, r, 6, ¢) of the Einstein’s vacuum equation with the 4-term (1)

Ry + Agy =0 ()
are 10 general (Kottler’s) metrics* [1 — 12]
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Of these, five metric-solutions have the signature (+ — — -):
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and five similar metric-solutions with the opposite signature (— + + +)
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* The metrics-solution (9) — (18) are taken from various sources, including [1 — 12]. Furthermore, these metrics have been confirmed to
be solutions of Einstein's vacuum equation (1) using several Artificial Intelligences (Al): Kimi K2.5, Claude Opus 5, Grok 4.5, Giga.chat,
and Deepseek. Simply plug these metrics into any AL

Modern scientific papers typically use only one signature (+ — — —) or (— + + +), while solution metrics, such as (9) — (13),
are considered separately for various cosmological problems (Table 1).



Table 1 — Parameters of metric-solutions for vacuum equation (1)

Mass Scalar
MNo r Metric, A arameter, curvature,
f() , P
M R

A<O 12

o 212 Schwarzschild - anti-de Sitter (Sch-AdS M>0 2

-1, /T +1°/14 chwarzschild — anti-de Sitter (Sch-AdS) 77

- A>0 12

2 L+n/r—r/r Schwarzschild — de Sitter (Sch-dS) M >0 12

(with a negative cosmological constant)
A>0 + 12
3 1—ry /T —12/12 Schwarzschild — de Sitter (Sch-dS)** M >0 12
(standard Sch-dS metric or Kottler metric)
A<O 12
4 1+ 1, /T +72/12 Schwarzschild — anti-de Sitter (Sch-AdS) M <0 12
(repulsive central solution in anti-de Sitter space)
5 1 A=0 M 0
Uncurved Minkowski space
** For the first time, Friedrich Kottler wrote down a metric of the form (11) (the Kottler metric)
dsBottier = ( - rTb - :—2) 2dt? — —2__ 12(dg? + sin? 0 d¢p?), (119

A
in article [3], which was published in March 1918, after the publication of Einstein's general relativity.
In the limiting case: ra# o and rp =0, the Kottler metric (11) becomes the de Sitter metric

2 2
dsfe siceer = (1 - :—) cdt® — (drﬂ) —r2(d6? + sin? 6 do?).

K
In another limiting case: ra = oo and r» # 0, the Kottler metric (11) becomes the Schwarzschild metric
dr?

dssz‘chwarzschild = (1 - TTb) c?dt? — (1_%,) —12(d6? + sin? 6 dp?).

In the third case: ra= o0 and ry= 0, the Kottler metric (11) takes the form of the Minkowski metric for the uncurved space

dSI\Z/Iinkowski = c?dt? —dr? — r2(d92 +sin® @ dd)z)-

Therefore, the metrics-solutions of the Einstein vacuum equation (9) — (12) and (14) — (17) are called, respectively, Schwarzschild — de

Sitter metrics and Schwarzschild — anti-de Sitter metrics (abbreviated as Sch-dS and Sch-AdS metrics).

2 Combining Solutions of the Vacuum Equation

Einstein's vacuum equation (1) is a nonlinear equation, so the sums and differences of metrics (9) — (13) and (14) — (18)

cannot be solutions of this equation.

On the other hand, Eq. (1) defines the metric-dynamic state of a certain vacuum region, and all its metric-solutions, such as
(9) — (13), equally apply to this region. In other words, all solutions (9) — (13) with the signature (+ — — —) must belong to
one system (specifically, to the stable convexity of the vacuum), and all solutions (14) — (18) must belong to the second,

opposite system (specifically, to the stable concavity of the vacuum).

The sum of all 10 solution metrics (9) — (18)

ds$P? = ¥3  ds™? + Y1 dsj(_)2 =0

(19)




leads to the two zero metric

ds$P? = 40+ 2dt> F0-dr? T 0-12d6% F 0 r?sin? 6 dp? = 0,

(20)

which are the 11" and 12" trivial initial metric-solutions of the vacuum equation (1) [14].

Thus, it is obvious that a situation is possible when the total sum of solutions of the nonlinear Eq. (1) is also its solution,
which further supports the idea that all 12 above-mentioned metric-solutions belong to a single system.

In the articles [16 — 31], under the general title "Geometrized Vacuum Physics Based on the Algebra of Signature", an
attempt was made to combine all metric-solutions (9) — (20) of the Einstein vacuum equation (1) within a single system.

Averaging all 10 metrics (9) — (18) leads to complete mutual compensation, since their sum (19) is zero. Therefore, it is
proposed to separately average metrics (9) — (12), which determine the structure of the vacuum convexity, and metrics (14)

— (17), which determine the structure of the vacuum concavity.

The result of averaging, for example, metrics (9) — (12), is the metric
dszm2 = i i dsi(Jr)2 = c2dt? — gf{)(r)dr2 —12d0?% —r?sin? 6 d¢?,

where
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We substitute the components gi(;“) from the averaged metric (21) into the

expressions for the components of the 4-vector of relative elongation of
vacuum (47) in [18] (see also [15])

H_ &)
g.. —g
i +)uo _ 1’ (23)

2

where the components g;;;’ are taken from the uncurved metric (13).

As a result, we obtain

9940 )
LAt 1= g~ 1= (24)
iio

iP=0, 1P=0 157=0. (25)

The graph of the function lﬁﬂ (24) with the conventionally accepted
7, =90 and 7, = 1.5, which determines the relative elongation of the
vacuum in the radial direction, is shown in Figure 1. From this graph it is
evident that a practically hollow sphere (i.e., a closed spherical space,
reminiscent of the de Sitter world) with strongly stretched edges is ob-
tained, inside which there is a spherical cavity (a Schwarzschild nucleo-
lus).

e2y)

I(r) \_ |

Fig. 1: Graph of the relative elongation function

l£+) (24), which determines the relative elongation
of a vacuum in the radial direction. Calculations
were performed using MathCad 15 software.



We will call such a convex vacuum formation a Schwarzschild-de Sit-
ter’s "corpuscle." Performing similar operations with metric-solutions
(14) — (17) with the opposite signature (— + + +), we obtain a similarly
structured spherical vacuum concavity (i.e., a Schwarzschild - de Sit-
ter’s "anti-corpuscle™).

The radii 1, and 7, are initially undefined. That is, vacuum equation
(1), due to scale invariance, allows for any value, provided 1, < 1.
Therefore, Schwarzschild - de Sitter "corpuscles” (i.e., spherical vac-
uum convexities) and "anti-corpuscles” (i.e., spherical vacuum con-
cavities) can be of any size.

This property of Einstein's vacuum equation (1) in combination with
the use of all 16 possible signatures of 4-dimensional metric spaces
(70) in [21]

(26)
++++) F++-) ++-) ++-4)
. A == ++H) =+ (—+-1)
sign(@s®?) =\ L __ ) (hrmn) (hmmm) (-t
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allowed us to construct a Hierarchical Cosmological Model [21 — 27],
within the framework of which the Universe is filled by an infinite
number of “corpuscles” and “anti-corpuscles” of various scales with a  Fig. 2: Illustration of a space filled with "corpus-
fixed set of radii r,; and ,; (Figure 2). cles" and "anti-corpuscles” of varying scales

CONCLUSIONS

This brief communication attempts to draw the attention of the scientific community to the fact that considering all 12
possible metric-solutions (9) — (18) and (20) of Einstein's vacuum equation (EVE) (1) within a single metric-dynamic model
(system) leads to quite meaningful results.

This approach allows us to construct a Hierarchical Cosmological Model (or “EVE project”) [16 — 31]. Within this Hierar-
chical Cosmological Model, space is filled with stable, closed spherical (convex and concave) vacuum formations ("cor-
puscles" and "anti-corpuscles") of varying scales (see Figure 2).
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