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Abstract

Black Hole Cosmology has traditionally been challenged by the apparent incompatibility
between black hole interiors and cosmic expansion. However, because classical general
relativity, on which this criticism is based, is itself incomplete in black hole interiors, the
criticism rests on an incomplete premise. We reformulate this problem using total grav-

pGM?
itational self-energy (GSE). The total GSE functional Ug,_r(R) = —— fr (1 — iGgg)

contains a negative GSE term and a positive matter—-GSE interaction term responsible
for the repulsive radial response, where § denotes the structural coefficient of the GSE
functional. For a matter-filled black hole interior, this energy landscape yields finite radii,
including Ry = (56/7)Rs, Rmingn = 5PRs/(14—5p), and Ryjn g = (56/14)Rs. Thus,
the point singularity is replaced by a finite-radius structure, allowing sufficiently massive
black holes to contain macroscopic nonsingular interiors. This supports the possibility of
closed black hole universes whose interiors exhibit weak local curvature and small tidal
gradients. For our observable universe, the relevant configuration is not an isolated vac-
uum black hole, but a cosmological black hole embedded in a much larger, nearly homo-
geneous matter distribution. The matter-sector mass enclosed within the present particle
horizon gives a Schwarzschild-equivalent event horizon radius Rg ~ 150.4 Gly, whereas
the causal radius is Ry =~ 46.5 Gly, giving Rg/Ry =~ 3.23 > 1. In this compactness sense,
the observable universe lies within its own Schwarzschild-equivalent radius. The cosmo-
logical application of total GSE yields the dark energy density p, = ﬁ% g_,s, (% B 1).
Under the matter-dominated background approximation with w, =~ —1, the condition
for accelerated expansion is p, > p,,, /2, or equivalently, Ry < Reyjry =~ 0.279 SRs. The
framework provides a three-stage interpretation of cosmic history: early accelerated
expansion driven by total GSE, a decelerating phase during the radiation era and the
matter era, and late-time accelerated expansion driven by total GSE dark energy. Thus,
accelerated cosmic expansion is not evidence against Black Hole Cosmology, but rather
a central signature of a cosmological black hole. The predicted dark energy density pro-
vides a direct observational test of this interpretation of the observable universe.
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1 Introduction

1.1 Historical Background of Black Hole Cosmology

The possibility that the universe itself may exist inside a black hole interior has appeared in
several forms since the 1970s. One of the earliest explicit examples is Pathria’s proposal that
the universe may be compared with a black hole by relating its cosmological mass and radius
to the corresponding Schwarzschild radius [1]. The basic motivation comes from comparing
a cosmological mass and radius scale with the Schwarzschild radius,

2GM
S =

2 1)
If a mass M is enclosed within a sufficiently large radius R, the associated Schwarzschild ra-
dius can become comparable to, or even larger than, the physical radius of the system. This
observation gave rise to the historical “universe as a black hole” argument.

A related line of thought appeared in the idea of nested or “Chinese” universes, in which
black hole interiors may be connected to other cosmic domains [2]. Later developments con-
sidered the possibility that black holes formed through astrophysical collapse could contain
internal universes, baby universes, or a black hole multiverse [3,4]. In this broader class of
scenarios, each sufficiently massive black hole may form its own internal cosmological domain.
Black hole formation can then be viewed as a possible channel through which new universe
type regions arise.

The present paper belongs to this broad historical family of Black Hole Cosmology (BHC),
but it introduces a different dynamical mechanism. Instead of relying only on the classical
Schwarzschild interior picture, we analyze the interior of a self gravitating configuration us-
ing total gravitational self-energy (GSE) dynamics. This work also extends earlier GSE based
approaches to the problems of Black Hole Cosmology [5] by using the two term total GSE
structure developed in the later total GSE framework [6,7]. Within this framework, the singu-
larity problem, the apparent absence of habitable interior regions, and the expansion problem
can be reconsidered in terms of total GSE dynamics.

1.2 Standard Objections to Black Hole Cosmology

Despite its historical interest, BHC has not become a mainstream cosmological model because it
appears to face several serious conceptual problems. These problems are not usually presented
as a single formal no-go theorem. Rather, they arise from comparing the classical black hole
interior picture with the observed properties of our universe. They were also summarized in
an earlier discussion of the problems of Black Hole Cosmology [5]. The main objections can
be stated as follows.

1) The singularity problem.

A classical Schwarzschild black hole interior contains a singular future boundary. In the
classical collapse picture, infalling matter is driven toward a singular limit rather than
toward a large, stable, matter filled region [8-11]. Therefore, the conventional black
hole interior picture does not provide a satisfactory explanation for how galaxies, stars,
planetary systems, and observers could exist inside a black hole universe.

2) The time-direction problem.

The location of the singular point along the time direction appears to differ between the
usual black hole interior description and standard cosmology. In the usual black hole
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interior description, the singular point lies in the future of infalling matter. By contrast,
in cosmological discussions, the Big Bang singularity lies in the past [8,12]. In the
conventional interpretation, the future singular point of a black hole and the past Big
Bang singularity of cosmology do not coincide.

The expansion problem.

Cosmic expansion appears to contradict the black hole interpretation. The standard
intuition associates a black hole interior with inward evolution and collapse. The ob-
served universe, however, expands, and observations of Type Ia supernovae, the cosmic
microwave background, and baryon acoustic oscillations support a late time accelerated
expansion [13-16]. For this reason, cosmic expansion has often been regarded as one
of the strongest objections to BHC.

Taken at face value, these objections have made BHC appear physically untenable and have
prevented it from becoming a mainstream cosmological model.

1.3

Conceptual Limitations of the Standard Objections

The objections summarized above are serious for a naive vacuum Schwarzschild interpretation
of black hole interiors. However, they do not by themselves constitute a final disproof of Black
Hole Cosmology. They rely on extrapolating the unmodified classical description into regimes
where that description is already known, or strongly suspected, to be incomplete [8,10,11].
The main conceptual limitations can be summarized as follows.

D
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The black hole interior is not experimentally fixed.

There is no observationally confirmed consensus model for the physical interior metric
of a black hole. General relativity has been extensively tested outside black holes, but
it has not been directly tested inside black holes. Since the classical theory predicts a
singular limit in black hole interiors [8, 11], this prediction itself signals the need for
a completion or modification in that regime. Wald explicitly describes the prediction
of singularities as a “breakdown of general relativity”, because the classical description
cannot be expected to remain valid near a spacetime singularity [17, p. 212]. Therefore,
arguments based only on the unmodified classical interior solution are not sufficient
to give final conclusions about the physical endpoint of collapse or about the possible
internal structure of a black hole universe.

Classical general relativity faces completion problems in extreme regimes.

Modern gravitational physics commonly treats these unresolved phenomena through
separate supplementary sectors or mechanisms. Their possible interpretation as manifes-
tations of a common incompleteness in the physical implementation of the gravitational
source is developed in detail in Ref. [7]. The conventional associations are summarized
in Table 1.

Each of these approaches provides a possible description of an individual phenomenon
and is supported by its own observational or theoretical literature. However, their exis-
tence does not establish that classical General Relativity is already complete throughout
finite black hole interiors and at macroscopic cosmological scales. As argued more fully
in Ref. [7], the continued need for several independent supplementary sectors leaves
open the possibility that some of these apparently separate problems reflect a common
incompleteness in the physical implementation of the gravitational source.



Unresolved problem Supplementary sector or mechanism

Primordial accelerated expansion An inflaton field [18-20]

Gravitational phenomena of galaxies Nonbaryonic dark matter [15,21,22]
and galaxy clusters

Late-time cosmic accelerated expansion A cosmological constant or an independent dark
energy sector [13,14,16,23]

Black hole singularities An unknown quantum-gravitational or
nonsingular-interior mechanism [11,24,25]

Ultraviolet divergences of quantum An effective-field-theory treatment or a new ultraviolet
gravity completion [26-30]

Table 1: Major unresolved problems of modern gravitational physics and the sepa-
rate supplementary sectors or mechanisms commonly introduced to address them.
Adapted from Ref. [7], with representative references to the corresponding conven-
tional frameworks.

These conceptual limitations motivate a quantitative reexamination of the observable uni-
verse itself. In Sec. 2, we show that the observable universe can be locally low density and
weak field while still having a globally important compactness and a non negligible GSE den-
sity. This prepares the ground for the central claim of the present paper: the same compactness
condition that makes black hole interiors problematic for unmodified classical GR may also be
relevant at the cosmological scale.

1.4 Definition of a Cosmological Black Hole and Aim of This Paper

In this paper, we use the term cosmological black hole to denote the Schwarzschild equiv-
alent gravitational configuration associated with the matter-sector mass contained inside an
observer-centered cosmological causal domain. For such a domain, the enclosed matter-sector
mass M(t), including baryonic matter and dark matter and excluding any independent dark
energy component, defines the corresponding Schwarzschild-equivalent radius scale,

2GM
Re() =200, @

This terminology does not mean that the entire universe is an isolated vacuum Schwarzschild
black hole. It assigns a Schwarzschild-equivalent radius to the mass energy contained inside
the chosen causal domain. Whether the causal radius Ry (t) lies inside this radius, namely
whether R;(t) < Rg(t), is a compactness condition to be evaluated for the observable universe.

In this compactness sense, the present observable universe lies inside its own Schwarzschild-
equivalent radius scale. The question of whether such a domain can later escape its Schwarzschild-
equivalent event horizon is addressed in Sec. 6.5.4.

The purpose of this paper is to reformulate Black Hole Cosmology using total GSE dynam-
ics. We argue that the three standard objections to BHC can be resolved within total GSE
dynamics. The singularity is replaced, within this framework, by a finite radius structure char-
acterized by Ry and Ry, gy [7]. The objection based on the apparent absence of habitable
interior regions is resolved in principle because sufficiently massive black hole interiors can
contain macroscopic nonsingular domains, with a stable GSE radius R, that can exceed the
size of the observable universe [5,7]. The expansion problem is transformed from an objec-
tion into a cosmological signature of Black Hole Cosmology based on total GSE dynamics: in
the cosmological application, the total GSE density appears as a dark energy density [6], and



for Ry < Ry g it becomes positive. When this positive component is large enough to satisfy
the appropriate acceleration threshold, it carries negative pressure for w, ~ —1 and can drive
accelerated expansion [6].

Finally, within the present framework, the accelerated expansion of the universe is not
evidence against Black Hole Cosmology; rather, it is interpreted as evidence for a total
GSE based Black Hole Cosmology. Thus, by deriving and testing the total GSE dark energy
density equation against the observed dark energy density, this paper argues that Black Hole
Cosmology can be made observationally testable [6].

2 The Incompleteness of Classical General Relativity in the Ob-
servable Universe

The preceding section explained why the standard objections to Black Hole Cosmology are not
decisive when they rely only on the unmodified classical Schwarzschild interior [8,10,17]. The
present section makes this point quantitative. The central observation is that a system can be
locally low density and weak field, while still possessing a globally important compactness and
a non negligible GSE density [6, 7]. Therefore, the usual weak field intuition is not sufficient
for judging the gravitational state of the observable universe as a whole.

The discussion in this section uses the ordinary single term GSE as a diagnostic. The full
total GSE dynamics will be introduced in the next section. The purpose here is more limited:
to show that, even when only the conventional GSE term is considered, its mass-equivalent
density can already exceed the mean matter density on the scale of the observable universe.

2.1 Failure of Both the Low Density Intuition and the Weak Field Intuition

The usual GSE of a self gravitating system has the form

GM?
Ugs = R 5 (3)

where f is a structural coefficient determined by the mass distribution. For a uniform New-
tonian sphere, 3 = 3/5 [31]. In relativistic or astrophysical compact configurations, f3 is
naturally of order unity [32,33], and for a centrally concentrated classical n = 3 polytropic
structure one has 3 = 3/2 [34].

Now consider the present observable universe with
Ry ~46.5Gly,  p,=~2.68x10"%"kgm3, 4

where p,, denotes the mean matter density including baryonic matter and dark matter [15].
For a spherical causal domain of volume

41
Vy=— R%P (5)
3
the enclosed matter mass is
M =p,Vy. (6)

The corresponding GSE density is obtained by dividing the mass equivalent of U by the causal
volume:
Ugs 47 /3 G
P gs — =

2 p2
Tay, T s Pt 7
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For 3 =1, this gives
Pgs ~—4.3x107* kgm ™. ®)

Therefore,
Pm:pPgs=1:—1.62. )

Thus, even though the observable universe is locally a low density and weak field system, the
magnitude of its GSE density exceeds the matter density itself.
If the same observable volume is evaluated using the standard critical density [15]

P ~852x10%"kgm 3, (10)

then the corresponding single term GSE density becomes

4G 45 ,
Py =55 PeRs. 1D
For 3 =1, this gives
s = —4.37 X 10720 kgm™3, (12)
or
Petpg~1:-5.13. (13)

If the Newtonian uniform sphere value 3 = 3/5 is used instead, the same estimate gives
Oc: p'gs ~1:-3.08. (14

These estimates show that, on the cosmic horizon scale, GSE is not a negligible correction
even in a low density and locally weak field universe [6, 7]. In this sense, the statement that
gravity must reduce only to the Newtonian potential in a low density, weak field regime is
incomplete. A system can remain locally weak field while its global gravitational self-energy is
dynamically important. Contrary to the local weak field intuition, sufficiently large cosmic do-
mains, including void like underdense regions when their characteristic scale is large enough,
can retain a weak local gravitational field while the GSE contribution becomes comparable to
or larger than the corresponding matter energy contribution.

2.2 The Observable Universe Satisfies the Black Hole Interior Compactness Con-
dition
The same limitation of the weak field intuition appears in the compactness ratio of the observ-
able universe. Taking the mean matter density, including baryonic matter and dark matter,
as [15]
Pm =~ 2.68 x 1072 kgm ™3, (15)

the matter only Schwarzschild-equivalent radius of the present observable universe is approx-
imately
Rg ~150.4Gly. (16)

Since the observable universe causal radius is
Ry ~ 46.5Gly, (17)

one obtains
Rs _ 150.4Gly
Ry  46.5Gly
Thus, even in low density and locally weak field situations, one can have a globally high
compactness configuration with Rg/Ry; > 1 [7,15].

A~ 3.23> 1. (18)



As a comparison scale, if the same observable volume is evaluated using the standard
critical density p, [15], the corresponding Schwarzschild-equivalent radius becomes approxi-
mately

Rg . ~477Gly, (19)

giving
Rs. 477Gly
Ry  46.5Gly

Therefore, the conclusion Rg/Ry; > 1 is not a marginal result of the matter only estimate; it
becomes even stronger when the critical density scale is used.

~ 10.3 > 1. (20)

When the compactness ratio is used as the diagnostic quantity, the observable universe lies
in a region satisfying
Ry <Rg, (21)

which corresponds to the compactness condition of a black hole interior. Classical general
relativity predicts a singularity at the endpoint of black hole collapse, where the classical de-
scription itself loses its physical applicability. Wald explicitly describes the prediction of sin-
gularities as a “breakdown of general relativity”, because the classical description cannot be
expected to remain valid near a spacetime singularity [17, p. 212]. This singularity prediction
is therefore a direct signal that the unmodified classical theory is not a complete description
of black hole interiors.

If General Relativity is incomplete inside a black hole,
then it is also incomplete in the observable universe.

Its incompleteness requires an inflaton field and dark energy.

This statement does not mean that the entire universe is an isolated vacuum Schwarzschild
black hole. It means that the observable universe satisfies the same high compactness condi-
tion that makes the classical black hole interior problematic. Therefore, using a theoretical
framework that is incomplete inside black holes as a decisive argument against Black Hole
Cosmology contains an internal limitation. In this view, the dark energy sector can be inter-
preted as a manifestation of a missing gravitational principle required for a cosmic domain
with black hole interior compactness [6].

This motivates the total GSE framework developed in the following sections [6, 7].

2.3 Spherical-Domain Compactness in an FLRW Universe

The assignment of a Schwarzschild-equivalent radius to an observer-centered cosmological
domain does not replace the FLRW metric with the Schwarzschild vacuum metric. The cos-
mological background remains homogeneous and isotropic, and its evolution is governed by
the Friedmann equations. The quantity

2GM(R)
C2

Rs(R) =

is used here as the gravitational-radius scale associated with the mass enclosed inside a spher-
ical domain of areal radius R.

For a homogeneous and isotropic cosmic fluid, consider a comoving spherical domain
whose physical radius is

R(t)=a(t)y.



Its radial acceleration follows directly from the Friedmann acceleration equation,

d?R 471G 3P
—— = = |r. 22
dt? 3 (p * c2 ) (22)

Thus, the radial evolution of the spherical domain is determined by the density and pres-
sure of the fluid within the shell. Carroll and Ostlie summarize this spherical-domain result
as follows:

@———MG( +£)R (29.51)
acz~ 3 \PT @)™ '

Equation (29.51) is an illustration of Birkhoff’s theorem. In 1923 the American mathe-
matician G. D. Birkhoff (1884-1944) proved quite generally that for a spherically symmet-
ric distribution of matter, Einstein’s field equations have a unique solution. As a corollary,
the acceleration of an expanding shell in our fluid universe is determined solely by the
fluid lying within the shell. Equation (29.51) shows that the acceleration does not de-
pend on any factors other than p, P, and R. Because Birkhoff’s theorem holds even when
general relativity is included, it is quite important in the study of cosmology [35].

Strictly, Birkhoff’s theorem applies to spherically symmetric vacuum regions. In a cos-
mological fluid, the corresponding argument is more precisely described as shell theorem or
Birkhoff-type spherical reasoning, together with the Misner—Sharp quasi-local mass in spher-
ical symmetry. The continuation of the same homogeneous matter distribution outside the
selected sphere does not introduce an additional independent radial force term into Eq. (22).
The gravitational evolution of the chosen spherical domain is expressed in terms of its enclosed
energy density, pressure, and quasi-local mass.

For the matter sector inside a homogeneous spherical domain, the enclosed mass is
4
3
The corresponding dimensionless matter-sector compactness is therefore
2GM,,(R) Rsn(R) 8rnG _,
2R R 32Pm

Equation (24) is a quasi-local compactness diagnostic. It does not assert that the interior metric
of the cosmological domain is the Schwarzschild vacuum metric.

M,,(R) = —p,R>. (23)

Cn(R) = (24)

For the present observable causal domain,
Ry ~46.5Gly, R, ~150.4Gly, (25)
and hence R |
sm  150.4 Gly
C,(Ry)=—"— =~
m(Ru) Ry  46.5Gly
This result states that the matter-sector mass enclosed inside the observable causal domain
defines a Schwarzschild-equivalent gravitational radius larger than the causal radius itself. A

very low local matter density therefore does not imply a small gravitational compactness when
the causal domain is sufficiently large.

~3.23>1. (26)

The present framework identifies this high-compactness causal domain as a cosmological
black hole after its dynamics is completed by the total GSE contribution. The claim is therefore
based on the combination of the quasi-local condition

Ry <Rgm

and the total-GSE-completed cosmological dynamics. It does not arise from substituting the
Schwarzschild vacuum metric for the FLRW metric, nor does it require the entire universe to
be a finite isolated black hole surrounded by vacuum.

9



3 Total GSE Dynamics and Repulsive Gravity

3.1 From Conventional GSE to Total GSE

In the earlier GSE based approach to Black Hole Cosmology [5], the GSE of a self gravitating
spherical configuration was represented by the familiar attractive binding term,
2
GM?,
R

Ugs (R) = _/5 5 (27)
where Mg, denotes the free state mass and f3 is a structural coefficient determined by the mass
distribution. For a uniform Newtonian sphere, § = 3/5 [31].

Equation (27) captures the negative binding energy contribution of a self gravitating sys-
tem. In general relativity, however, gravitational sourcing is not limited to rest mass energy
alone [8,17]. At the system level or quasi local level, gravitational binding energy contributes
to the mass energy bookkeeping of a self gravitating configuration [8, 36,37]. As part of
this system level mass energy budget, the GSE contribution modifies the effective gravita-
tional source rather than remaining a passive external binding term. When this source com-
plete bookkeeping is applied to a self gravitating sphere, the ordinary single attractive GSE
term is completed by the matter—GSE interaction term, yielding the two term total GSE func-
tional [6,7,38].

3.2 Effective Source and the Origin of the Interaction Term

The physical origin of the second term can be understood from the effective source viewpoint
[6]. For a self gravitating configuration, the source should not be identified only with the free
state matter mass. The gravitational binding energy also contributes to the total mass energy
budget of the bound system [8,36]. If the GSE of the interior region is written as

GM'(r)?
Ugs(r) :_ﬁ#; (28)
r
then its signed equivalent mass contribution is
Ugs(r) GM'(r)?
ol)_ _pSMU) 29)
c2 rc2

For later convenience, we define the positive magnitude of this equivalent mass of GSE as

IUgs(r)l _ GM/(T‘)Z
5 = .

M/ (r) = B (30)

rc2
The effective interior source is therefore written as the free matter mass plus the signed GSE

contribution,
Ugs ( r )

Meg(r) =M/(r)+ 2

:M'(r)—Més(r). (31)

This form makes explicit that the GSE is included additively in the mass-energy bookkeeping,
while its negative sign reduces the effective source relative to the free-state matter mass.

Applying this effective source bookkeeping to the gravitational binding energy integral
leads to the total GSE form in Eq. (32) [6]. The positive second term in Eq. (32) arises as the
matter—GSE interaction energy contribution within the source completed bookkeeping of the
self gravitating system.

10



The total GSE used in the present work is

GM} GM
_ fr Sﬂ fr
Ugs—r(R) =—P R (1 7 R ) (32)
or equivalently,
GM{, 5  G'M
Ugs—T(R) =—p R + ;ﬁ 2R2 (33)

The derivation of this total GSE functional from the equivalent gravitational source bookkeep-
ing is summarized in Appendix A.

When Eq. (32) is expanded, the first contribution is the ordinary attractive GSE term. The
positive second contribution is the matter—-GSE interaction energy term, arising from the fact
that the GSE contribution enters the effective mass energy bookkeeping of the self gravitating
system. In this sense, the total GSE functional contains both the attractive gravitational binding
contribution and the positive energy contribution responsible for the repulsive radial response.

This two term structure is central to the present paper. In the weak compactness regime,
the second term is negligible and the ordinary attractive GSE term is recovered. In the high
compactness regime, however, the second term grows faster because it scales as R2. There-
fore, the total GSE dynamics differs qualitatively from the conventional single term picture
near the Schwarzschild scale [7].

3.3 Total GSE Radial Dynamics

The total GSE dynamics is obtained by taking the radial derivative of the total GSE functional.
For the collective radial mode of a self gravitating configuration, we write

. 1 dUgs—T
M;, dR

D;U = ) (34)

where R is the physical radius of the mass energy distribution and U = D;R is the proper
radial velocity. This relation is used as the effective radial acceleration form of the total GSE
dynamics [7].

Using Eq. (32), one obtains

2 2713
dUgs—T GMfr 10 G°M

2 fr
= —-= . 35
dR P R2 7 P c2R3 (35)
Therefore,
GM 56 R 2GM
_ fr S _ fr
pu=—p[1-7] Re==5" (6)

This equation is the central dynamical relation of the present paper. It shows explicitly that
the total GSE dynamics contains an attractive branch and a repulsive branch [7].

The transition occurs when the bracket in Eq. (36) vanishes:

_SBRs _

1 =
7 R

0. (37)

Solving this condition gives the stable equilibrium radius

5B
Ry = 7R5 (38)
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At this radius,
DT U == 0. (39)

Thus, Ry is the equilibrium radius of the total GSE dynamics. The stability of this radius
follows from the sign reversal of DU on the two sides of Rg, [7].

3.4 Attractive and Repulsive Regimes

Equation (36) divides the radial dynamics into two regimes.
For
R> Ry, (40)

the bracket in Eq. (36) is positive, and therefore
D;U < 0. (41)

The radial acceleration is directed inward. In this regime, the attractive GSE term dominates,
and the system behaves in the ordinary gravitationally attractive manner.

For
R< Rgs, 42)

the bracket in Eq. (36) becomes negative, and therefore
D;U > 0. (43)

The radial acceleration is directed outward. In this regime, the matter-GSE interaction term
dominates, and the system enters a repulsive gravitational regime. This repulsive response
arises because the GSE contribution enters the effective source as a negative equivalent mass
term, Uy, / 2=-M és, so that its gravitational effect on positive matter is outward in the total
GSE dynamics [7].

This sign reversal is the key physical mechanism of the present work. The total GSE dy-
namics does not extrapolate a self gravitating configuration toward the singular limit R — O.
Instead, the inward attractive branch for R > R, and the outward repulsive branch for R < R
drive the system toward the stable equilibrium radius Ry. Thus, the total GSE dynamics re-
places the pointlike collapse limit by a finite radial stabilization mechanism [7].

4 Internal Structure of Black Holes

4.1 A Global Black Hole Need Not Be Locally Trapped Everywhere

One of the most common objections to Black Hole Cosmology is based on the intuitive image
that everything inside a black hole must already be in a locally trapped black hole state. This
intuition is often associated with the vacuum Schwarzschild black hole picture, although the
Schwarzschild geometry is a vacuum solution and cannot by itself describe a matter-filled
interior region [8,10,17]. This intuition is misleading for a realistic gravitational collapse or
for a cosmic mass distribution. The interior region is filled with matter and energy, and in the
spherical-domain description its local physical state is governed by the mass-energy enclosed
inside each spherical domain, not by the total mass of the entire configuration [8,37].

The key observation was already introduced in the earlier discussion of the problems and
solutions of Black Hole Cosmology [5]. Consider, for analytical clarity, a uniform spherical

12



Black hole state

L

I= this area a
black hole state?

Figure 1: When a macroscopic black hole is formed, an inner mass sphere of ra-
dius r < Ry is not automatically in a local black hole compactness condition [5].
Consequently, during the gravitational contraction process, the interior mass distri-
bution can continue to undergo physical processes such as virialization and energy
emission [5,10].

mass distribution of total free-state mass M, whose global radius has reached its Schwarzschild

radius,
2GMy,

R=Rq, Rg = . (44)

Cz

The whole configuration is then globally at the black hole compactness condition. Now con-
sider an inner spherical region of radius r, where 0 < r < Rg. The mass enclosed inside this
region is

4 ( r )3
M@I)=—rPp=M;|—] . 45
(T‘) 3 rp fr RS (45)
The Schwarzschild equivalent radius associated with this enclosed mass is
2GM(r) ( r )3
R =72 =R¢(—] . 46
S,M(r) 2 s\ Ry (46)
This can be rewritten as 5
r
R =r|l—]. 47
S.M(r) ( RS ) (47)
Since r < Rg, one has
2
(l) <1, 48)
Rs
and therefore
Rsm(ry <T- (49)

Equation (49) states that the inner mass sphere of radius r lies outside the Schwarzschild
equivalent radius generated by its own enclosed mass. Thus, even when the whole mass
distribution satisfies the global black hole condition, an inner mass sphere is not automatically
in a local black hole compactness condition [5]. For example, the mass enclosed inside the
sphere r = Rg/2 has the Schwarzschild equivalent radius

1

Rs mrg/2) = gRs- (50)

The radius of this inner region is Rg/2, while its own gravitational radius is only Rg/8. For this
inner region to become an independent local black hole, it must be compressed by an additional
factor of four in radius, corresponding to a density increase by a factor of 4> = 64 [5].

This local-domain result changes the starting point for Black Hole Cosmology. A cosmic
black hole configuration does not imply that every local region inside it is already a singular
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or locally trapped object. The interior can contain ordinary matter-filled regions that undergo
physical evolution. This opens the possibility that a sufficiently large black hole scale universe
can possess a broad interior region with weak local curvature, large-scale structure formation,
and approximately flat cosmological geometry [5].

4.2 Matter-Filled Interior and Total GSE Dynamics

The previous subsection addresses the local physical state of the interior. The next question is
the final fate of the collapsing or self-gravitating matter distribution. In the standard idealized
picture, a pressureless matter distribution can collapse toward R = 0 [9,11,17]. In the total
GSE dynamics, the pointlike endpoint is replaced by a finite radial energy landscape [7].

The total GSE of a self-gravitating configuration is

GM, 5  G'M
Ugs-r(R) =—p—— + oB 505 (51

The first term is the attractive GSE term. The positive second term arises as the matter—GSE
interaction contribution generated when the signed GSE equivalent mass is included in the
effective source bookkeeping of the self-gravitating system [6, 7, 38]. The radial dynamics

AU,
follows from the gradient of this total GSE functional: D;U = —ﬁ Lif}; a

Using Eq. (51), one obtains

GM 56 R
fr B s]
DU =— 1———. 52
T P R2 [ 7 R (52)
The acceleration vanishes at
50
Rgs == TRS (53)

For R > Ry, the attractive branch dominates and DrU < 0. For R < Ry, the matter-GSE
interaction term dominates and DU > 0. The radial acceleration is then directed outward.
The total GSE dynamics therefore drives the configuration toward the stable equilibrium radius

R, instead of toward the pointlike limit R =0 [7].

The second characteristic scale is the energy-limited minimum radius R, . Using the
free-state configuration at infinite separation as the zero of potential energy, it is defined by

Ugs—T(Rmin,E) =0. (54)

Below this radius, the total GSE becomes positive, so further compression would require ad-
ditional external energy. Solving this condition gives

5B
Rmin,E = ﬁRS (55)

The third characteristic scale is the black hole energy-limited radius R, g;;. For a black
hole formed when the collapsing mass distribution first reaches R = Rg, the available total
GSE energy level of the matter-filled interior is constrained by the energy level at horizon
formation:

Ugs—1(Rmin,grr) = Ugs—1(Rs). (56)
Solving this condition gives

58
Rmin,BH = 14— Sﬁ Rs. (57)
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As the distribution contracts inward from Rg, the total GSE first decreases and reaches its
minimum at R,. If the contraction proceeds further inward from R, the total GSE increases
again. Therefore, Ry, gy represents the limiting radius that can be reached using the energy
available inside the black hole at the moment of horizon formation. Below R, gy, further
contraction would require additional energy beyond the energy trapped inside the black hole
interior during its formation [7].

By contrast, Ry, ¢ is the theoretical lower radius obtained when the free-state configura-
tion at infinite separation is used as the zero of potential energy. It corresponds to the limiting
case in which the entire initial free-state energy budget is available for compression. In a
physically formed isolated black hole, however, the more relevant energy bound is generally
RmingH,> because the energy available inside the black hole is fixed by the energy trapped at
horizon formation [7].

Total Gravitational Self-Energy Potential Analysis (8 = 1.0)

0.4 Geon]etric Barrie

U-= k=)

0.2

Rmm,E =0.357Rs
(Energy-limited minimal radius)

e
=)

Repulsive Regime Attractive Regime ——
(R <Rgs, F>0) (R>Rgs, F<0) = —emmT T

U/(Msc?) (Normalized Energy)
S
o

| Uys — 7 (Total GSE)

=== Uys (Uncorrected, Classical)

=0.4 Event Horizon Rs
Rmm.EH i O-SGRS Rqs = 0-71RS ~---=- Energy at Rs Baseline
(BH energy-limited radius]} (Stable equilibrium, F = 0) | @ Rumine=0357Rs
’,’ ~@- Rupin,pu=0.56Rs
e | Rys=0.71Rsg
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Figure 2: Total GSE energy landscape for § = 1. The curve has a minimum at
Ry >~ 0.714Rg, where the radial acceleration vanishes. The energy-limited radii
Rpingy = 0.556Rg and Ry, g =~ 0.357Rg mark, respectively, the event horizon for-
mation energy bound and the free-state zero energy bound. Within total GSE dynam-
ics, these scales replace the singularity with a finite-radius structure characterized by
finite physical radii [7].

For the representative case 3 = 1, these radii become

5 5 5
Rgs = ;RS it O714RS B Rmin,BH = §RS s 0556RS N Rmin,E = 1_4RS ~ 0'357RS

(58)

For 0 < < 7/5, the stable radius R lies inside the global horizon. In this range,
the total GSE dynamics describes a black hole with a finite nonsingular interior core. For
7/5 < B < 14/5, the simplified homogeneous model places R, outside Rg, suggesting pre-
horizon stabilization within this idealized estimate. In realistic collapse, rotation, pressure,
nonuniform density, virialization, and energy redistribution can shift the effective structure
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coefficient and the detailed radius ordering. The essential point is that the total GSE en-
ergy landscape contains finite characteristic radii and removes the unbounded descent toward
R=0[7].

4.3 Macroscopic Nonsingular Cores

The finite radii in Eq. (58) are proportional to the Schwarzschild radius of the mass-energy dis-
tribution. They are not necessarily microscopic or Planck-sized. For a stellar-mass black hole,
Rg is measured in kilometers; hence R, and Ry, gy are also macroscopic. For a supermassive
black hole, the same radii scale to astronomical sizes. For a cosmic black hole configuration,
they can be larger than the observable universe [7].

For example, the matter content of the present observable universe, including baryonic
matter and dark matter, gives a matter-only Schwarzschild equivalent radius

Rg =~ 150.4Gly, (59)
whereas the present observable radius is
Rps =~ 46.5Gly. (60)
Thus,
R 150.
“sm 1904 503 (61)
Ry 46.5
If the same observable volume is evaluated using the present critical density,
3H?
pe=—2 ~853%x10 % kgm >, (62)
8nG
then the corresponding critical density Schwarzschild equivalent radius becomes
R it > 477 Gly. (63)
Therefore,
Rscit 477
St o 222~ 103, (64)
Rys  46.5

In this Schwarzschild equivalent compactness diagnostic, these estimates show that the ob-
servable universe lies inside the event horizon generated by its matter content and also inside
the corresponding event horizon associated with the present critical density content [7].

This scaling is crucial for Black Hole Cosmology. The existence of a global black hole
compactness condition does not force the interior to collapse into a point singularity. The
interior mass distribution can be stabilized by the total GSE dynamics at a finite radius. In a
cosmic configuration, the corresponding nonsingular interior region can in principle be large
enough to contain an almost homogeneous and approximately flat observable universe [5, 7].

In the earlier single-term GSE formulation, the cancellation between positive mass energy
and negative GSE suggested that a large nearly flat interior region could exist inside a suffi-
ciently large black hole [5]. In the present total GSE formulation, the stabilizing structure is
governed by the two-term energy landscape. The stable radius R, is determined by the vanish-
ing of the total radial acceleration, while the energy-limited radii Ry, g and Ry, gy provide
lower bounds on further contraction. Thus, the nonsingular interior is not introduced as a
separate assumption; it follows from the finite-radius structure of the total GSE dynamics [7].

The purpose of this section is limited to the internal structure of black holes. The result
is that total GSE dynamics replaces the point singularity with finite characteristic radii and
allows a macroscopic nonsingular interior. The cosmological consequences of this finite-radius
structure, including cosmic expansion and the total GSE interpretation of dark energy, will be
discussed in the following sections.
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Figure 3: Stable equilibrium radius R,, and black hole energy-limited radius
Rpiny for B = 1. Panel (a) represents the classical point singularity picture. Panel
(b) shows the finite-radius interior structure in the total GSE dynamics. For a black
hole with Schwarzschild radius Rg, the mass-energy distribution cannot be com-
pressed below the corresponding black hole energy-limited radius R, gy using only
the energy budget available at event horizon formation. If additional energy enters
the black hole, the Schwarzschild radius is rescaled accordingly, and the limiting ra-
dius is also rescaled with the new value of Rg. After relaxation, the distribution is
expected to settle near R,.

5 Cosmic Expansion in a Black Hole Universe

5.1 Cosmic Expansion and Total GSE Dark Energy Density

The third standard objection to Black Hole Cosmology is the expansion problem. The usual
intuition associates the interior of a black hole with contraction toward a singularity, whereas
the observed universe expands and is presently undergoing accelerated expansion [13-16]. In
the present framework, we reformulate this objection by distinguishing the black hole interior
use of total GSE from its cosmological use.

For an isolated stellar-type or closed black hole, the relevant variable is the radius of a finite
self-gravitating mass distribution. In that case, the radial response follows from the gradient of
the total GSE potential, Dy U. This gives an attractive branch for R > R, a repulsive branch for
R <Ry, and a stable equilibrium radius R,. This is the finite-radius stabilization mechanism
of the matter-filled black hole interior [7].

The cosmological use of total GSE is different. The universe is not a finite isolated object
with a material surface whose radius is pushed directly by a force —dU,,_r/dR. Cosmological
dynamics instead treats the universe as an expanding spacetime background, and the relevant
scale is the causal radius of the observable domain [12, 15]. This causal radius is not the
surface of a fixed material body. It is a horizon scale that grows as the universe ages and as
additional matter becomes causally connected to the observer. Therefore, in the cosmological
application, we do not use total GSE as a direct force law for the motion of the horizon. In
the cosmological interpretation, the total GSE density is identified as the dark energy density
generated by the mass-energy contained inside the causal domain [6].

Let R;(t) denote the causal radius of the observable universe domain under consideration.
In the present application, Ry;(t) may be identified with the physical particle horizon scale
or, more generally, with the observer-centered causal horizon [12,15]. It denotes the causal
size of the observable domain, not the physical radius of the entire universe. Let M(t) be the
mass-energy enclosed inside this causal domain. The corresponding Schwarzschild-equivalent
radius isRg(t) = ZGCLZ(Q When this Schwarzschild-equivalent radius exceeds the causal radius,
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Ry(t) < Rg(t), we call the corresponding causal domain a cosmological black hole in the sense
defined in Sec. 1.4.

The total GSE associated with the mass-energy inside the causal domain is written as

G (, 58 GM(D))

65
RU 7 C2RU ( )

Ugs—T(RU) t)=—P

In the cosmological interpretation, this total GSE gives a dark energy density after its mass-
equivalent contribution is divided by the causal volume:

_ Ugs—T(RU:t) V. = 47 3

, =—R}. 66
Py c2V, ¢ 3°vU (66)
Using
M(t 2GM(t
pn="20 Ry =200, (67)
§ c
this gives
Rs (56 R
N :ﬂﬁ_s(_ﬁ_s_l). (68)
m 2 Ry \14Ry

In this paper, the total GSE density is identified as the physical dark energy density generated
by matter inside the causal domain. The word “effective” is reserved only for the fluid-level
description in which this total GSE dark energy sector is represented by an equation-of-state
parameter w, and, if necessary, by an exchange term Q [6].

Equation (68) is the cosmological counterpart of the total GSE energy [6]. When

Pa, <0, (69)
the total GSE contribution gives a negative contribution to the dark energy sector. When
pa, >0, (70)

it gives a positive dark energy density. The sign changes at

Rs 14
=0 & —=—. 71
P, R, 56 (71)
Equivalently,
5B
Ry = ﬁRS = Rmin,E' (72)

Thus, Ry, g is algebraically the zero of the total GSE energy. In the black hole interior problem,
this radius has the meaning of an energy-limited lower radius for a fixed mass-energy system
[7]. In cosmology, however, the enclosed mass M(t) changes as the causal horizon grows.
Therefore, we read Eq. (71) as an instantaneous compactness threshold for the sign of the
dark energy density, not as a fixed energy lower bound on the causal radius.

5.2 The Cosmological Acceleration Threshold

A positive value of p,, is necessary for the total GSE sector to act as a dark energy component,
but cosmic acceleration requires a stronger condition [15,23]. Since p,  is generated by the
total GSE of matter inside the causal domain, we treat it as a matter-induced dark energy sector
rather than as an independent fundamental vacuum component [6]. In a general background
description, the matter sector and the total GSE sector may exchange equivalent mass density.
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We parametrize this exchange by a term Q. With this sign convention, we write the effective
equation of state of the total GSE dark energy sector as
Pa, TQ
wy () =—1——2—=, (73)
" 3Hp,,
Here (H = d/a) is the Hubble parameter, i.e. the cosmic expansion rate, and (Q) parametrizes
the effective exchange of equivalent mass density between the matter sector and the total

GSE sector at the homogeneous background level. Therefore, (w, ) can generally depend on
time [6,23].
For the approximate cosmological dynamics considered in this paper, we adopt the dark
energy limit
W E—]_’ (74)

and the late time regime of the MOC simulation also reproduces this behavior [6]. In this
approximation,

P, = _PAmcz- (75)

For a matter component with negligible pressure and a total GSE dark energy component
satisfying w, =~ —1, the acceleration condition becomes

1
PA, > 5Pm: (76)

Substituting Eq. (68) into Eq. (76) gives

R (58 R 1
E_s(_ﬂ_s_1)>_. (77)
2Ry \ 14 Ry 2

The equality condition defines the cosmological acceleration threshold:

Pn ()1 -

2 Rcrit,U

14 Rcrit,U
Solving this equation gives
5P
Ruicy = ————=Rs ~0.279 BR;. (79)

7(1++/17/7)

Therefore, the two regimes are
1 . .
Ry>Ryiyy = pa, < Epm —> decelerating expansion, (80)

and
1
Ry <Rugity = pPa, > Epm =—> accelerated expansion. (81)

The acceleration threshold lies below Ry, . Indeed,

Rcrit,U _ 2
Ruine  1+4/17/7

This creates no contradiction in the cosmological setting. The radius Ry,;, z was defined for
a fixed mass-energy system whose energy is measured relative to a free-state configuration at
infinite separation. The observable universe does not form by bringing a fixed set of particles
from infinite separation into a fixed volume. Instead, as the universe ages, the causal horizon

~0.782,  Reiey = 0.782Rpin 5 < Ruin.z- (82)
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expands and new matter enters the gravitationally connected domain. Consequently, M(t),
Rg(t), and Ug,_r(t) change with time, and the total energy inside the causal domain is not a
fixed conserved quantity [6].

For this reason, we express the cosmological acceleration criterion as an instantaneous
condition involving Ry (t), Rg(t), and R y(t), rather than as a fixed energy lower bound.
The sign and acceleration regimes can be summarized as

RU > Rmin,E = Pa,, <0, (83)

Reitu <Ry <Rping => pa, >0 butno accelerated expansion, (84)
1

Ry <Rugiu = Pa, > 3 Pm and accelerated expansion. (85)

Thus, the present framework does not describe cosmic acceleration as the direct radial
force law of a black hole interior. Instead, cosmic acceleration arises when the total GSE of the
causal domain gives a sufficiently large positive dark energy density, whose negative pressure
drives accelerated expansion. This distinction will be essential in the following discussion of
the observed dark energy density [6].

5.3 Early Accelerated Expansion and the GSE Inflation Trigger

The preceding subsections show that the total GSE of a causal cosmic domain defines the total
GSE dark energy density. The inflationary calculation in this subsection follows the earlier
MOC cosmology analysis and adapts it to the present Black Hole Cosmology framework [6].
It shows that the same total GSE dark energy density can reach the characteristic time and
energy density scales usually associated with the standard inflationary epoch [18-20,39].

In this section, Ry;(t) denotes the causal radius of the early observable universe domain.
We identify it with the physical particle horizon scale, or more generally with the observer-
centered causal horizon scale, in the order-of-magnitude estimate [12,15]. Thus, Ry;(t) is not
the physical radius of a finite isolated object, but the causal radius of the radiation relevant to
the early-universe calculation.

In the early universe, the relevant question is whether the total GSE density (dark en-
ergy density) becomes large enough to dominate over the radiation component and produce
negative-pressure-driven acceleration [6].

Near the Planck-scale trigger estimate, the relevant causal and physical length scales are
not expected to possess a large hierarchy. Therefore, for the Planck-scale order of magnitude
estimate, we take the physical particle horizon scale, the characteristic physical scale of the
causally connected radiation domain, and the causal radius (Ry) to be of the same order:

Rp,phys(t) = a(t)Xp(t) ~ Rphys(t) ~ RU(t)- (86)

This relation is not used as an exact horizon identity. It only states that, near the Planck-scale
trigger estimate, no large hierarchy is assumed among the relevant causal and physical length
scales.
Taking
Pr = Ppl Ry ~ lpl) (87)

the compactness ratio becomes

2
Rg _2GM _ 2G(FRjpy) 87Gpply gn
Ks — = = — ~8.38. (88)
Ry Ry Ry 323
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More generally,
2

R 8 R

_S:_TE(&) (_U) . (89)
Ry 3 Pyl lpl
Thus, the numerical value Rg/Ry; ~ 8.38 follows from the specific Planck-scale normalization
pr = pp and Ry =~ [;. If a different causal radius or a different early radiation density is
chosen, the numerical coefficient changes by the factor (p./py)(Ry/ lpl)z. The qualitative

point is not the exact number 8.38, but the fact that a Planck-density causal domain with
Planck-scale radius naturally has order-unity or larger compactness [6].

For the illustrative high compactness value 8 ~ 2, the total GSE dark energy density be-
comes
prl
2

Thus, at the Planck scale high-density limit, the total GSE dark energy density can greatly ex-
ceed the radiation density. This provides a compactness-driven route to an inflationary accel-
erated phase. The value 8 ~ 2 is used here only as an illustrative high compactness estimate;
even smaller values of 8 can already give p, > p,.

5(2)

pr. =~ —(8.38) [1—4(8.38) - 1] ~ 41.8p,). (90)

For comparison, even for the conservative value 3 = 1, the same Planck-scale compactness
gives
Pyl
2
Thus, the total GSE dark energy density still exceeds the radiation density by more than an
order-one factor, so the condition for accelerated expansion is already satisfied in this estimate.

pr =~ —(8.38) [134(8.38)— 1] ~8.34p,. (91)

We use the Friedmann acceleration equation as a diagnostic relation,

d 4nG 3p;
a 3 - c
For radiation,
1 3p
Pr = Eprc2, or+ Czr =2p,. (93)

For the total GSE dark energy during the accelerated background phase, we use the background
level equation of state

3pa,,
Pa, ~—Pa,C’ Pr, T =5 = —2pn,,- (94)

Therefore,

a 8nG

— — . 95

a 3 Pr pAm) (95)

This vacuum-like approximation follows the standard background-level logic of inflation-

ary cosmology, in which accelerated expansion is driven by an approximately constant energy
density and the background is close to de Sitter expansion [18-20,39]. In the old-inflation
picture, this role is played by a false-vacuum energy density [18], whereas in conventional
single-field slow-roll inflation it is realized by a scalar field whose potential energy dominates
over its kinetic energy [19,20]. The Starobinsky model provides a curvature-driven quasi-de
Sitter realization, which can also be represented in an Einstein-frame scalaron description [39].

In conventional single-field slow-roll inflation, the inflaton energy density and pressure are
1., 1.,
Py = 54) +V(p), pp= §¢ = V(o). (96)
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When the potential energy dominates over the kinetic energy, ¢2/2 < V(¢), one obtains

Thus, the energy density remains nearly constant over a Hubble time and the expansion is
quasi-de Sitter.

In the present framework, we use the same background-level logic as a fiducial approxi-
mation: during the early accelerated phase, the positive total GSE density is represented as a
vacuum-like effective fluid with

Pa,, =~ _PAmCZ- (98)

This does not constitute a full perturbation-level derivation of the total GSE stress tensor. It is
used here as a background-level trigger estimate for the onset of accelerated expansion.

The onset condition for accelerated expansion is

pAm > Prs (99)

with the threshold condition
PA,, = Pr- (100)

For the trigger estimate, we use the order of magnitude causal relation
Xp = Rpnys >~ Ry, Ry ~ct. (101)

In this causal regime, the total GSE dark energy density can be written as

Rs (5B R
on Z%_S(_/j_s_l)’ (102)
m 2 Ry \14Ry
where 2GM 4
— _ AT 53
Rg = 2 M= ?Rupr. (103)
Dividing Eq. (102) by p, gives
p Rs (5B R
ﬂ:E_S(_ﬂ_S_l). (104)
Pr 2 RU 14 RU
Using Eq. (103), the compactness ratio is
Rs 2GM _ 8nGR}
Rs _ 2GM _ 816G Tulr (105)
RU C2RU 3 C2
With Ry =~ ct, this reduces to
Rs 8mG ,
— ~——+t“p.. 106
R, 3 P (106)
Substituting Eq. (106) into Eq. (104) gives the general 3-dependent expression
P 4G 20mpG
An o ATPG 2 ( G 2, _ 1). (107)
ol 3 21
The onset threshold for early accelerated expansion is
PA, = Pr- (108)
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Using Eq. (107), this condition gives

4npG , (207[[5G 9 )
—t —t —-1]=1. 10
g Pl UPr (109)
Equivalently,
8072 B%G> 2 4nfG
—ﬂ(tzpr) _4mp (t*p,)—1=0. (110)
63 3
The physically relevant positive solution is
21 27
2
t = 1+ \| — 111
Pr=40nGp ( 7 ) (111)
For the illustrative early high compactness estimate 3 ~ 2, this becomes
21 27
2 9 2 -3
t ~——[14+\— |~3.71x10" kg,s*,m °. 112
oo (14VZ) : 12

This trigger relation gives a direct mapping between the onset time of early accelerated
expansion and the required radiation density. If accelerated expansion begins at

t ~ 10730, (113)
then
o (t~10705)~3.71 x 108 kgm™. (114)
If one considers a later onset time,
t~1073s, (115)

the required density decreases as t~2, giving
P (t~107%5)~3.71 x 10 kgm™>. (116)
Conversely, if the early universe has a nearly homogeneous radiation density of order
P, ~107°-108 kgm™3, 117)

then the total GSE trigger condition is reached at t ~ 1072°-107s,

This establishes the role of total GSE in the early accelerated phase. Inflation is not intro-
duced here as an independent scalar field sector. It emerges, at the background level, when
the compactness of the causally connected radiation domain makes p, comparable to or
larger than p,. The present argument is an order of magnitude trigger estimate, not a full
perturbation-level inflation model. The result shows that the time and energy density scales
estimated from total GSE dynamics are in approximate agreement with the characteristic scales
usually associated with standard inflation [ 18-20,39], supporting the interpretation that total
GSE can provide the physical driving mechanism for the inflationary phase [6].

5.4 Transition from Early Acceleration to Decelerating Expansion

The total GSE inflation trigger is self-terminating at the background level. The same com-
pactness factor that generates a large positive p, at very early times decreases as the causal
domain expands. Therefore, the early accelerated phase does not require a separate external
exit mechanism in the background dynamics [6].

23



The sign and magnitude of the total GSE dark energy density are controlled by the factor

5P Rs )
r'Ry)=l ——-1, 118
(Ry) (14 R, (118)
which appears in
ﬁpr RS

= ——T(Ry). 119
Pa, 2 Ry (Ry) (119)

Using M = 4%R%,pr, Rg = Zf—zM, the factor I'(Ry;) can be rewritten as

_(20mBG

During the early radiation-dominated phase, the radiation density scales approximately as

R 4
U,i
pr(RU):pi(_) : (121)
Ry
Substituting this into Eq. (120) gives
20mpG _, 1 [ C
F(RU) = [ 21(:2 pl’RU,i}{_%] - 1] = (12—%] - 1) 5 (122)

where C > 0 is fixed by the initial conditions. This expression shows the self-terminating
character of the mechanism. At extremely small Ry, the first term is large, I'(Ry) > 0, and the
total GSE dark energy density is positive. If p, > p,, the acceleration equation gives

a

->0, (123)
a

and the universe enters an inflationary accelerated phase.

As the accelerated expansion proceeds, however, the same expansion increases the causal
scale Ry;. Since the leading contribution to I'(Ry;) scales as R, 2, the positive total GSE contri-
bution weakens automatically. The accelerated phase ends when the total GSE dark energy
density drops below the radiation density. The approximate exit condition is therefore

Pa,, = Pr- (124)

After this point,
pAm <P (125)

and the radiation term dominates the acceleration equation,

8nG

i
_2_
a 3

(pr—pa,) <O. (126)

The universe then enters a decelerating radiation-dominated expansion era.
There is also a later sign-change threshold,

I'Ry)=0 <= p, =0. (127

Beyond this point, the total GSE dark energy density becomes negative. The end of accelerated
expansion, however, occurs earlier, when p A, falls below the dominant radiation density. Thus,
the graceful exit from the early accelerated phase is governed by the weakening of the same
total GSE dark energy term that initiated inflation.
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This gives the qualitative sequence

Pa,, > pr = early accelerated expansion: inflation, (128)
0<p,, <p, = radiation-dominated decelerating expansion, (129)
Pa, <0 = attractive total GSE contribution. (130)

In this way, the transition from early acceleration to decelerating expansion follows from the
expansion of the causal domain itself. The exit from the accelerated background phase is not
a separate sector added by hand; it follows from the scale dependence of the total GSE dark
energy density [6]. A detailed thermalization or reheating analogue is a separate problem and
lies beyond the scope of this subsection.

5.5 Late-Time Acceleration from Causal Horizon Mass Growth

After the early accelerated phase ends, the universe enters a decelerating expansion era. This
period includes the radiation era and the subsequent matter-dominated era [12,15]. In the
present framework, this middle epoch corresponds to a regime in which the total GSE dark
energy density is either negative or too small to dominate the ordinary matter and radiation
components. When p, < 0, the total GSE contribution acts as an attractive contribution in
the acceleration equation, and it supports the formation and growth of galaxies and large-scale
cosmic structures rather than driving accelerated expansion [6].

This attractive total GSE phase provides a natural pathway for enhanced early structure
growth. Since the negative total GSE density acts in the attractive direction during the in-
termediate decelerating epoch, it can increase the efficiency of early gravitational assembly
without invoking an additional dark sector. This may help alleviate several early-structure
tensions, including the rapid assembly of massive galaxies reported by JWST [40,41] and the
tensions in structure growth indicated by KiDS, and related surveys [42].

The transition to late-time accelerated expansion arises when the total GSE density acts as
the positive dark energy density:

on (131)

— ﬁﬁR_S (% R_S _ 1)
m 2 Ry \14Ry '
The relevant cosmological scale is now the causal radius Ry;(t), not the physical surface of a
fixed isolated object. The enclosed mass changes with time:

2GM
Rs(t) = C—z(t) (132)

As the universe ages, the observer centered causal horizon Ry (t) expands. New matter and
galaxies become included in the causally connected domain, and the mass M(t) enclosed
inside Ry (t) increases. Therefore, the compactness factor

Rs(t) _ 2GM(t)
Ry(t)  c2Ry(t)

can grow when the ratio M(t)/Ry(t), or equivalently Rg(t)/Ry(t), increases with time [6].
For an approximately homogeneous distribution at a given epoch,

(133)

MO = SRy (6 p(0) (134
so that R(t)  87G

s{t) om 2

R = MOLMOR (135
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This expression shows why a very low-density universe can still enter a high-compactness
regime on sufficiently large causal scales. The relevant quantity is not the local matter density
alone, but the horizon scale combination p,,(t)Ry(t)?.

The total GSE dark energy density changes sign when

5 Rs(t) -
14 Ry (1) 1=0. (136)
Equivalently,
5

Before this threshold is reached, p, < 0. After it is crossed,
Pa, >0, (138)

and the total GSE contribution becomes a positive dark energy density [6].

Positive dark energy density alone is not yet sufficient for accelerated expansion. Follow-
ing the standard ACDM description of dark energy, in which w, = —1 [23], we adopt the
background-level approximation

wy ~—1. (139)

m

Under this assumption, accelerated expansion begins when

1
PA, = 5Pm- (140)
Using Eq. (131), this condition is equivalent to

RU(t) < Rcrit,U(t); (141)

where
Rcrit,U(t) ~0.279 ﬂRS(t)- (142)

Because R, y(t) is proportional to Rg(t), it moves outward when the enclosed causal mass
M(t) grows. Thus, even after a long decelerating era, the universe can enter a late accelerated
phase once the growing causal compactness satisfies

Rs(t) 7 17\ 3.58
——>— |1+ \| = | —. (143)
Ry(t) ~ 5B ( 7 ) p
For 3 = 1.5, this becomes
Rs(t)
—= > 2.39. (144)
Ry(t)

The resulting sequence is therefore

early acceleration driven by total GSE (inflation)
— a decelerating phase during the radiation era and the matter era (145)

— late-time dark energy acceleration.

In this picture, the late-time accelerated expansion does not come from an externally added
cosmological constant. It arises when the total GSE of the growing causal domain becomes a
sufficiently large positive dark energy density. The expansion of the causal horizon increases
the enclosed gravitational source, raises the Schwarzschild equivalent radius, and eventually
drives the system into the positive total GSE dark energy regime [6].
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5.6 Cosmic History from Total GSE Dark Energy

The central result of this section is that the total GSE dark energy density of a causal cosmic
domain describes cosmic expansion through

_BouRs (S8R5 ),

2 Ry \14Ry,

146
14 Ry (146)

P,

Here Ry (t) is the causal radius of the relevant cosmic domain, and Rg(t) = 2GM(t)/c? is the
Schwarzschild equivalent radius generated by the matter sector mass M (t), including baryonic
matter and dark matter, contained inside that causal domain [6].

The factor 4 R
(—/3 £ 1) (147)
14 Ry
determines the sign of p, . Thus,
5B
pAm =0 — RU = 1_4RS :Rmin,E- (148)

For Ry < Ryin k> the total GSE density becomes positive and corresponds to a positive dark
energy density. If this component has a background-level equation of state w, ~ —1, it carries
negative pressure and can drive accelerated expansion when it becomes sufficiently large.

For Ry > Rpyin g, the total GSE density becomes negative. In that case, the corresponding
pressure is positive for w, ~ —1, and the contribution acts in the direction of deceleration
rather than accelerated expansion [6].

Positive p, is not by itself sufficient for acceleration. In a radiation-dominated epoch,
accelerated expansion begins when

PA,, R Pr- (149)

In a matter-dominated epoch, where the matter pressure is negligible, the corresponding con-
dition is

1
Pa, > Epm. (150)
For the matter-dominated case, we write this condition as
56
Ry <Ryitus R ——— Ry~ 0.279 BR;. (151)

it,U =
T 7(1+ 4/1777)
The resulting cosmic history has three stages.

1) Early total GSE accelerated expansion. In the very early universe, the causal domain
is extremely compact, and the total GSE dark energy density can become larger than the
radiation density:

Pa,, > Pr- (152)

This produces an early inflation-like accelerated expansion. The estimates in this section
show that the total GSE mechanism can reach the characteristic time and energy density
scales usually associated with the standard inflationary epoch [6,18-20,39].

2) Decelerating expansion during the radiation era and the matter era. As the early
causal domain expands, the compactness factor weakens. The total GSE dark energy
density falls below the radiation density, and the universe enters a decelerating radiation
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era. After the radiation-to-matter transition, the matter-dominated era also remains
decelerating as long as
1
Pa, < Epm. (153)
When p, <0, the total GSE contribution is attractive in the acceleration equation and
can support the formation and growth of galaxies and large-scale cosmic structures [6].

3) Late-time total GSE dark energy acceleration. At late times, the causal horizon con-
tinues to grow. As new matter and galaxies become included in the causally connected
domain, the enclosed mass M(t) increases, and the Schwarzschild equivalent radius
Rg(t) grows relative to Ry;(t). This growth drives the bracketed factor in Eq. (146) from
negative to positive and eventually makes

1
PA, = Epm' (154)

The universe then enters the late-time accelerated expansion era [6].

The sequence can be summarized as

early acceleration driven by total GSE (inflation)
— a decelerating phase during the radiation era and the matter era (155)

— late-time total GSE dark energy acceleration.

Therefore, cosmic expansion is not a fatal objection to Black Hole Cosmology. In the present
framework, both the early inflation-like phase and the late-time accelerated phase arise from
the same total GSE dark energy density, while the intermediate decelerating era appears when
this contribution is too small or negative [6].

6 Accelerated Expansion as Evidence for Black Hole Cosmology

6.1 Total GSE Dark Energy Density and Friedmann Equations

In the preceding section, cosmic acceleration was described through the total GSE dark energy
density associated with a causal cosmic domain. The relevant scale is not the physical radius of
a finite isolated object, but the causal radius R;;(t), which may be identified with the physical
particle horizon scale, or more generally with the observer-centered causal horizon used to
define the cosmic domain. The total GSE of the matter contained inside this causal domain
defines the total GSE dark energy density [6].

The total GSE density derived in the MOC and total GSE formulation is identified with the
dark energy density [6],

PA, = Pm—gs — Pgs> (156)

where pg; > 0 denotes the positive magnitude of the attractive GSE density contribution,
so that this contribution enters as —pg,, and p,,_gs > O denotes the positive matter-GSE
interaction density contribution. In terms of the matter density p,,, the causal radius R;, and
the Schwarzschild equivalent radius Rg = 2GM/c?, where M denotes the enclosed matter-
sector mass, including baryonic matter and dark matter, and does not include an independent
dark energy component, the result becomes

Bou s (3075 _y)

2 Ry 14R,

157
14 Ry (157)

P, (PmRy) =
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Equivalently, using

4 3 Rs 871G 9
M = ?meU’ R_U = ?meU’ (158)
and defining
4nG 20mG
=— =— 15

G 32 B Co 21c2 ) ( 9)

the same dark energy density can be written compactly as [6]
pAm(pm:RU) = ClﬂP,ZnR%z (CzﬁPmR%z - 1) . (160)

The total GSE dark energy density enters the Friedmann equation through the total effec-
tive cosmic density,
8nG kc?
H?> = ——(pm+pr,)— —5 (161)
3 a

Substituting Eq. (157) gives

2
Hz:M[HE&(%R_s_lH_kL

. 162
3 2R, \14 Ry a2 (162)

Thus, the background expansion rate is controlled not only by the matter density p,,, but
also by the causal compactness ratio Rg/Ry. In a convention where the curvature parameter
already absorbs the factor c2, the last term may be written as —k/a?.

The corresponding acceleration equation is

a 471G 3Py,
_= —— pm+pA + . (163)
Writing
PAm = WAmpAmCZ, (164)
this becomes . 471G
a T
EZ_T[pm+(1+3W/\m)p/\m]' (165)

For the background dark energy approximation w, = —1 [15,23], one obtains

d G R R
EE_M[l_ﬁ_S(%_S_Q]. (166)
a 3 RU 14 RU

Equation (166) shows that the sign of cosmic acceleration is governed by the total GSE com-
pactness factor. In a matter-dominated epoch, accelerated expansion begins when

1
PA, = 5Pm> (167)
or equivalently when
RU < Rcrit,U’ Rcrit,U ~0.279 ﬁRS- (168)

Here 3 is the dimensionless structural coefficient of the GSE functional, determined by
the effective matter distribution of the gravitating system. For a uniform Newtonian sphere,
p = 3/5 [31], while in relativistic or compact astrophysical configurations it is naturally of
order unity, typically in the range 8 ~ 1-2 [32-34]. After cosmic structure formation, the
large-scale matter distribution evolves slowly enough that f may be treated as approximately
constant in the late-time cosmological estimate [6].
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Equation (157) shows that dark energy is not an independent component separated from
matter. Instead, it is a matter-induced component generated by the total GSE of the matter
sector [6]. Since Ry is itself determined by p,,, and Ry, the dark energy density is fixed by
the matter density p,, and the causal radius Ry, or equivalently by the causal compactness
ratio Rg/Ry [6]. A low-density universe can therefore still generate a significant total GSE
dark energy contribution when the causally connected region is sufficiently large.

6.2 Sign Transition and Accelerated Expansion

The factor (%1}:—2 - 1) determines the sign of the total GSE dark energy density [6]. The sign
transition occurs when this factor vanishes:

5B
RU - ﬁRS - Rmin,E- (169)

Here R, g denotes the algebraic sign transition scale of the instantaneous cosmological com-
pactness relation, not a fixed lower bound on the evolving causal radius.

the total GSE dark energy density becomes positive:

Pa,, > 0. 171

For 56
Ry > —Rg, 172
U™ 1478 (172)

the total GSE dark energy density becomes negative:
pa, <O. (173)

Following the standard ACDM description of dark energy, in which w, = —1 [15, 23],
we adopt w, =~ —1 for the positive total GSE dark energy sector as a fiducial background
approximation. This approximation is also consistent with the effective continuity relation:
when the total GSE dark energy density varies slowly over a Hubble time, [p, | < 3Hp, ,
the corresponding effective equation of state parameter approaches w, =~ —1.

In the MOC simulation, this condition is realized approximately during the late-time ac-
celeration epoch, where p, evolves slowly near its broad maximum [6]. Under this ap-
proximation, a positive total GSE dark energy density carries negative pressure and can drive
accelerated expansion when it becomes sufficiently large. In a matter-dominated epoch, the
acceleration condition is

1
PA, = EPm- 174)

Using Eq. (157), we write this condition as
Ry <Ryitys (175)

where

R. . —_ B
crit,U 7(1+\/T/7)

Thus, the sign transition of p, occurs at Ry = Ry, g, While the onset of accelerated expansion
occurs at the stronger condition Ry < Ryt y-

Rg ~0.279 BRq. (176)
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For the present observable universe, the causal radius is approximately R;; ~ 46.5Gly,
while the matter-only Schwarzschild equivalent radius generated by baryonic matter and dark
matter inside the particle horizon is Rg ~ 150.4 Gly.

For the MOC baseline value 3 ~ 1.6, based on the earlier CMB-based MOC estimate
p ~1.6172 [6], Eq. (176) gives

Ry & 0.279(1.6)(150.4 Gly) = 67.1 Gly. (177)

Therefore, the present observable universe satisfies
Ry ~46.5Gly <Ry ~ 67.1Gly. (178)

In the present framework, this places the current observable universe in the accelerated ex-
pansion regime.

This gives a direct link between the horizon growth mechanism discussed in Sec. 5 and
late-time acceleration. As the causal horizon Ry;(t) expands, newly connected matter becomes
included in the causal gravitational domain [12,15]. The enclosed matter mass M (t) increases,

and the compactness factor
Rg(t)  2GM(t)

Ry(© ~ Ry(0) (179
can grow when the mass per causal radius, M(t)/Ry(t), increases.
In a simple uniform density comparison at a fixed epoch,
3 3 Rs 2
M o< Ry, Rg <Ry, R_U X Ry (180)

For the time-dependent cosmological case, the corresponding condition is that p,,(t)Ry(t)?,
or equivalently Rg(t)/Ry(t), increases. Thus, even during a decelerating expansion era, the
causal compactness can increase as the gravitationally connected region grows. Once Ry (t)
becomes smaller than R ;(t), the total GSE dark energy density becomes large enough to
drive late-time accelerated expansion [6].

6.3 Present Epoch Estimate and Cosmic History Consistency

For the present observable universe, we use the CMB-based background values

H,=67.360kms 'Mpc™!,  Q,=0.3158, (181)

together with the present critical density p, = 8.5227 x 1072” kgm™3.
The corresponding present matter density, including baryonic matter and dark matter, is

Pmo = QP ~2.69147 x 107* kgm ™. (182)
Using the present physical particle horizon radius
RU(tO) = Rp’phys(to) = aoxp(to) =~ 46.114 G].y, ag = 1. (183)

Elsewhere in this paper, the commonly quoted approximate value Ry; ~ 46.5 Gly is used where

an order of magnitude estimate is sufficient. In the present CMB-based calculation, we use

Ry(ty) ~ 46.114 Gly, evaluated consistently from the adopted background parameters [6,15].
The matter-sector mass enclosed inside the particle horizon is

M(to) = %pm’ORU(tO)‘Q’ ~ 9.3616 x 105 kg, (184)
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The corresponding matter-only Schwarzschild equivalent radius is

2GM(t
Rg(t) = % ~ 146.967 Gly. (185)

Therefore,
Rs(to) _ 146.967

Ry(ty)  46.114
Using the CMB-based MOC structural coefficient f = 1.6172, Eq. (157) gives

~ 3.187. (186)

1.6172pmo (146.967\[ 5(1.6172) [ 146.967
Pa, (to) = —1
2 46.114 14 46.114
~5.8314x 1072’ kgm™>
~0.6842p,. (187)

This value is consistent with the observed magnitude of the present dark energy density. The
agreement supports the interpretation that the observed dark energy density can be identi-
fied with the total GSE of the matter sector inside the causal domain [6].

The quantities entering Eq. (157) and (160) do not play the role of arbitrary cosmological
fitting parameters. The coefficient f is the structural integration coefficient of the GSE func-
tional; it equals 3/5 for a uniform Newtonian sphere and takes values of order unity, typically
in the range 1 S B < 2, in relativistic high-compactness configurations [31-34]. The radius
Ry is fixed by the particle horizon scale, and Ry is fixed by the matter mass contained inside
that horizon.

Therefore, the total GSE dark energy density explains the observed dark energy density
using the GSE structure already present in existing gravitational theory, with limited phe-
nomenological freedom once the matter density, causal radius, and structural coefficient are
specified [6].

In this sense, the total GSE expression has a simplicity comparable to the cosmological
constant, but with a physical origin. Instead of introducing a constant vacuum energy density
as an independent input, the present framework relates the observed dark energy density to
the total GSE of the matter content inside the causal horizon.

The present epoch estimate can also be compared with the time evolution of the same
total GSE dark energy density. As a complementary consistency test, Fig. 4 and Table 2 show
a CMB-based cosmic history simulation using the same functional form for p, (t). The simu-
lation uses the standard matter abundance, €2, ~ 0.3158, and a constant structure coefficient
B = 1.6172. This simulation shows that, with the structural coefficient 8 held fixed rather
than treated as an adjustable fitting parameter, the total GSE density function still reproduces
the qualitative sequence associated with the observed cosmic history: an early negative to-
tal GSE contribution that supports deceleration and large-scale cosmic structure formation, a
sign transition, the onset of accelerated expansion, and a slowly varying positive dark energy
density near the present epoch [6,15].

For clarity, Fig. 4 and Table 2 adopt the time-dependent cosmological prescription devel-
oped in the MOC framework [6]. In this prescription, the comoving particle horizon y,(t) is
used as the causal interaction scale of the total GSE, whereas Rp,py(t) = a(t)y,(t) determines
the physical volume and the enclosed matter mass, M(t) = (47/ 3)pm(t)R§hys(t). The GSE
interaction terms are therefore evaluated using y,(t), while the corresponding physical den-
sities are obtained using the physical volume V() = (47/ 3)R§hys(t). At the present epoch,
ap =1, so that y,(to) = Rpnys(to) = Ry(to), and this prescription reduces to the present-epoch
expression used above. The full cosmological derivation and analysis are given in Ref. [6].
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Figure 4: Matter density and total GSE dark energy density in a CMB-based
cosmic history simulation. The simulation uses the standard matter abundance,
Q,, ~ 0.3158, with no matter enhancement and a constant structure coefficient
B = 1.6172. The total GSE dark energy density is negative for t < 5.38 Gyr, sup-
porting deceleration and large-scale cosmic structure formation. It becomes positive
after the sign transition and satisfies the acceleration condition near t ~ 7.72 Gyr.
The dark energy density reaches a broad maximum over t ~ 9.8-10.8 Gyr and then
decreases slowly toward the present epoch.

Age Scale  Constant Comoving Horizon Physical Horizon =~ Matter  Repulsive Attractive Dark Energy

Gyr)  a(t) B 1p(t) (Gly) Rpnys(t) (Gly) Pm(t)  Pmgs(t)  —pgs(t) Pa, (1)
(107%” kgm™3)
0.8 0.1295 1.6172 17.763 2.300 1239.310 129.425 -473.872  -344.447
1.8 02226 1.6172 23.521 5.236 244013  78.345  -163.596 -85.252
2.8 0.2998 1.6172 27.369 8.205 99.884  58.790  -90.669 -31.879
3.8  0.3694 1.6172 30.368 11.218 53.395  47.636  -59.673 -12.037
48 04346 1.6172 32.862 14.282 32.788  40.111  -42.910 -2.798
58 0.4972 1.6172 35.013 17.408 21.898  34.521  -32.531 1.990
6.8 0.5584 1.6172 36.912 20.612 15.458  30.102  -25.523 4.579
7.8  0.6190 1.6172 38.614 23.902 11.348 26465  -20.505 5.960
88 0.6796 1.6172 40.156 27.290 8.575 23.389  -16.756 6.632
9.8  0.7408 1.6172 41.567 30.793 6.620 20.733  -13.862 6.870
10.8 0.8031 1.6172 42.864 34.424 5.196 18.400  -11.569 6.831
11.8  0.8668 1.6172 44.064 38.195 4.133 16.343 -9.724 6.619
12.8 09323 1.6172 45.178 42.119 3.321 14.515 -8.215 6.299
13.8  1.0000 1.6172 46.114 46.114 2.691 12.766 -6.935 5.831

Table 2: CMB-based cosmic history simulation of the total GSE dark energy den-
sity. The simulation assumes the standard matter abundance, Q,, ~ 0.3158 and
a constant structure coefficient § = 1.6172. The total GSE dark energy density
is negative for t < 5.38Gyr, changes sign near t ~ 5.38 Gyr, and satisfies the
acceleration condition p, > p,,/2 near t ~ 7.72Gyr. It reaches a broad maxi-
mum over t ~ 9.8-10.8 Gyr and then decreases slowly toward the present epoch.
At to =~ 13.8Gyr, the model gives p, (to) =~ 5.831 x 107>’ kgm™>, consistent with
Py, = 0.684p.. This single p, (t) equation provides a unified account of (i) en-
hanced early structure growth, including the rapid assembly of massive galax-
ies reported by JWST [40,41], (ii) the transition to accelerated expansion ~ 5
Gyr ago, (iii) the present value of the dark energy density, (iv) late-time quasi-
constant dark energy density, and (v) hints of weakening dark energy [16].

The simulation provides a time-dependent version of the single epoch estimate in Eq. (187).
During the early and intermediate cosmic epochs, p, = is negative or too small to dominate
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the matter component, so the universe remains in a decelerating phase and large-scale cosmic
structures can grow. As the causal horizon expands, the enclosed matter mass increases, and

the compactness factor 11;;%?) = fZGRA:,[Eg grows when the mass per causal radius, M(t)/Ry(t),

increases. This drives the total GSE density through a sign transition and eventually into the
regime p, > p,/2, where late-time accelerated expansion begins.

This result strengthens the interpretation proposed in this paper. The model does not
merely reproduce the present epoch dark energy density; the same total GSE density function
also yields a plausible cosmic sequence consisting of structure-forming deceleration, a transi-
tion to positive dark energy, the onset of late-time acceleration, and a slowly evolving positive
dark energy density near the present epoch [6].

6.4 Meaning for Black Hole Cosmology

The total GSE density function changes the role of cosmic acceleration in Black Hole Cosmol-
ogy. The historical objection treated the expansion of the universe as evidence against the
idea that the universe is related to a black hole configuration [5]. In the present framework,
the same causal compactness that places the observable universe inside its own Schwarzschild
equivalent radius also generates the dark energy density responsible for accelerated expansion.

Thus, accelerated expansion is not an external addition to Black Hole Cosmology. It arises
from the total GSE of the large-scale matter distribution inside the causal horizon. The present
epoch value p, = 0.685p. provides a quantitative bridge between the causal compactness
condition, the total GSE dark energy density function, and the accelerated expansion of the
universe [6].

For the present observable universe, the matter content inside the particle horizon gives

Rg ~ 150.4Gly, Ry ~ 46.5Gly. (188)
Therefore,
R 150.
=S o —4 ~323>1. (189)
Ry 465

In this compactness sense, the observable universe lies inside the Schwarzschild equivalent
horizon scale generated by its own matter content. Therefore, the incompleteness of classical
theory inside black hole interiors limits any attempt to explain cosmic acceleration solely within
unmodified classical GR.

This result also gives a sharper interpretation of the limitation of classical General Rel-
ativity. Classical GR predicts a singularity at the endpoint of black hole collapse, and this
singularity prediction signals that the unmodified classical theory is not a complete descrip-
tion of black hole interiors [11,17]. If General Relativity is incomplete inside a black hole,
then it is also incomplete in the observable universe.

In this view, dark energy is not merely an unexplained extra component added to cosmol-
ogy. It is the observational form taken by the missing gravitational principle required in a
black hole interior compactness regime. Equivalently, we interpret the accelerated expansion
of the universe and the existence of dark energy as evidence that the unmodified classical GR
description is incomplete at the cosmological scale, just as it is incomplete in the deep interior
of a black hole.

The central conclusion of this section is therefore direct. The total GSE density function
turns the main objection to Black Hole Cosmology into a testable prediction.

Depending on the compactness ratio, the total GSE dark energy density can be either nega-
tive or positive. The sign transition occurs at Ry = Ry, g, while accelerated expansion requires
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the stronger condition Ry; < R y- Thus, even inside a cosmological black hole domain satis-
fying Ry < Rg, decelerating expansion can occur when Ry; > Ry g or when the positive total
GSE dark energy density is still below the acceleration threshold.

For the present observable universe, using the commonly quoted approximate causal ra-
dius Ry =~ 46.5 Gly, the matter-sector mass inside the causal domain gives the corresponding
matter-only Schwarzschild equivalent radius Rg =~ 150.4 Gly. For the associated present-epoch
estimate, we use 3 = 1.595. The acceleration threshold is then

Rty =~ 0.279BRg ~ 0.279(1.595)(150.4 Gly) ~ 67.0 Gly. (190)
Since the present observable causal radius satisfies
RU ~ 46.5 Gly < RCI‘it,U ~ 67.0 Gly, (191)

the observable universe lies in the accelerated expansion regime within the present frame-
work. Consequently, accelerated expansion is not a contradiction to Black Hole Cosmology.
Rather, it arises because the observable universe lies sufficiently deep inside its Schwarzschild
equivalent horizon that the total GSE dark energy sector becomes large enough to drive cos-
mic acceleration. In this sense, accelerated expansion is transformed from an objection
against Black Hole Cosmology into strong evidence for it.

6.5 Closed Black Hole Universes and Cosmological Black Holes

Total GSE dynamics gives two distinct versions of the black hole cosmology idea. The first is a
closed black hole universe formed by a finite collapsing matter distribution. The second is the
cosmological black hole relevant to our observable universe. These two cases share the same
total GSE finite-radius principle, but they differ in their global setting.

6.5.1 Closed Black Hole Universes

The first case is a closed black hole universe formed by a finite collapsing matter distribution. If
a sufficiently large and finite matter distribution contracts and forms a black hole, the resulting
object can become an isolated, closed black hole. In the total GSE description, the interior does
not proceed toward a point singularity. Instead, the total GSE energy landscape contains finite
characteristic radii, including the stable equilibrium radius

R, = 2ZRq, (192)

and the energy-limited radii [7]. For a sufficiently massive black hole, these characteristic
radii are macroscopic. A large closed black hole universe can therefore contain an extended
interior domain with weak local curvature and approximately flat geometry. In principle, such
an interior can be large enough to contain galaxies, stars, planets, and intelligent life [ 7].

* Macroscopic equilibrium scale and density benchmark.

A simple order of magnitude estimate illustrates the macroscopic character of the finite-
radius interior. Instead of using the average density inside the Schwarzschild horizon,
consider the average density inside the stable equilibrium radius R;:

3M

_ 193
471st (193)

f_)gs =
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Using
56,  10fGM

Rgs = 7RS 7c2 (194)
the average density becomes
3c® 7\
Ops = ———| — | - 195
Pes = 30n63Mm2 (5/5) (195)
Thus, the average density inside Ry, decreases as
Pgs < M2, (196)

As the total mass increases, the characteristic interior radius grows linearly with M,
while the average density decreases quadratically.

As a representative macroscopic density scale compatible with ordinary complex matter,
consider the density of water,

Py > 103kgm 3. (197)
The condition
Pgs = Pw (198)
gives
3¢6 7 312
M, =|—— = ~2.25x%x 108 B3/2 M. 199
N [32ﬂG3pW (5/5) ] F Mo (199)

For the fiducial interior estimate, one may take f§ = 1, for which R,; < Rg. This gives
M,, ~2.25 x 108M,, Rg >~ 4.44 AU, Ry ~3.17AU. (200)

Thus, for sufficiently massive black holes, the characteristic total GSE radii are macro-
scopic rather than microscopic.
Stable equilibrium and the total GSE radial response.

AtR=R
exactly:

gs» the attractive GSE term and the repulsive matter-GSE interaction term cancel

D;U(Rg,) = 0. (201)

Therefore, R, is not characterized by a large net inward gravitational acceleration. It
is a stable equilibrium radius at which the two contributions to the total GSE radial
response balance each other. In sufficiently massive systems, local curvature and tidal
gradients can remain weak over extended interior regions.

Tidal environment near the stable equilibrium radius.

The tidal environment at this mass scale is weak over human-scale and spacecraft-scale
lengths. As a conservative benchmark, the radial tidal differential acceleration in a freely
falling Schwarzschild frame may be estimated as

2GM
L

AaSChW ~ RT . (202)
gs

For M = M,, ~ 2.25 x 108M, B = 1, and a characteristic length L = 2m, this gives

Adgeny(Rgs) ~1.12x 10 °ms 2, (203)
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which is approximately 1.14 x 10~ times the gravitational acceleration at the Earth’s
surface. The differential acceleration across a human-scale body is therefore far below
the level required for tidal disruption.

The total GSE radial response gives a consistent effective gradient estimate near the
stable equilibrium radius. Linearizing Dy U(R) around R = R, gives

GM
P =5 (R—Ry,). (204)

gs

D;U(R) ~—

The corresponding effective differential radial acceleration over a length L is

BGM
R3,

AaGSE ~ L. (205)

For the same fiducial parameters and L = 2m,
Adgsg ~ 5.59 x 107 ms ™2, (206)

This value is likewise extremely small. It represents an effective gradient of the collective
total GSE radial dynamics rather than a complete local tidal tensor. A rigorous local
tidal analysis requires an interior metric consistent with total GSE dynamics and the
corresponding geodesic-deviation equation.

Implications for survivability and habitability.

The density and tidal estimates do not by themselves guarantee habitability, since tem-
perature, radiation, chemical history, matter distribution, and structure formation must
also be considered. They do show, however, that a sufficiently massive closed black
hole can possess a macroscopic nonsingular interior whose average density and
tidal environment are not intrinsically hostile to complex life.

These results also lead to an additional physically interesting possibility. For a suffi-
ciently massive black hole, an infalling human or spacecraft may survive the tidal envi-
ronment and reach the macroscopic nonsingular core region without undergoing tidal
disruption. In particular, for black holes with masses of order 108 M, or larger, the tidal
gradients near R, are sufficiently weak on human and spacecraft length scales. Whether
controlled arrival or long-term survival is possible depends additionally on the interior
geometry, thermal and radiative environment, matter distribution, and the mechanism
through which the infalling object loses its radial velocity. Nevertheless, within the total
GSE framework, survival of the infall to the finite-radius core is not excluded by tidal
forces.

6.5.2 The Observable Universe as a Cosmological Black Hole

The second case is the one relevant to our observable universe. In this case, the claim is not that
the entire universe is an isolated Schwarzschild black hole surrounded by an exterior vacuum.
The large-scale universe may contain matter and energy distributed nearly uniformly over a
region much larger than the present observable universe. Our observable universe is then
described as an observer-centered causal domain inside a much larger cosmological matter
distribution [6].

For a spherical causal domain centered on an observer, the relevant gravitational content
is the quasi-local matter-sector mass contained inside the physical particle horizon, or more
generally inside the observer-centered causal horizon [12,15]. As established in Sec. 2.3, the
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use of Rg(t) = 2GM(t)/c? in the present cosmological setting is a spherical-domain quasi-
local compactness diagnostic within the FLRW background. It does not replace the FLRW
metric with a Schwarzschild vacuum metric. By the usual shell theorem intuition and by the
cosmological application of Birkhoff’s theorem, the acceleration of a spherical domain in
a homogeneous fluid universe is determined by the fluid enclosed within that domain
[8,12,35]. Accordingly, the corresponding Schwarzschild-equivalent radius may be written
as Rg(t) = %Z(t)’ where M(t) denotes the enclosed matter-sector mass, including baryonic
matter and dark matter, and does not include an independent dark energy component [6].

For the present observable universe, the matter-only Schwarzschild equivalent horizon
scale is approximately Rg ~ 150.4 Gly, whereas the observable universe causal radius is ap-
proximately Ry =~ 46.5Gly.

Thus,

Rs
— ~323>1. (207)
Ry

If the same observable volume is evaluated using the standard critical density p. as a compar-
ison scale, the corresponding Schwarzschild equivalent horizon scale becomes approximately

R =~ 477Gly, (208)

giving
Rs. 477Gly
Ry  46.5Gly
Therefore, the conclusion Rg/Ry; > 1 is not a marginal result of the matter-only estimate; it
becomes even stronger when the critical density scale is used [6, 7].

(209)

In this compactness sense, the present observable universe lies inside its own Schwarzschild
equivalent horizon scale. This does not require the whole universe to be a finite isolated
Schwarzschild black hole. It means that our observable universe is a high-compactness causal
domain inside a much larger nearly homogeneous cosmic matter distribution.

This interpretation also explains why the black hole compactness condition can persist as
the universe evolves. As the causal horizon expands, new matter and galaxies become included
in the gravitationally connected region. The enclosed matter-sector mass M (t) then increases,

and the corresponding Schwarzschild equivalent horizon scale grows as Rg(t) = ECLZ(O
In a simple uniform density comparison at a fixed epoch,
M o< R} Rg o< R} s ocr? 210
X Ry, s <Ry, R_U OC Ry (210)

For the time-dependent cosmological case, the corresponding condition is that p,,(t)Ry(t)?,
or equivalently Rg(t)/Ry(t), increases. Thus, even during a decelerating expansion era, the
causal compactness can increase as the gravitationally connected region grows. If the supply
of newly connected matter later becomes asymptotically limited, the enclosed matter-sector
mass M(t), and hence Rg(t), may approach a finite asymptotic value. Even in that case, the
Schwarzschild equivalent horizon scale generated by the enclosed matter can remain much
larger than the causal radius.

In the present framework, even the inflationary phase is driven by the negative pressure as-
sociated with the total GSE dark energy density [6]. Therefore, within this model, the observ-
able universe causal domain has remained inside the Schwarzschild-equivalent event horizon
generated by the matter and radiation content enclosed within that domain from the inflation-
ary epoch to the present.
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6.5.3 The Time-Direction Problem in a Cosmological Black Hole

The apparent difference in the temporal placement of the singularity does not by itself consti-
tute an independent objection to Black Hole Cosmology. In stellar collapse, matter enters from
the exterior and, in the classical description, continues toward a decreasing areal radius after
crossing the horizon. The singular boundary is therefore placed in the future of the infalling
matter [11]. However, the appearance of this singular boundary signals the breakdown of the
classical description rather than the existence of a physically established endpoint.

The absence of a physical singularity requires the continued inward evolution toward R = 0
to be interrupted. If the net radial response remained attractive at every smaller radius, no
dynamical mechanism would prevent the contraction from proceeding toward the singular
limit. A momentary cancellation of the inward acceleration at a single radius would not by
itself provide a stable prevention of further collapse. On the inner side of the cancellation
radius, the net radial response must reverse sign, producing a regime in which the repulsive
response dominates over the attractive response and the radial acceleration is directed out-
ward. Thus, the dynamical removal of the singular endpoint implies the existence of an inner
repulsion-dominated branch and, consequently, a region in which outward radial motion is
possible within the black hole interior.

Total GSE dynamics provides precisely this attractive-to-repulsive transition. In its cosmo-
logical application, when Ry, < Ry, the positive total GSE density p,,, is associated with
negative effective pressure and drives accelerated expansion, while the same causal domain
can simultaneously satisfy the black-hole-interior compactness condition R;; < Rg [6]. Thus,
outward cosmological evolution is compatible with black-hole-interior compactness. The con-
ventional placement of the stellar-black-hole singularity in the future and the Big Bang sin-
gularity in the past therefore does not represent a physical contradiction. These different
temporal placements reflect the opposite directions of classical evolution in stellar collapse
and cosmology. Once the singular description is replaced by total GSE dynamics containing
both attractive and repulsive branches, both inward and outward radial evolution can occur
within a black-hole-compact configuration.

6.5.4 Possibility of Escape from a Cosmological Black Hole

The preceding discussion raises a natural question: is the observable universe causal domain
merely similar to a black hole, or should it be regarded as a cosmological black hole? In the
present framework, the decisive criterion is not whether the exterior region is an exact vacuum
Schwarzschild spacetime. For a cosmological matter distribution, the more relevant question
is whether the observer-centered causal domain can ever escape from the Schwarzschild equiv-
alent event horizon generated by its own enclosed matter-sector mass. The escape condition
would be

Ry(t) = Rg(t). (211)

If this condition is never reached, the causal domain remains gravitationally confined in the
quasi-local black hole sense.

The characteristic radii Ry y and Ry, g are both located well inside Rg. For § ~ 1.6, one
has R, y ~ 0.446Rg and Ry, g >~ 0.571Rg. Therefore, the transition from accelerated expan-
sion to decelerating expansion occurs deep inside the Schwarzschild equivalent horizon scale.
This structure gives the total GSE dynamics a restoring character: when the causal domain lies
below the acceleration threshold, the positive total GSE dark energy density supports accel-
erated expansion, whereas once the domain passes beyond Ry, g, the total GSE dark energy
density becomes negative and contributes to deceleration.
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This feedback suggests that the causal domain of radius R;; may not freely cross out of the
cosmological black hole domain defined by the Schwarzschild equivalent scale Rg. Rather, it
may evolve around the black hole interior characteristic scales set by Ry and Ry g. This
interpretation is also consistent with the observed sequence of cosmic expansion: an early ac-
celerated inflationary phase, a subsequent decelerating expansion era, and a late-time accel-
erated expansion phase [13-15]. In the present framework, this sequence can be interpreted
as phenomenological support for an oscillatory or evolution regulated by thresholds around
the characteristic scales set by R y and Ry, g [6].

To clarify how this picture affects the possible escape of the causal domain, we now exam-
ine several concrete limiting cases.

Consider first the limiting case in which the enclosed matter-sector mass remains fixed
after the present epoch. The present matter content gives

Ry ~46.5Gly,  Rs=~150.4Gly. (212)

If M remains fixed, then Rg also remains fixed. In that case, the causal radius crosses the
acceleration threshold before it can reach the Schwarzschild equivalent event horizon. For
B ~1.6,

Reicy = 0.279 BRg =~ 67.1Gly, (213)

while the sign transition of the total GSE dark energy density occurs at

5
Ring = £RS ~ 85.9Gly. (214)

This gives the ordering
Ry ~46.5Gly — Ry ~67.1Gly — Ry g ~85.9Gly — Rg ~150.4Gly.  (215)

Both characteristic radii, R.yj; y and Ry, g, are still well inside Rg ~ 150.4 Gly. The ordering in
Eq. (215) therefore shows that the acceleration condition is lost well before the causal domain
reaches R;; = Rg. It also shows that the total GSE dark energy density becomes negative
throughout the interval

Ruin,g <Ry <Rs. (216)

In this interval, both the matter contribution and the negative total GSE dark energy contri-
bution act in the direction of deceleration in the acceleration equation [7].

This result, however, does not by itself prove that the causal domain must turn around be-
fore reaching R;; = Rg. The causal scale still retains an outward expansion velocity inherited
from the earlier accelerated and decelerating phases. Therefore, a strict no-escape conclu-
sion requires a time-dependent calculation of Ry(t), M(t), pa (t), and the expansion rate
H(t), including the velocity of the causal scale when Ry (t) crosses Ry, g(t). The fixed mass
estimate establishes a weaker but important result: before the causal domain can approach
the Schwarzschild equivalent event horizon, total GSE dynamics first removes the accelera-
tion contribution and then turns the total GSE dark energy contribution into a decelerating
contribution [7].

The conclusion becomes more favorable to confinement if the causal horizon continues to
grow and newly connected matter becomes included in the observable universe domain. In a
simple uniform density comparison at a fixed epoch,

R

M o<R},  Rgo<R}, . o< R, (217)
U
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For the time-dependent cosmological case, the corresponding condition is that p,,(t)Ry(t)?,
or equivalently Rg(t)/Ry(t), increases. If this condition holds, the observable universe moves
deeper into the high-compactness regime rather than escaping from it. In that case, the escape
condition Ry;(t) > Rg(t) is pushed farther away.

A more subtle case may occur if the particle horizon later approaches a saturation scale and
no further matter becomes included in the causal domain. In that case, the compactness ratio
Rg(t)/Ry(t) may decrease, and the causal domain may move toward the escape condition.
However, the cosmological case is not equivalent to motion on the static total GSE potential
of an isolated closed black hole. For an isolated finite collapse, the radial motion follows
the gradient of Ug,_r(R), and the total energy condition can determine whether the system
remains bound or escapes [7]. In the cosmological case, the total GSE contribution enters the
acceleration equation through the density p, (t) and its pressure contribution [6].

For this reason, the interval Ry, p < Ry < Ry, which would belong to the outward-
accelerating side of the static radial potential in an isolated closed black hole problem, cannot
be transferred directly to the cosmological case. In the cosmological case, once Ry > Ry g,
the total GSE dark energy density is negative and therefore contributes to deceleration in the
acceleration equation [6].

If the compactness decreases after horizon saturation, the causal domain must pass through
the sign transition regime before it can reach Ry (t) = Rg(t):

Ry(t) > Ryin (1), Py, (t) <O. (218)

For Ry > Ry g, the total GSE dark energy density contributes to deceleration throughout the
remaining interval up to Ry = Rg. This makes escape dynamically disfavored in the present
framework, but it does not constitute a strict no-escape theorem. A definitive conclusion re-
quires solving the full time-dependent cosmological evolution.

For this reason, the present paper uses the term cosmological black hole in a quasi-local
and dynamical sense. This term does not mean an isolated vacuum Schwarzschild black hole.
It denotes a matter-filled, observer-centered causal domain satisfying

Ry(t) < Rg(t), (219)

where Rg(t) is the Schwarzschild-equivalent event horizon radius generated by the matter-
sector mass enclosed within the causal domain.

The observable universe exhibits characteristics of a black hole interior not only in terms
of compactness. Within total GSE dynamics, a repulsive gravitational response can arise inside
the black hole interior, with the radial response becoming outward when

5
R<Ry = 7/5R5. (220

Moreover, the total GSE dark energy density becomes positive in a still deeper high-compactness

region,
5B

R< Rmin,E = ﬁRs, pAm > 0. (221)

Thus, the observable universe reproduces not only the compactness condition R;; < Rg, but
also the gravitational behavior that total GSE dynamics associates with the region inside the
Schwarzschild-equivalent radius.

According to the present model, the observable universe has remained in the regime
Ry(t) < Rg(t) from the inflationary epoch to the present. It therefore satisfies the black
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hole interior compactness condition throughout its known cosmic evolution, while also ex-
hibiting the total GSE dark energy and repulsive gravitational effects characteristic of this
high-compactness regime. For these reasons, the observable universe is interpreted not merely
as being analogous to a black hole, but as existing in a cosmological black hole state.

Whether this cosmological black hole domain remains permanently confined in the fu-
ture depends on the time evolution of Ry(t), M(t), and Rg(t)/Ry(t). The present analysis
shows that total GSE dynamics removes the acceleration support before the causal domain
reaches Ry = Ry, and that the total GSE dark energy density becomes negative over the inter-
val Ry,in g < Ry < Rg. This indicates a transition into a decelerating-expansion regime before
the Schwarzschild-equivalent radius is reached. Moreover, the observed cosmic sequence con-
sists of early accelerated expansion during inflation, a subsequent decelerating era, late-time
accelerated expansion, and recent indications of a weakening dark energy contribution. This
sequence suggests a threshold-regulated, quasi-oscillatory evolution around R, iy [6]. Taken
together, these features indicate that escape from the cosmological Schwarzschild-equivalent
horizon is dynamically disfavored. However, a strict no-escape result cannot be concluded
from this qualitative ordering alone and must be treated as a separate time-dependent prob-
lem.

6.6 Implication for the Black Hole Information Problem

The existence of a macroscopic nonsingular interior also has an important implication for the
black hole information problem. In the conventional singular picture, information carried
by infalling matter appears to be driven toward a zero volume singularity, while the exterior
observer sees thermal Hawking radiation. This creates the well known tension between black
hole evaporation and unitary quantum evolution [43-46].

A class of proposed resolutions places the relevant new physics near the Planck scale.
In such pictures, the singularity may be avoided by replacing it with a Planck-scale core or
remnant. Although this removes the classical singularity, it raises a severe storage problem:
the information associated with a macroscopic black hole must somehow be encoded in an
extremely small region [43,45,46].

The total GSE dynamics changes this aspect of the problem. The endpoint of collapse is
not a Planck-scale remnant or a point singularity, but a finite-radius core characterized by the
stable total GSE radius [7]. In particular,
5P

&= Rs: (222)

R

For 0 < B < 7/5, this radius lies inside the Schwarzschild radius. For § = O(1), and in partic-
ular for the fiducial interior value 8 ~ 1, it is a finite macroscopic fraction of Rg. Therefore,
the primary interior information reservoir scales macroscopically with the black hole size:
4n
Veore ~ ?st, Reore ™~ Rgs = O(RS)- (223)
Thus, the information carried by the collapsing matter is not forced into a zero volume sin-
gularity or an extremely small Planck-scale remnant. It can remain associated with a large
matter-filled nonsingular interior [7].

More precisely, in the total GSE picture, the stable matter core settles near R, where the
radial response of the total GSE dynamics vanishes [7]. During the relaxation from the horizon
scale toward R, excess energy can be redistributed or radiated into the surrounding interior
region Rgg < R < Rg. Therefore, the information reservoir is not restricted to the region
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0 < R < Ry, alone. The stable core provides the macroscopic central storage region, while
radiation and redistributed degrees of freedom can also occupy the surrounding black hole
interior. The essential point is that the information remains within a macroscopic nonsingular
interior rather than being compressed into a microscopic remnant.

The same point can be expressed as an order-of-magnitude entropy-capacity estimate. For
a physical system of energy E., .. contained inside a radius R .y ~ R,, the Bekenstein bound

gs’
gives
27kgE oreR
Score < B~core"‘core ) (22 4)
fic
Writing
2 5B
Ecore = Mcorec > Rcore = aRS’ a= 7’ Mcore = T)MJ (225)
where a and 7 are finite macroscopic fractions, one finds
max GMZ
Seore ~ 4mankg . (226)
fic
This has the same macroscopic mass scaling as the black hole entropy,
kpA GM?
_— BZZS =dnkg——,  As= 4mR2. (227)
5 c

Thus, the total GSE core is not a fixed microscopic information container. Its possible entropy
capacity scales with the size of the original black hole, up to finite factors determined by
a and 7. This scaling removes the most severe storage difficulty of Planck-scale remnant
scenarios [43-48]: the information does not have to be packed into a region whose size is
independent of the original black hole mass.

This point is especially natural in the black hole universe interpretation. The information
carried by infalling matter is not compressed into a zero volume singularity or into a Planck-
scale remnant. It remains associated with an extended macroscopic matter distribution inside
the nonsingular core. Since the core radius is a finite fraction of Rg, the interior is a genuine
macroscopic physical system, and one may apply the usual expectation that information is
preserved in the microscopic state of an extended physical system [7].

This picture also changes the possible late stage of Hawking evaporation. Let

2GMigray (1)
Ry(t) = f—z (228)

denote the instantaneous Schwarzschild equivalent horizon radius associated with the remain-
ing gravitational mass. In the total GSE dynamics, the collapse does not end in a point singu-
larity, but in a macroscopic nonsingular core with

Reore ~ Rgs- (229)
For 3 ~ 1, the total energy at R = R, gives
Ugs—t(Rgs) 13 2GMy(Rgs) 13
_ gs—T\"gs) ; grav\ttgs/
MgraV(Rgs) - Mfr + C—Z - %Mfr: RH - C—2 = %Rs, (230)
whereas 5
Rgs = ;RS' (231)
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Thus,
/
R} <Ryg,. (232)

In the Schwarzschild equivalent compactness diagnostic, this means that the stabilized core
radius exceeds the horizon radius associated with the reduced gravitational mass. If this re-
duced mass determines the relevant outer horizon after relaxation, the configuration can be-
come horizonless. A complete statement about the global event horizon, however, requires
the corresponding time-dependent causal structure.

The conclusion becomes stronger if energy is radiated away during formation or relaxation,
or if Hawking evaporation later reduces the exterior gravitational mass. As My,,(t) decreases,
Ry (t) decreases. Once

Ry (t) < Regre(t), (233)

the object no longer satisfies the horizon-defined black hole condition. The endpoint is then
not a Planck-scale remnant or a point singularity, but a horizonless macroscopic nonsingular
matter distribution.

For an approximately uniform core, this conclusion is local as well as global. If

3
r
M(r):Mcore(_) > (234)
Reore
then )
Rs(r) _ Ry ( r ) (235)
r Reore \Reore

Therefore, when Ry < R, €very inner region also satisfies
Re(r) <. (236)

No inner spherical domain is then locally inside its own Schwarzschild equivalent radius. The
interior is converted from a black hole region into a macroscopic nonsingular matter distri-
bution. In this sense, the total GSE dynamics avoids the information storage difficulty of
Planck-scale remnants: the information carried by infalling matter remains associated with
an extended macroscopic core, and the black hole phase can end when the horizon-defined
compactness condition is lost.

Once the horizon-defined compactness condition is lost, the standard steady Hawking
evaporation channel need not persist. Nevertheless, transient Hawking-like or dynamical par-
ticle creation may continue during the disappearance of the horizon and the subsequent re-
laxation of the nonsingular core. Determining the late-time radiation flux therefore requires a
semiclassical analysis of quantum fields on the time-dependent total GSE geometry.

7 Observational Implications and Tests

7.1 Time-Dependent Dark Energy

The total GSE interpretation of dark energy leads to a time-dependent dark energy density [6].
The dark energy density is not introduced as a strictly constant vacuum term. It is determined
by the matter density inside the causal domain, the causal radius, and the structure coef-
ficient, with the Schwarzschild equivalent radius following from the enclosed matter-sector
mass through Rg(t) = 2GM(t)/c?. We write

B(t)pm(t) Rs(t) [5/5(0 Rs(t) _1:|
2 Ryl 14 rR,) [

P, (t) = (237)
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Here Ry (t), M(t), and f(t) retain the meanings defined above: the observer-centered causal
radius, the enclosed matter-sector mass, and the structural coefficient of the matter distribu-
tion, respectively. Here B(t) denotes the structural integration coefficient of the GSE func-
tional. For a uniform spherical distribution in the Newtonian limit, f = 3/5. For relativistic
or compact self-gravitating configurations, 8 is naturally of order unity, typically f ~ 1-2.
After large-scale structure formation, the large-scale matter distribution evolves slowly, and
therefore B(t) may be approximated by a constant value except in the very early universe.

Equation (237) gives a direct observational target. If the total GSE interpretation is correct,
the inferred dark energy density should not behave as a completely independent constant. It

should be related to the matter content inside the causal horizon, the growth of the causal

Rs(t)
. . . RU(t) ) . . .

history, the effective equation-of-state parameter w(z), and the possible redshift evolution of

dark energy provide direct tests of the model.

horizon scale, and the evolution of the ratio Thus, measurements of the expansion

The sign of the dark energy sector follows from the factor

56() Rs(t) }
[ 4 Ry(0) 1]. (238)
The sign transition occurs when
5
Ry(t) = ﬁit)Rs(t). (239)

The total GSE dark energy density is positive when Ry (t) < 5/iff)Rs(t), and negative when

Ry(1) > LUR(t).

However, a positive value of p, is not sufficient by itself to produce accelerated expansion.
In a matter-dominated epoch, following the standard ACDM background description in which
dark energy is represented by a cosmological-constant-like component with w, = —1[15,23],
we adopt the corresponding approximation w, =~ —1 for the positive total GSE dark energy
sector. The approximation w, =~ —1 applies when the total GSE dark energy density varies
slowly over a Hubble time.

Under this approximation, the acceleration condition is

1
Py, (t) > Epm(t). (240)
Equivalently, the causal domain enters the accelerated-expansion regime when
RU(t) < Rcrit,U(t), (241)

where
Rt () = 0.279 B(t)Rs(t). (242)

Therefore, the model predicts two distinct observational transitions. The first is the sign
transition of the total GSE dark energy density, where p, changes sign. The second is the
acceleration transition, where p, becomes larger than p,, /2. These two transitions need not
occur at the same redshift. Observational reconstruction of H(z), g(z), and w(z) can therefore
be used to test whether the dark energy sector follows the time-dependent total GSE form in
Eq. (237).

Recent observational programs that constrain the redshift evolution of the dark energy
sector provide a direct arena for testing this time-dependent prediction [16].
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7.2

Cosmic Expansion History

The total GSE dynamics gives a unified qualitative sequence for the expansion history of the
universe [6]:

early acceleration driven by total GSE (inflation)
— a decelerating phase during the radiation era and the matter era (243)

— late-time total GSE dark energy acceleration.

Accelerated expansion arises when the total GSE contribution of the causal domain becomes
a sufficiently large positive dark energy density.
The expansion history can be organized into three linked stages.

1y

2)

Early total GSE accelerated expansion.

The first stage corresponds to the very early high-density and high-compactness regime.
In this phase, the total GSE dark energy density can exceed the radiation density:

Pa, > Pr- (244)

With an effective equation of state w, =~ —1, this produces negative pressure and drives
an inflation-like accelerated expansion. The order-of-magnitude trigger estimate dis-
cussed in Sec. 5.3 shows that the total GSE mechanism can reach the characteristic time
and energy density scales usually associated with the standard inflationary epoch [6].

Radiation- and matter-dominated decelerating expansion.

The second stage begins when the early total GSE dark energy contribution weakens as
the causal scale expands. Once
PA, <Prs (245)

the radiation component dominates the acceleration equation and the universe enters a
decelerating radiation era. After the radiation-to-matter transition, the matter-dominated
era remains decelerating as long as

1
PA, < 5Pm: (246)

This middle epoch is not merely a passive decelerating period. In the regime
Pa, <0, (247)

the total GSE contribution enters the effective acceleration equation in the attractive
direction. Therefore, it can enhance gravitational clustering rather than suppress it. In
this sense, the negative total GSE phase naturally supports the formation of large-scale
structure.

This feature is important for the interpretation of early structure formation. If the total
GSE contribution is negative during part of the radiation- and matter-dominated eras, it
provides an additional attractive background contribution that can make the growth of
density perturbations more efficient than in a model with only a positive repulsive dark
energy sector. At the background level, the same total GSE density function that later
produces cosmic acceleration can therefore provide a possible route to enhanced early
structure growth, including the early assembly of candidate massive galaxies reported
by JWST [6,40,41]. A full quantitative treatment requires a perturbation-level analysis
of structure growth, but at the background level the sign of p, already shows why this
era can favor structure formation.
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3) Late-time total GSE dark energy acceleration.

The third stage occurs at late times. As the physical particle horizon, or more gener-
ally the observer-centered causal horizon, expands, new matter and galaxies enter the
causally connected domain. The enclosed matter-sector mass M(t) increases, and the

associated Schwarzschild equivalent radius Rg(t) = %z(t) grows relative to Ry (t). In a
simple uniform spherical estimate,
Rg(t
MOSRF, RO R(WF, <Ry (249
U

This growth drives the total GSE dark energy density from negative to positive, and
eventually into the acceleration regime

1
PA, > 5Pm: (249)

The expansion history therefore provides a multi-epoch test. A successful version of the
model must reproduce three linked features using the same total GSE density function:

* an early accelerated phase when p, 2 p;;

* anintermediate decelerating erawhen p, is negative or too small to dominate radiation
and matter, with the negative phase supporting gravitational structure formation;

* alate-time acceleration transition when p, > pp,/2.

This structure differs from a model in which primordial inflation and late-time dark energy
are introduced as two unrelated sectors. In the present framework, both accelerated epochs
arise from the same total GSE dark energy density, while the intermediate decelerating era
appears when this contribution becomes subdominant or negative. The negative phase is
also physically useful: it enhances gravitational clustering and helps account for the early
appearance of massive galaxies and massive black holes [6,40,41].

7.3 Black Hole Interior Predictions

The total GSE dynamics that gives the dark energy density also predicts a modified interior
structure for black holes [7]. In this framework, a black hole interior is not driven toward an
unbounded point singularity. Instead, the total GSE energy landscape contains finite charac-
teristic radii. The stable equilibrium radius is

5
Ry = 7/3RS, (250)
and the energy-limited radii include
508 58
Rming = 1—4Rs, Ruinge = mRs- (251)

Here Ry, gy is meaningful in this form for 14 —5f > 0. For 0 < 8 < 7/5, Ry, lies inside Rg.
For representative values of 8 of order unity, and in particular for the fiducial interior value
P ~ 1, these radii are macroscopic for stellar-mass and supermassive black holes [7].

The total GSE structure also modifies the mass-energy bookkeeping of a compact object [7].
If the GSE is ignored, the exterior gravitational field is associated only with the free-state matter
mass. If only the single attractive GSE term is included, the bound configuration receives
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a negative binding energy correction. In the total GSE framework, however, the additional
positive matter—GSE interaction term is also present:

Ugs—T(R) = _ﬁ (252)

GMer 1 5[‘3 GMfr
R ( 7 c2R )
Thus, the effective gravitational mass-energy of the bound object is shifted not only by the
attractive GSE term, but also by the positive energy contribution responsible for the repulsive
radial response. Schematically, the equivalent mass can be represented by the total bound
energy,

Ugs—T

M

gravNMfr +

T (253)

rather than by the free-state matter mass alone [7].

This gives several compact object implications. First, the model predicts nonsingular finite-
radius cores rather than point singularities. Second, the internal mass distribution can un-
dergo stabilization, virialization, and energy redistribution before reaching the classical singu-
lar limit. Third, the exterior spacetime can remain close to the standard black hole geometry
while the deep interior and the effective mass-energy bookkeeping are modified by the total
GSE structure [7].

Direct observation of the black hole interior is difficult. However, the present framework
provides an additional observational route. Using the matter density p,,, the compactness of
the present observable universe is
R
=5 ~3.23, (254)
Ry

while using the critical density p. as a comparison scale gives

R
=3¢ ~10.3. (255)

U
In both cases, the observable universe radius Ry, lies well inside the corresponding Schwarzschild-
equivalent radius scale. Thus, in the Schwarzschild equivalent compactness sense, the observ-
able universe exists inside a cosmological black hole domain generated by its own enclosed
equivalent mass. Cosmological observations can therefore probe the same total GSE structure
that governs black hole interiors [6, 7].
In particular, the sign transition of the total GSE dark energy density occurs when
Sp

Pr, =0 < Ry=7 Rs=Rming. (256)
Therefore, the epoch at which the inferred dark energy density changes sign provides an in-
direct test of the total GSE structure near Ry, g. In an ordinary black hole, R, z appears as
the zero of the total GSE energy and as an energy-limited characteristic radius. In cosmology,
the same algebraic radius appears as the compactness threshold at which the total GSE dark
energy density changes sign.

This connection is important for Black Hole Cosmology. Since the observable universe
satisfies R; < Rg in the Schwarzschild equivalent compactness sense, the cosmic history of
Py, (t) can be interpreted as an indirect observational window into the total GSE interior
dynamics of a cosmological black hole. The transition from negative p, , to positive p, , and
finally to p, > p,,/2 is not only a cosmological prediction [6]. It is also an indirect test of
the finite-radius total GSE structure that replaces the black hole singularity.

The model therefore motivates two complementary classes of tests.
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The first class is astrophysical: searches for indirect signatures of nonsingular interiors,
such as deviations in late-stage collapse, possible modifications of compact object ringdown
spectra, changes in the effective compactness of ultracompact objects, or phenomenological
constraints from black hole formation and accretion [7,49-51]. Outside the stable radius Ry,
and in particular even near the Schwarzschild equivalent horizon scale, the positive matter—
GSE interaction term partially cancels the radial derivative of the attractive GSE term. The
total radial response remains attractive for R > R, but its magnitude is reduced relative to
the single attractive GSE contribution. Thus, in the total GSE dynamics, the inward contraction
of a highly compact object is weakened before the system reaches the finite-radius stabilization
regime.

The second class is cosmological: reconstruction of p, (t), the sign transition epoch, the
acceleration transition epoch, and the relation between Ry (t), Rg(t), and Ry, g(t). These
signatures require detailed modeling, but the qualitative prediction is specific: the physical
endpoint of collapse is a finite-radius core, and the same total GSE radius structure appears
observationally in the dark energy history of our cosmological black hole [6].

8 Conclusion

Black Hole Cosmology has historically faced three major objections. A classical black hole
interior appears to terminate at a future singularity, whereas standard cosmology places the
Big-Bang singularity in the past. The conventional black hole interior picture also seems to
leave no large stable region in which galaxies, stars, planets, and observers can exist. Finally,
the observed expansion and late-time accelerated expansion of the universe have usually been
regarded as evidence against the idea that the universe is related to a black hole configuration

[5].

In this paper, we use total gravitational self-energy (GSE) to reassess these objections. We
argue that some of the objections rest on an internally incomplete premise, namely the classical
black hole interior picture that itself terminates in a singularity, while the remaining problems
can be addressed within the Black Hole Cosmology framework once total GSE dynamics is
included.

The central physical input is

(257)

Ugs—r(R)=—P Mfzr (1 5B S+ )

R " 7 ¢R
The first term is the negative GSE term, while the second term is the positive matter—GSE
interaction-energy contribution [6, 7]. For a matter-filled black hole interior, the radial re-

sponse follows from

1 dU,_
DU =— gt (258)
Mg, dR
This dynamics contains the stable GSE radius and the energy-limited radii
5B 5B 5B
Rgs = 7RS7 Rmin,E = 1_4RS: Rmin,BH = 14— 5[3) Rg. (259)

In the present framework, these finite radii replace the point singularity with a finite-radius
structure [7]. For sufficiently massive black holes, the characteristic radii are macroscopic,
allowing the possibility of a closed black hole universe with a broad nonsingular interior re-
gion. In principle, such an interior can be large enough to contain galaxies, stars, planets, and
intelligent observers [5,7].
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Our observable universe is more naturally described by a second interpretation. The
present framework does not require the entire universe to be an isolated Schwarzschild black
hole surrounded by an exterior vacuum. Matter and energy may be distributed nearly uni-
formly over a region much larger than the present observable universe. In this case, the rel-
evant object is the observer-centered causal patch. The matter-sector mass contained inside
the physical particle horizon, or more generally inside the observer-centered causal horizon,
defines the Schwarzschild-equivalent event horizon radius

2GM(t
Rs(t) = —2( ) (260)
c
For the present observable universe,
Rg~150.4Gly, Ry ~46.5Gly, (261)
and therefore R
R—S ~3.23> 1. (262)

U

Thus, in the Schwarzschild equivalent compactness sense, the observable universe lies inside
the event horizon scale generated by its own enclosed matter-sector mass. This does not mean
that the whole universe is a finite isolated vacuum black hole. It means that our observable uni-
verse is a high-compactness cosmological black hole domain embedded inside a much larger
nearly homogeneous cosmic matter distribution.

This compactness result sharpens the limitation of classical general relativity. Classical
general relativity predicts a singularity at the endpoint of black hole collapse, indicating that
the unmodified classical theory is not a complete description of black hole interiors. Therefore,

If General Relativity is incomplete inside a black hole, then it is also incom-
plete in the observable universe. Its incompleteness therefore necessitates
additional ingredients such as inflaton field and dark energy.

The reason is that the observable universe itself satisfies a compactness condition of a black
hole interior. In this framework, dark energy is not an independent component added by hand
to cosmology. It is interpreted as the cosmological manifestation of the total GSE contribution
that becomes important in a black hole interior compactness regime [6, 7].

In cosmology, Ry;(t) is the causal radius of the observable domain, not the surface of a finite
isolated object. The total GSE of the matter-sector mass inside this causal domain appears as
a total GSE dark energy density,

Rs (5B R
ox :ﬁﬁ_S(_ﬂ_s_l), (263)
" 2 Ry \14Ry
The sign transition occurs at
5
RU = £RS == Rmin,E' (264)

For Ry < Rpn g, the total GSE dark energy density becomes positive. When the fractional
variation of p, is small on the Hubble timescale, its effective equation-of-state parameter
approaches w, =~ —1. The corresponding negative pressure can then drive accelerated ex-
pansion once p, becomes sufficiently large. In a matter-dominated epoch, the acceleration
condition is

1
PA, = EPm, (265)
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or equivalently
Ry <Rgyicus Rty ~ 0.279 BRs. (266)

For the present observable universe, using
Pmo=0.315p,,  Ry=~46.5Gly, Rg~150.4Gly, B =1.595, (267)

the model gives
Pa, =~ 0.685p,. (268)

This value is consistent with the observed magnitude of the present dark energy density [6,15].

The total GSE dynamics gives a three-stage interpretation of cosmic history:

early acceleration driven by total GSE (inflation)
— a decelerating phase during the radiation era and the matter era (269)

— late-time total GSE dark energy acceleration.

In the very early universe, the causal domain is extremely compact, and p, can exceed the ra-
diation density, producing an inflation-like accelerated phase. As the causal domain expands,
the compactness factor weakens and the universe enters radiation- and matter-dominated de-
celeration. At late times, as the causal horizon grows, newly connected matter enters the
causal domain, and the Schwarzschild-equivalent radius grows relative to Ry;. This makes
Pa,, positive and eventually large enough to satisfy the acceleration condition [6].

The framework also gives observational and astrophysical tests. Cosmologically, the model
predicts a sign transition of p, , an acceleration transition when p, > p,,/2, and a possible
mild time dependence of dark energy near the present epoch [6]. Astrophysically, it pre-
dicts that black hole collapse ends in a finite-radius structure characterized by R, Ryin g, and
Rin g, Tather than in a point singularity. Since the observable universe satisfies R;; < Rg in
the Schwarzschild equivalent compactness sense, the cosmic sign transition near Ry = Ryyin g
also provides an indirect observational window into the same total GSE structure that replaces
the black hole singularity.

The central conclusion is therefore a reversal of the historical objection to Black Hole Cos-
mology. Cosmic expansion is not evidence against Black Hole Cosmology. In the present frame-
work, accelerated expansion is one of its main physical signatures. From the inflationary epoch
to the present, the observable universe has remained inside the Schwarzschild equivalent cos-
mological black hole domain generated by its own enclosed matter-sector mass. Its cosmic
history is therefore described as having unfolded inside a cosmological black hole domain,
and the observed dark energy is the signature of the total GSE structure operating within that
domain [6, 7].
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proposals presented in this work are the author’s own. In particular, the reformulation of
Black Hole Cosmology using total GSE, the distinction between a closed black hole universe
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teriors and the interpretation of the observable universe as a high-compactness causal domain
inside its own Schwarzschild-equivalent radius were conceived by the author. The total GSE
dark energy density function, its sign transition near Ry = Ry, g, the acceleration thresh-
old Ry, and the interpretation of cosmic accelerated expansion as evidence for the Black
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A Derivation of the Total GSE Functional

This appendix summarizes the derivation of the total gravitational self-energy (GSE) func-
tional used in the main text. The purpose is to show how the ordinary attractive GSE term
is completed by a positive matter-GSE interaction term once the equivalent mass associated
with GSE is included in the gravitational source bookkeeping. This derivation was presented
in the preceding Matter-Only Cosmology (MOC) framework [6] and is reproduced here in a
condensed form for its application to Black Hole Cosmology.

A.1 Equivalent Gravitational Source

For a self-gravitating spherical matter distribution, the conventional differential GSE contribu-

tion is written as

M'(r)
r

AU, =—G

dM, (270)

where M’(r) is the matter mass enclosed inside radius r, and d M is the mass of the infinitesimal
spherical shell. In the standard Newtonian calculation, M’(r) is taken to be the free matter
source.

In general relativity, however, all forms of energy contribute to the gravitational source [8,
17]. In the present framework, the gravitational self-energy of the interior region is therefore
included as part of the equivalent source of the self-gravitating system. This is a system-level
mass-energy bookkeeping prescription; it is not a local stress-energy tensor of the gravitational
field itself.

The GSE of the interior sphere is parameterized as

GM'(r)?

Ugs(r) :_[3 - B (271)

where f is the structural coefficient of the GSE functional. For a uniform Newtonian sphere,
B = 3/5, while more compact or centrally concentrated self-gravitating configurations gener-
ally correspond to coefficients of order unity [31,32,34].

The signed equivalent mass associated with the interior GSE is

Ugs (1) GM'(r)?
sl)__pGM) (272)
c2 rc2
Equivalently, defining the positive magnitude
[Ugs(Ml  GM'(r)?
/ _ &S _
Mgs('”) =—a - B ez (273)
the equivalent source becomes
Meq(r) :M’(r)—M;S(r). 274)
Thus,
GM'(r
Meq(r) =M’(r)(1—/5 2( )). (275)
rc
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A.2 Uniform Density Derivation

The total GSE is obtained by inserting the equivalent source Mq(r) into the binding energy

integral:
R R
Mq(r)
Ugs_Tzf dUgs_Tzf —G ej dM. (276)
0 0

For analytical clarity, take a uniform density p. Then
4
M'(r)= ?nprj, dM = 4nr?pdr. 277

Substituting Eqgs. (275) and (277) into Eq. (276) gives

R
G M'(r)?
UgS_T:—47IGpJ r[M’(r —/D;—z gr) ]dr
0

R
16m2Gp? 6413 BG%p3
:J [_ mGp” 4 O4TBGCTP” 6|4 (278)
0

3 9c¢2

Performing the integration yields

Ugs—T =

2 2p5 3 2 3p7
3 [_16n Gp’R® | 320m BG%p°R ] 279

5 9 189¢2

To account for the relativistic contributions and the geometric distribution of mass in a general
self-gravitating system, we generalize the Newtonian coefficient 3/5 to the structure coefficient
p. This replacement follows from consistently applying the original structural generalization
(3/5 — PB) to the integrated self-energy expression. Since the first term of Ut is precisely
the matter GSE defined in Eq. (271), it must carry the same coefficient 3.

16m2Gp?R>  320m3BG2p°R’
Upr=p|— + 280
1= P [ 9 189¢2 (280)
GM? G*M3
fr S f
Uge-r(R) = —p—"+ 2 P2 (281)
Equivalently,
GM? GM
f Sp GMy
Ugs-r(R) =—p— ’ (1—7 CZR'”). (282)

Equation (281) shows the origin of the two-term structure. The first term is the ordinary
negative GSE contribution. The second term is positive and arises from the interaction between
matter and the equivalent mass associated with its own GSE.

A.3 Density Decomposition

Dividing the total GSE by ¢V, where V = R®, p,, = @, gives the total GSE density. The
negative attractive component is

2
_iﬂGMfr__4TCﬁG
ve2" R 3¢2

_pgs — piRz. (283)

Here pgs > 0 denotes the positive magnitude of the attractive GSE density, while the actual
equivalent density contribution is —p ;.
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The positive matter—GSE interaction density is

273
15 ,0°My gon?p2c? .,

_ T 2p2
Pr-ss = ya7P "oz T gt Pm (284)
The net total GSE density is therefore
Pa, = (pm—gs) + (_pgs) = Pm—gs ~ Pgs: (285)
Using Egs. (283) and (284), this becomes
_A4AnBG , ,[(207BG 9
P, (Pm,R) = S Pl || Sz )P 1 (286)
Defining
4nG 20mG
ki =——, ko= ——, 287
17 3¢2 27 212 (287)
one may write
P, (PmR) = ki B2 R* (kyppR>—1). (288)
Finally, using
2GM R 8nG
fr S T 2
R¢ = , — = ——pR%, 289
s c2 R 3z2Pm (289)
the same density can be expressed in the compactness form
BpmRs (5/5 Rg )
=—m_ S (P o 1), 290
Pan="2 R\14 R (290)

In the cosmological application, R is replaced by the causal radius Ry (t), and My, is replaced
by the enclosed matter sector mass M(t). Thus, Eq. (290) becomes the total GSE dark energy
density used in the cosmological sections of the paper.
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